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PREFACE

These notes are intended as a kind of annotated index to the various standard
references in homotopical algebra: the focus is on definitions and statements of
results, not proofs.
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FOUNDATIONS

Set theory

In category theory it is often convenient to invoke a certain set-theoretic device
commonly known as a ‘Grothendieck universe’, but we shall say simply ‘uni-
verse’, so as to simplify exposition and proofs by eliminating various circumlo-
cutions involving cardinal bounds, proper classes etc.

Definition 0.1.1. A pre-universe is a set U satisfying these axioms:
I. f xeyand y € U, then x € U.
2. If x € U and y € U (but not necessarily distinct), then {x, y} € U.
3. If x € U, then £(x) € U, where 9(x) denotes the set of all subsets of x.
4. fxeUand f : x - Uis amap, then |, f(i) € U.
A universe is a pre-universe U with this additional property:
5. w € U, where w is the set of all finite (von Neumann) ordinals.

Example 0.1.2. The empty set is a pre-universe, and with very mild assumptions,
so is the set HF of all hereditarily finite sets.

1 o.1.3. The notion of universe makes sense in any material set theory, but
their existence must be postulated. We adopt the following:

¢ Grothendieck—Verdier universe axiom. For each set x, there exists a
universe U with x € U.
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For definiteness, we may take our base theory to be Mac Lane set theory, which
is a weak subsystem of Zermelo—Fraenkel set theory with choice (ZFC). Readers
interested in the details of Mac Lane set theory are referred to [Mathias, 2001],
but in practice, as long as one is working at all times inside some universe, one
may as well be working in ZFC. Indeed:

Proposition 0.1.4. With the assumptions of Mac Lane set theory, any universe
is a transitive model of ZFC.

Proof. Let U be a universe. By definition, U is a transitive set containing pairs,
power sets, unions, and @, so the axioms of extensionality, empty set, pairs,
power sets, unions, choice, and infinity are all automatically satisfied. We must
show that the axiom schemas of separation and replacement are also satisfied,
and in fact it is enough to check that replacement is valid; but this is straightfor-
ward using axioms 2 and 4. [ |

Definition 0.1.5. Let U be a pre-universe. A U-set is a member of U, a U-class
is a subset of U, and a proper U-class is a U-class that is not a U-set.

Lemma 0.1.6. A U-class X is a U-set if and only if there exists a U-class Y such
that X € Y. H

Proposition 0.1.7. If U is a universe in Mac Lane set theory, then the collection
of all U-classes is a transitive model of Morse—Kelley class—set theory (MK),
and so is a transitive model of von Neumann—Bernays—Gadel class—set theory
(NBG) in particular. [ |

Definition 0.1.8. A U-small category is a category C such that ob C and mor C
are U-sets. A locally U-small category is a category D satisfying these condi-
tions:

e ob D and mor D are U-classes, and
* for all objects x and y in D, the hom-set D(x, y) is a U-set.

An essentially U-small category is a category D for which there exist a U-small
category C and a functor C — D that is fully faithful and essentially surjective
on objects.

Proposition 0.1.9. If D is a U-small category and C is a locally U-small cat-
egory, then the functor category [D, C] is locally U-small.
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Proof. Strictly speaking, this depends on the set-theoretic implementation of
ordered pairs, categories, functors, etc., but at the very least [D, C] should be
isomorphic to a locally U-small category.

In the context of [D, C], we may regard functors D — C as being the pair
consisting of the graph of the object map obD — ob C and the graph of the
morphism map mor D — mor C, and these are U-sets by the U-replacement
axiom. Similarly, if F and G are objects in [D, C], then we may regard a natural
transformation «a : F = G as being the triple (F, G, A), where A is the set of all
pairs (c, ac). [ |

One complication introduced by having multiple universes concerns the ex-
istence of (co)limits.

Theorem 0.1.10 (Freyd). Let C be a category and let k be a cardinal such that
|mor C| < k. If C has products for families of size k, then any two parallel
morphisms in C must be equal.

Proof. Suppose, for a contradiction, that f,g : X — Y are distinct morphisms
in C. Let Z be the product of k-many copies of Y in C. The universal property
of products implies there are at least 2*-many distinct morphisms X — Z; but
C(X, Z) C mor C, so this is an absurdity. [ |

Definition 0.1.11. Let U be a pre-universe. A U-complete (resp. U-cocomplete)
category is a category C with the following property:

* For all U-small categories D and all diagrams A : D — C, a limit (resp.
colimit) of A exists in C.

We may instead say C has all finite limits (resp. finite colimits) in the special
case U = HF.

Proposition 0.1.12. Let C be a category and let U be a non-empty pre-universe.
The following are equivalent:

(1) C is U-complete.

(i1) C has all finite limits and products for all families of objects indexed by a
U-set.
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(ii1) For each U-small category D, there exists an adjunction
A—|l(iLnD:[ID,C]—>C
where AX is the constant functor with value X.
Dually, the following are equivalent:
(i") C is U-cocomplete.

(ii") C has all finite colimits and coproducts for all families of objects indexed
by a U-set.

(iii") For each U-small category D, there exists an adjunction
Iim 4A:C—-|[D,C]
—>D
where AX is the constant functor with value X .

Proof. This is a standard result; but we remark that we do require a sufficiently
powerful form of the axiom of choice to pass from (ii) to (iii). O

1 o.1.13. In the explicit universe convention, the words ‘set’, ‘class’, etc.
have their usual meanings, and in the one-universe convention, these instead
abbreviate ‘U-set’, ‘U-class’, etc. for a fixed (but arbitrary) universe U. However,
the word ‘category’ always refers to a category that is contained in some universe,
which may or may not be locally U-small, and we shall use the word ‘ensemble’
to refer to sets which may or may not be in U. In subsequent chapters, the implicit
universe convention should be assumed unless otherwise stated.

We now recall some definitions and results about ordinal and cardinal num-
bers. Readers familiar with axiomatic set theory may wish to skip ahead.

Definition 0.1.14. A von Neumann ordinal is a set @ with the following prop-
erties:

e Ifxeyandy € a, then x € a.
* The binary relation € is strict total ordering of a.
* If S is a subset of a such that

- g€es,
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- IfpeSandpu{f} €a,thenpu{p} es.
-IfT CS,thenJT € S.

then .S = «a.

We identify O with the von Neumann ordinal @, and by induction, we identify
the natural number n + 1 with the von Neumann ordinal {0, ..., n}.

Proposition 0.1.15.
(1) If ais avon Neumann ordinal, then every member of a is an initial segment
of a and is in particular a von Neumann ordinal.

(11) If a is a von Neumann ordinal, so is a U {a}. (This is usually denoted by
a + 1 and called the successor of a.)

(ii1) The union of a set S of von Neumann ordinals is another von Neumann
ordinal. (This is usually denoted by sup S and called the supremum of
S.)

(iv) If' U is a pre-universe and k(U) is the set of von Neumann ordinals in U,
then x(U) a von Neumann ordinal, but k(U) & U.

Proof. Claims (i) — (iii) are all easy, and claim (iv) is Burali-Forti’s paradox. ¢

Theorem 0.1.16 (Classification of well-orderings).
(1) In Zermelo—Fraenkel set theory, every well-ordered set is isomorphic to a
unique von Neumann ordinal.

(i1) In Mac Lane set theory, if U is a pre-universe and X is a well-ordered set
in'U, then X is isomorphic to a unique von Neumann ordinal in U.

Proof. Claim (i) is a standard result in axiomatic set theory, and claim (ii) is an
obvious corollary. |

Definition 0.1.17. A transitive set is a set T such that, given x € y,if y € T,
then x € T as well. The transitive closure of a set X is a set tcl(X) such that,
for all transitive sets T with X C T, we have tcl(X) C T as well.

Lemma 0.1.18. In Mac Lane set theory, every set has a unique transitive closure.
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Proof. One of the axioms of Mac Lane set theory states that every set X is a
member of some transitive set 7', and so X C T'. Clearly, the intersection of any
family of transitive sets containing X is again a transitive set containing X, so
tcl(X) exists and is unique so long as there is at least one transitive set containing

X. |

Definition 0.1.19. A partial rank function from a transitive set T to a well-
ordered set W is a partial function p : T — W with these properties:

e If @ € T, then p(@) is the least element of W'

e If y € T and p(x) is defined for all x € y, then
p(y) =min{w € W |Vx € y. p(x) < w}
provided the RHS is defined.

* Otherwise p(y) is undefined.

A total rank function is a partial rank function that is defined on its entire do-
main. The rank of a set X, if it exists, the least von Neumann ordinal rank(X)
for which there exists a total rank function tcl(X) — rank(X).

Proposition 0.1.20. In Mac Lane set theory:

(1) If T is a transitive set and W is a well-ordered set, then there is a unique
partial rank function p : T — W.

(1) If U is a pre-universe and x € U, then rank(x) can be defined by a A,-
formula with U as a parameter, and for each von Neumann ordinal a in
U, the set
V, = {x € U|rank(x) < a}

is a U-set.

(iii) Assuming the Grothendieck—Verdier universe axiom, rank(x) is defined for
all x.

Proof. (1). This is a straightforward application of well-founded induction.

(i1). U is a transitive set and the set x(U) of all von Neumann ordinals in U is
well-ordered by inclusion, so by claim (i) there is a partial rank function p :

6



0.1. Set theory

U — «x(U). ZFC proves that every set has a rank, so p must in fact be a total
rank function; hence, for any x € U, rank(x) is defined. It is clear that p can be
defined by a A,-formula with only U as a parameter, and the rest of the claim
follows.

(ii1). Obvious, assuming claim (ii). O]

Definition 0.1.21. Two sets are equinumerous if there exists a bijection between
them. A cardinality class in a pre-universe U is an equivalence class under the
relation of equinumerosity.

Definition 0.1.22. An X-number is an infinite von Neumann ordinal x such that,
for any von Neumann ordinal A such that ¥ and A are equinumerous, we have
Kk C A

Example 0.1.23. The first infinite von Neumann ordinal, i.e. ® = {0, 1,2, ...},
is the N-number NR,,.

Theorem 0.1.24 (Classification of cardinalities).
(1) In Zermelo—Fraenkel set theory, for every well-ordered infinite set X, there
exists a unique N-number x such that X and k are equinumerous.

(i1) In Zermelo—Fraenkel set theory with the axiom of choice, the same is true
for any infinite set whatsoever.

(ii1) In Mac Lane set theory, if U is a universe and X is an infinite set in U,
then there exists a unique N-number « in the cardinality class of X.

(iv) In Mac Lane set theory with the Grothendieck—Verdier universe axiom, if
U is a pre-universe and x is an X-number not in U, then the cardinality of
U is at most k.

Proof. Claim (i) is a standard fact, whence claims (ii) and (iii), by the well-
ordering theorem. Claim (iv) can be proven using axiom 4 for pre-universes. []

1 o.1.25. Henceforth, we identify the cardinality class of a finite set with the
unique von Neumann ordinal contained in that class, and similarly we identify
the cardinality class of an infinite set with the unique R-number in that class.
These are the cardinal numbers.
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Definition 0.1.26. A cofinal subset of a partially-ordered set X is a subset
Y C X such that, for all x in X, there exists some y in Y such that x < y.
A regular cardinal number is an X-number x such that any cofinal subset of k
has cardinality equal to k. A singular cardinal number is an X-number that is
not regular.

The following helps to motivate the definition of regular cardinal numbers.

Definition 0.1.27. Let U be a pre-universe. An arity class in U is a U-class K
of cardinal numbers satisfying the following conditions:

e 1 K.

e Ifx € Kand 4 : k —» K is a function, then the cardinal sum ) _ A(«) is

alsoin K.

aekK

e If x € K and 4 : k — U is a function such that each A(a) is a cardinal
number and ZaEK AMa) € K, then A(a) € K as well.

Theorem 0.1.28 (Classification of arity classes). In Mac Lane set theory, if K is
an arity class in a pre-universe U, then K must be either

e {1}, or
e {0,1}, or

* of the form {4 € U| A is a cardinal number and A < '} for some regular
cardinal number k (possibly not in U).

Proof. The notion of arity class and this result are due to Shulman [2012]. []

Definition 0.1.29. Let « be a regular cardinal number. A x-small category is a
category C such that mor C has cardinality < k. A finite category is an N,-small
category, i.e. a category C such that mor C is finite. A finite diagram (resp. k-
small diagram, U-small diagram) in a category C is a functor D — C where D
is a finite (resp. k-small, U-small) category.

Theorem 0.1.30. Let U be a pre-universe, let U' be a universe with U € U™, let
Set be the category of U-sets, and let Set™ be the category of U"-sets.

(1) If X : D — Set is a U-small diagram, then there exist a limit and a colimit
for X in Set.
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(ii) The inclusion Set < Set™ is fully faithful and preserves limits and colimits
for all U-small diagrams.

Proof. One can construct products, equalisers, coproducts, coequalisers, and
hom-sets in a completely explicit way, making the preservation properties obvi-

ous. ¢

Corollary 0.1.31. The inclusion Set < Set™ reflects limits and colimits for all
U-small diagrams. [ ]

Corollary o0.1.32. For any U-small category C:

(i) The functor category [C, Set] is U-complete and U-cocomplete, with limits
and colimits for U-small diagrams computed componentwise in Set.

(ii) The inclusion [C,Set] < [C, Set*] is fully faithful and both preserves and
reflects limits and colimits for all U-small diagrams. [ ]

Definition 0.1.33. An strongly inaccessible cardinal number is a regular car-
dinal number x such that, for all sets X of cardinality less than k, the power set
P(X) is also of cardinality less than «.

Example 0.1.34. ¥, is a strongly inaccessible cardinal number and is the only
one that can be proven to exist in ZFC. It is more conventional to exclude N,
from the definition of strongly inaccessible cardinal number by demanding that
they be uncountable.

Proposition 0.1.35. In Mac Lane set theory:

(1) If U is a non-empty pre-universe, then there exists a strongly inaccessible
cardinal number x such that the members of U are all the sets of rank less
than k. Moreover, this k is the rank and the cardinality of U.

(1) If U is a universe and x is a strongly inaccessible cardinal number such
that x € U, then there exists a U-set V_ whose members are all the sets of
rank less than k, and V. is a pre-universe.

(iii) If U and U’ are pre-universes, then either U C U’ or U C U, and if
UGU, thenU€eU'.
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Proof. (i). Let k be the set of all von Neumann ordinals in U; this exists by
A,-separation applied to U. Since U is closed under power sets and internally-
indexed unions, k must be a strongly inaccessible cardinal.

We can construct the set all of U-sets of rank less than x using transfinite
recursion on k as follows: starting with V, = &, for each von Neumann ordinal &
less than x, we set V., = 9(V, ), and for each ordinal A that is not a successor,
weset V, =, _, V,. The well-foundedness of € (restricted to U) implies that
in fact this must be all of U.

Clearly, every set of rank less than « is in fact a U-set, and U is itself a set of
rank k. The cardinality of U is also k, since k is a regular cardinal number and
any cardinal number less than x is a member of U.

(i1). We may construct V,. using the same method as in (i). By construction V.
satisfies axiom I; since x is infinite, V_ satisfies axioms 2 and 3; and since « is
strongly inaccessible, V, satisfies axiom 4. Thus V_ is a pre-universe.

(iii). Again, let k be the rank of U. If k € U’ then we can show by transfinite
induction that V., € U and so U G U’; else we musthave U' CV, =U. W

Accessibility and ind-completions

Prerequisites. § 0.1.

A classical technology for controlling size problems in category theory, due
to Gabriel and Ulmer [1971], Grothendieck and Verdier [SGA 4a, Exposé I, § 9],
and Makkai and Paré [1989], is the notion of accessibility. Though we make use
of universes, accessibility remains important and is a crucial tool in verifying the
stability of various universal constructions when one passes from one universe
to a larger one.

Definition 0.2.1. Let x be aregular cardinal. A x-filtered category is a category
J satisfying these conditions:

* J is inhabited, i.e. there exists an object in .J.

 If 1 is a cardinal number strictly less than k and S is a subset of ob J of
cardinality A, then there exist an object j and arrows f; : i — j for each
objectiin S.

10
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* If f,g :i — j are a pair of parallel arrows in .7, then there exist an object
k and an arrow h : j — ksuchthathe f = hog.

A k-directed preorder is a preordered set that is k-filtered when considered as
a category; note that the third condition is then vacuous. A k-filtered diagram
(resp. k-directed diagram) in a category C is a functor D — C such that D is a
k-filtered category (resp. k-directed preorder). Itis conventional to omit mention
of k when k¥ = V.

Example 0.2.2. The category with one object * and only one non-trivial arrow
fisfiltered if and only if f = f o f.

Example 0.2.3. Let X be any set. The set of all finite subsets of X, partially
ordered by inclusion, is a directed preorder. More generally, if x is any regular
cardinal, then the set of all subsets of X with cardinality strictly less than « is a
k-directed preorder.

Theorem 0.2.4. Let U be a pre-universe, let Set be the category of U-sets, and
let k be any regular cardinal. Given a U-small category D, the following are
equivalent:

(1) D is a x-filtered category.

(i1) The functor li_n}D : [D, Set] — Set preserves limits for all diagrams that
are simultaneously x-small and U-small.

Proof. The claim (i) = (ii) is very well known, and the converse is an exercise
in using the Yoneda lemma and manipulating limits and colimits for diagrams
of representable functors; see Satz 5.2 in [Gabriel and Ulmer, 1971]. ]

Definition 0.2.5. Let x be a regular cardinal in a universe U*, let U be a pre-
universe with U C U™, and let Set™ be the category of U'-sets. A (x,U)-
compact object in a locally U*-small category C is an object A such that the
representable functor C(A,—) : C — Set* preserves colimits for all U-small
k-filtered diagrams. A x-compact object is one that is (k, U)-compact for all
pre-universes U.

Though the above definition is stated using a pre-universe U contained in a
universe U", the following lemma shows there is no dependence on U*.

11
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Lemma 0.2.6. Let A be an object in a locally U*-small category C. The follow-
ing are equivalent:

(i) Ais a (x,U)-compact object in C.

(i1) For all U-small k-filtered diagrams B : D — C, if A : B = AC isa
colimiting cocone, then for any morphism f : A — C, there exist an
object i in D and a morphism f' : A — Biin C such that f = A; f'; and
moreover if f = A; o f" for some morphism f" : A — Bj in C, then there

exists an object k and a pair of arrows g : i — k, h : i — k in D such that
Bgo f'=Bho f".

Proof. Use the explicit description of li_r)nD C(A, B) as a filtered colimit of sets;
see Definition 1.1 in [LPAC], or Proposition 5.1.3 in [Borceux, 1994b]. ]

Corollary 0.2.7. Let B : D — C be a U-small x-filtered diagram, and let A :
B = AC be a colimiting cocone in C. If C is a (x, U)-compact object in C, then
for some objectiinD, A, : Bi — C is a split epimorphism. [ |

Lemma 0.2.8. Let A be an object in a category C.

(i) If U is a pre-universe contained in a universe U" and « is a regular car-
dinal such that A is (x, U")-compact, then A is (x, U)-compact as well.

(1) If« is a regular cardinal such that A is (x, U)-compact and A is any regular
cardinal such that k < A, then A is also (A, U)-compact.

Proof. Obvious. ¢

Lemma 0.2.9. Let A be a regular cardinal in a universe U*, and let U be a pre-
universe with U C U*. If B : D — C is a A-small diagram of (A, U)-compact
objects in a locally U*-small category, then the colimit li_r)nD B, if it exists, is a
(4, U)-compact object in C.

Proof. Use theorem 0.2.4 and the fact that C(—, C) : C®® — Set™ maps colimits
in C to limits in Set™. |

Corollary 0.2.10. A retract of a (A, U)-compact object is also a (4, U)-compact
object.

12
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Proof. Suppose r : A - Band s : B — A are morphisms in C such that
reos =1dg. Then e = s o r is an idempotent morphism and the diagram below

id
A= A" B

e

is a (split) coequaliser diagram in C, so B is (4, U)-compact if A is. [ |

Proposition 0.2.11. Let U be a pre-universe and let Set be the category of U-
sets. For any U-set A, the following are equivalent:

(i) A has cardinality less than k.

(ii) The representable functor Set(A, —) : Set — Set preserves colimits for all
U-small x-filtered diagrams.

(iii) The representable functor Set(A, —) : Set — Set preserves colimits for all
U-small x-directed diagrams.

Proof. The claim (i) = (ii) follows from theorem 0.2.4, and (ii) = (iii) is obvi-
ous. To see (iii) = (i), we may use corollary 0.2.7 and the fact that every set is
the directed union of its subsets of cardinality at most . [ ]

Corollary 0.2.12. A set is k-compact if and only if its cardinality is < k. [ ]

Definition 0.2.13. Let x be a regular cardinal in a universe U. A k-accessible
U-category is a locally U-small category C satisfying the following conditions:

* C has colimits for all U-small k-filtered diagrams.

» There exists a U-set G such that every object in G is (x, U)-compact and,
for every object B in C, there exists a U-small x-filtered diagram of objects
in G with B as its colimit in C.

We write KY(C) for the full subcategory of C spanned by the (k, U)-compact
objects.

Example 0.2.14. The category of U-sets is a x-accessible U-category for any
regular cardinal x in U.

REMARK 0.2.15. Lemma 0.2.9 implies that, for each object A in an accessible
U-category, there exists a regular cardinal 4 in U such that A is (4, U)-compact.

13



0. FOUNDATIONS

Theorem 0.2.16. Let C be a locally U-small category, and let k be a regular
cardinal in U. There exist a locally U-small category Ind;;(C) and a functor
y : C = Indy(C) with the following properties:

(i) The objects of Indy(C) are U-small k-filtered diagrams B : D — C, and
y sends an object C in C to the corresponding trivial diagram 1 — C with
value C.

(ii) The functory : C — Indy(C) is fully faithful, injective on objects, pre-
serves all limits that exist in C, and preserves all k-small colimits that
exist in C.

(iii) Indg;(C) has colimits for all U-small x-filtered diagrams.

(iv) For every object C in C, the object yC is (x, U)-compact in Ind;(C), and
for each U-small k-filtered diagram B : D — C, there is a canonical
colimiting cocone y B = AB in Indg;(C).

(v) If D is a category with colimits for all U-small k-filtered diagrams, then
for each functor F : C — D, there exists a functor F : Ind;(C) — D that
preserves colimits for all U-small x-filtered diagrams in Indy;(C) such that
yF = F, and given any functor G : Ind;;(C) — D whatsoever, the induced
map Nat (F, C_;) — Nat (F, yC_;) is a bijection.

The category Indy(C) is called the free (x, U)-ind-completion of C, or the cat-
egory of (x, U)-ind-objects in C.

Proof. If B: D — Cand B’ : D' — C are two U-small k-filtered diagrams, then
properties (ii) and (iii) together imply that
Hom(B’, B) ~ limlim C(B’, B)
Y

and so, taking the RHS as the definition of the LHS, we need only find a suit-
able notion of composition to make Indy;(C) into a locally U-small category.
However, we observe that, if N : C — [CP, Set] is the Yoneda embedding, then

Hom(lim NB’,lim NB) = limlim C(B’, B)
— — — —>

D’ D D’ D

and, assuming property (v), the Yoneda embedding N : C — [C®P, Set] must
extend along y to a functor N : Ind;(C) — [C?, Set] that preserves colimits

14



0.2. Accessibility and ind-completions

for U-small x-filtered diagram, so, in consideration of properties (i) and (iv), we
may as well define the composition in Indg;(C) so that N becomes fully faithful.
This completes the definition of Indy;(C) as a category.

It remains to be shown that Indy;(C) actually has properties (ii), (iii), (iv), and
(v); see Corollary 6.4.14 in [Borceux, 1994a] and Theorem 2.26 in [LPAC]. Note
that the fact that y preserves colimits for k-small diagrams essentially follows
from theorem 0.2.4. L]

Proposition 0.2.17. Let B be a U-small category and let k be a regular cardinal
in U.

(i) Indy(B) is a k-accessible U-category.

(i1) Every (x,U)-compact object in Indy(B) is a retract of an object of the
formy B, where y : B — Indy(B) is the canonical embedding.

(ii1) KE (Indfj([EB)) is an essentially U-small category.

Proof. (i). This claim more-or-less follows from the properties of Indy(B) ex-
plained in the previous theorem.

(i1). Use corollary 0.2.10.

(iii). Since B is U-small and Indy;(B) is locally U-small, claim (ii) implies that
K} (Ind;,(B)) must be essentially U-small. [

Definition 0.2.18. Let « be a regular cardinal in a universe U. A (k, U)-access-
ible functor is a functor F : C — D such that

* C is a k-accessible U-category, and
» F preserves all colimits for U-small x-filtered diagrams.

We write AccE(C , D) for the full subcategory of the functor category [C, D]
spanned by the (x, U)-accessible functors. An accessible functor is a functor
that is (x, U)-accessible functor for some regular cardinal x in some universe U.

Theorem o0.2.19 (Classification of accessible categories). Let x be a regular
cardinal in a universe U, and let C be a locally U-small category. The following
are equivalent:

(1) C is a k-accessible U-category.

15
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(ii) The inclusion KY(C) < C extends along the embedding y : C — Ind;;(C)
to a (x, U)-accessible functor Indfj(KE(C)) — C that is fully faithful and
essentially surjective on objects.

(iii) There exist a U-small category B and a functor Indy(B) — C that is fully
faithful and essentially surjective on objects.

Proof. See Theorem 2.26 in [LPAC], or Theorem 5.3.5 in [Borceux, 1994b].
L]

Corollary 0.2.20. If C is a k-accessible U-category and D is any category, then:

(1) The restriction AccE(C ,D) — [KE(C), D] is fully faithful and surjective
on objects.

(i) In particular, if D is also locally U-small, then AccV(C, D) is equivalent
to a locally U-small category.

(i11) If D has colimits for all U-small k-filtered diagrams, then the inclusion
AccY(C,D) < [C, D] has a left adjoint. |

Proposition 0.2.21. Let C be a k-accessible U-category and let D be a locally
U-small category. Given an adjunction F 4 G : D — C, if G is fully faithful
and preserves colimits for all U-small k-filtered diagrams, then D is also a k-
accessible U-category.

Proof. Under our hypotheses, given any U-small x-filtered diagram A : J — D,
we may take F l'i)nj G A as its colimit in D. Our hypotheses also imply that F
sends (x, U)-compact objects in C to (k, U)-compact objects in D; thus if G is a
U-small set of objects that generates C under U-small x-filtered colimits, then
{FX | X € G}isaU-small set of objects that generates D in the same sense. [l

Definition 0.2.22. Let ¥ be a regular cardinal in a universe U. A locally «-
presentable U-category is a k-accessible U-category that is also U-cocomplete.
A locally presentable U-category is one that is a locally x-presentable U-cat-
egory for some regular cardinal x in U, and we often say ‘locally finitely present-
able’ instead of ‘locally N -presentable’.

Example 0.2.23. The category of U-sets is a locally x-presentable U-category
for any regular cardinal x in U.

16



0.2. Accessibility and ind-completions

Lemma 0.2.24. Let C be a locally k-presentable U-category.

(1) For any regular cardinal Ain'U, if k < A, then C is a locally A-presentable
U-category.

(i) With A as above, if F : C — D is a (x,U)-accessible functor, then it is
also a (4, U)-accessible functor.

(iii) If U* is any universe with U € U", and C is a locally x-presentable U* -
category, then C must be a preorder.

Proof. (1). See the remark after Theorem 1.20 in [LPAC], or Propositions 5.3.2
and 5.2.3 in [Borceux, 1994b].

(i1). A A-filtered diagram is certainly k-filtered, so if F preserves colimits for all
U-small x-filtered diagrams in C, it must also preserve colimits for all U-small
A-filtered diagrams.

(iii). This is a corollary of theorem 0.1.10. [ ]

Corollary 0.2.25. A category C is a locally presentable U-category for at most
one universe U, provided C is not a preorder.

Proof. Use proposition 0.1.35 together with the above lemma. [ |

Theorem 0.2.26 (Classification of locally presentable categories). Let k be a
regular cardinal in a universe U, let Set be the category of U-sets, and let C be
a locally U-small category. The following are equivalent:

(1) Cis alocally x-presentable U-category.

(i1) There exist a U-small category B that has colimits for x-small diagrams
and a functor Indy;(B) — C that is fully faithful and essentially surjective
on objects.

(ili) The restricted Yoneda embedding C — [KU(C)™,Set] is fully faithful,
(x, U)-accessible, and has a left adjoint.

(iv) There exist a U-small category A and a fully faithful (x,U)-accessible
functor R : C — [A, Set] such that A has limits for all k-small diagrams,
R has a left adjoint, and R is essentially surjective onto the full subcat-
egory of functors A — Set that preserve limits for all k-small diagrams.

17



0. FOUNDATIONS

(v) There exist a U-small category A and a fully faithful (x,U)-accessible
functor R : C — [A, Set] such that R has a left adjoint.

(vi) C is a x-accessible U-category and is U-complete.

Proof. See Proposition 1.27, Corollary 1.28, Theorem 1.46, and Corollary 2.47
in [LPAC], or Theorems 5.2.7 and 5.5.8 in [Borceux, 1994b]. |

REMARK 0.2.27. If C is equivalent to Ind;;(B) for some U-small category B that
has colimits for all k-small diagrams, then B must be equivalent to KY(C) by
proposition 0.2.17. In other words, every locally kx-presentable U-category is,
up to equivalence, the (x, U)-ind-completion of an essentially unique U-small
k-cocomplete category.

Example 0.2.28. Obviously, for any U-small category A, the functor category
[A, Set] is locally finitely presentable. More generally, one may show that for
any k-ary algebraic theory T, possibly many-sorted, the category of T-algebras
in Uis alocally k-presentable U-category. The above theorem can also be used to
show that Cat, the category of U-small categories, is a locally finitely presentable
U-small category.

Corollary 0.2.29. Let C be a locally k-presentable U-category. For any U-small
k-filtered diagram D, li_n)l[D : [D, C] — C preserves k-small limits.

Proof. The claim is certainly true when C = [A, Set], by theorem 0.2.4. In
general, choose a (k, U)-accessible fully faithful functor R : C — [A, Set] with
a left adjoint, and simply note that R creates limits for all U-small diagrams as
well as colimits for all U-small «-filtered diagrams. [ |

Proposition 0.2.30. If C is a locally k-presentable U-category and D is any U-
small category, then the functor category D, C] is also a locally k-presentable
category.

Proof. This can be proven using the classification theorem by noting that the 2-
functor [D, —] preserves reflective subcategories, but see also Corollary 1.54 in
[LPAC]. O

It is commonplace to say ‘A-presentable object’ instead of ‘A-compact ob-
ject’, especially in algebraic contexts. The following proposition justifies the
alternative terminology:

18
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0.2. Accessibility and ind-completions

Proposition 0.2.31. Let C be a locally k-presentable U-category, and let A be a
regular cardinal in U with A > k. If H is a small full subcategory of C such that

* every (x, U)-compact object in C is isomorphic to an object in H, and
* H is closed in C under colimits for A-small diagrams,

then every (A, U)-compact object in C is isomorphic to an object in H. In partic-
ular, KS(C) is the smallest replete full subcategory of C containing KY(C) and
closed in C under colimits for A-small diagrams.

Proof. Let C be any (4, U)-compact object in C. Clearly, the comma category
(H | C) is a U-small A-filtered category. Let G = H N KE(C). One can show
that (G | C) is a cofinal subcategory in (H | C), and the classification theorem
(0.2.26) plus proposition A.5.24 implies that the tautological cocone on the dia-
gram (G| C) — C is colimiting, so the tautological cocone on the diagram
(H | C) — C is also colimiting. Now, by corollary 0.2.7, C is a retract of an
object in H, and hence C must be isomorphic to an object in H, because H is
closed under coequalisers.

For the final claim, note that KE(C ) is certainly a replete full subcategory of
C and contained in any replete full subcategory containing KY(C) and closed in
C under colimits for A-small diagrams, so we just have to show that KE(C) is
also closed in C under colimits for A-small diagrams; for this, we simply appeal
to lemma 0.2.9. [ |

Proposition 0.2.32. Let C be a locally k-presentable U-category and let D be
a u-small category in U. The (A, U)-compact objects in [D, C] are precisely
the diagrams D — C that are componentwise (4, U)-compact, so long as A >
max {k, u}.

Proof. First, note that Mac Lane’s subdivision category!!! D* is also y-small, so
[D, C](A, B) is computed as the limit of a y-small diagram of hom-sets. More
precisely, using end notation,”!

[[D,C](A,B)g/ C(Ad, Bd)
d:D

and so if A is componentwise (4, U)-compact, then [D, C](A, —) preserves colim-
its for U-small A-filtered diagrams, hence A is itself (4, U)-compact.

See [CWM, Ch. IX, § 5].
See § A.6.
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Now, suppose A is a (4, U)-compact object in [D, C]. Let d be an object in
D, letd* : [D,C] — C be evaluation at d, and let d, : C — [D, C] be the right
adjoint, which is explicitly given by

(d,C)(d")=D(d',dym C
where M is defined by following adjunction:
Set(X,C(C,C")) = C(C,XMmC")

The unityn, : A — d,d* A is constructed using the universal property of m in the
obvious way, and the counit . : d*d,C — C is the projection D(d,d)mC — C
corresponding to id, € D(d, d). Since C is a locally A-presentable U-category,
there exist a U-small A-filtered diagram B : J — C consisting of (4, U)-compact
objects in C and a colimiting cocone @ : B = Ad*A, and since each D(d’, d)
has cardinality less than y, the cocone d a : d,B = Ad,d* A is also colimiting,
by corollary 0.2.29. Lemma 0.2.6 then implies 7, : A — d,.d" A factors through
d.a;:d/(Bj)— d,d"Afor some jin J, say

r]A = d*aj o0
for some o : A — d,Bj. But then, by the triangle identity,
idAd :£Ad°d*ﬂA :6Adod*d*ajod*ﬁzaj083j0d*0'

and so a; : Bj — Ad is a split epimorphism, hence Ad is a (4, U)-compact
object, by corollary 0.2.10. [ |

REMARK 0.2.33. The claim in the above proposition can fail if 4 > 1 > k. For
example, we could take C = Set, with D being the set @ considered as a discrete
category; then the terminal object in [D, Set] is componentwise finite, but is not
itself an N,-compact object in Set.

Lemma 0.2.34. Let k and A be regular cardinals in a universe U, with k < A.

(1) If Disalocally A-presentable U-category, C is a locally U-small category,
and G : D — C is a (A, U)-accessible functor that preserves limits for all
U-small diagrams in C, then, for any (x,U)-compact object C in C, the
comma category (C | G) has an initial object.
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0.2. Accessibility and ind-completions

(i1) If Cisalocally x-presentable U-category, D is a locally U-small category,
and F : C — D is a functor that preserves colimits for all U-small dia-
grams in C, then, for any object D in D, the comma category (F | D) has
a terminal object.

Proof. (i). Let F be the full subcategory of (C | G) spanned by those (D, g)
where D is a (4, U)-compact object in D. G preserves colimits for all U-small
A-filtered diagrams, so, by lemma 0.2.6, F must be a weakly initial family in
(C | G). Proposition 0.2.17 implies F is an essentially U-small category, and
since D has limits for all U-small diagrams and G preserves them, (C | G) is
also U-complete. Thus, the inclusion ¥ < (C | G) has a limit, and it can be
shown that this is an initial object in (C | G6).P

(i1). Let G be the full subcategory of (F | D) spanned by those (C, f) where
C is a (x, U)-compact object in C; note that proposition 0.2.17 implies G is an
essentially U-small category. Since C has colimits for all U-small diagrams and
F preserves them, (F | D)isalso U-cocomplete.[‘” Let (C, f)be a colimit for the
inclusion G & (F | D). It is not hard to check that (C, f) is a weakly terminal
object in (F | D), so the formal dual of Freyd’s initial object lemmal®! gives
us a terminal object in (F | D); explicitly, it may be constructed as the joint
coequaliser of all the endomorphisms of (C, f). [ |

Theorem 0.2.35 (Accessible adjoint functor theorem). Let x and A be regu-
lar cardinals in a universe U, with k < A, let C be a locally k-presentable
U-category, and let D be a locally A-presentable U-category.

Given a functor F : C — D, the following are equivalent:

(1) F has a right adjoint G : D — C, and G is a (A, U)-accessible functor.

(i1) F preserves colimits for all U-small diagrams and sends (x, U)-compact
objects in C to (A, U)-compact objects in D.

(ii1) F has a right adjoint and sends (x,U)-compact objects in C to (A,U)-
compact objects in D.

See Theorem 1 in [CWM, Ch. X, § 2].
See the Lemma in [CWM, Ch. V, § 6].
See Theorem 1 in [CWM, Ch. V, § 6].
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On the other hand, given a functor G : D — C, the following are equivalent:

(iv) G has a left adjoint F : C — D, and F sends (x, U)-compact objects in C
to (A, U)-compact objects in D.

(v) G is a (4, U)-accessible functor and preserves limits for all U-small dia-
grams.

(vi) G is a (A, U)-accessible functor and there exist a functor F : KE(C )—> D
and hom-set bijections

C(C,GD) = D(F,C, D)
natural in D for each (x, U)-compact object C in C, where D varies in D.

Proof. We will need to refer back to the details of the proof of this theorem later,
so here is a sketch of the constructions involved.

(1) = (i1). If F is a left adjoint, then F certainly preserves colimits for all U-
small diagrams. Given a (x, U)-compact object C in C and a U-small A-filtered
diagram B : J — D, observe that

D(FC,lim B) > c<c, Glim B> o C(C,lim GB)
v v v

~ lim C(C, GB) = lim C(FC, B)
Y N

and thus FC is indeed a (4, U)-compact object in D .

(i1) = (1i1). Itis enough to show that, for each object D in D, the comma category
(F | D) has a terminal object (GD, e D);M but this was done in the previous
lemma.

(ii1) = (1). Given a (x, U)-compact object C in C and a U-small A-filtered dia-
gram B : J — D, observe that

C<C,GlimB> S D(FC,lim B> =~ lim C(FC, B)
v v v

~ lim C(C,GB) c(c, lim GB)
v v

[6] See Theorem 2 in [CWM, Ch. 1V, § 1].
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because FC is a (4, U)-compact object in D; but theorem 0.2.26 says the restric-
ted Yoneda embedding C — [KE(C )F, Set] is fully faithful, so this is enough to
conclude that G preserves colimits for U-small A-filtered diagrams.

(iv) = (v). If G is aright adjoint, then G certainly preserves limits for all U-small
diagrams; the rest of this implication is just (iii) = (i).

(v) = (vi). It is enough to show that, for each (x, U)-compact object C in C, the
comma category (C | G) has an initial object (FOC, nc); but this was done in
the previous lemma. It is clear how to make Fj into a functor KY(C) — D.

(vi) = (iv). We use theorems 0.2.16 and 0.2.26 to extend Fj, : KE(C) — D along
the inclusion KS(C) < C to get (k, U)-accessible functor F : C - D. We then
observe that, for any U-small «-filtered diagram A : | — C of (x, U)-compact
objects in C,

C(lim A, GD> > 1im C(A, GD) = lim C(F,A, D)
T T T

!
o C(limFA,D) = C(FlimA,D)
v 1

is a series of bijections natural in D, where D varies in D; but C is a locally
k-presentable U-category, so this is enough to show that F is a left adjoint of G.
The remainder of the claim is a corollary of (i) = (ii). [ |

Corollary 0.2.36. Let C and D be locally presentable U-categories. If a functor
G : D — C has a left adjoint, then there exists a regular cardinal u in U such
that G is a (u, U)-accessible functor.

Proof. Suppose C is a locally k-presentable U-category, D is a locally A-present-
able U-category, and F : C — D is a left adjoint for G. Since KY(C) is an
essentially U-small category, recalling lemma 0.2.8, there certainly exists a reg-
ular cardinal g in U such that 4 > A and F sends (x, U)-compact objects in C to
(u, U)-compact objects in D. The above theorem, plus lemma 0.2.24, implies G
is an (u, U)-accessible functor. [ |
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Change of universe

Prerequisites. §§ 0.1, 0.2, A.1, A.5.

Having introduced universes into our ontology, it becomes necessary to ask
whether an object with some universal property retains that property when we
enlarge the universe. Though it sounds inconceivable, there do exist examples of
badly-behaved constructions that are not stable under change-of-universe; for ex-
ample, Waterhouse [1975] defined a functor F : CRing — Set”, where CRing
is the category of commutative rings in a universe U and Set” is the category
of U*-sets for some universe U with U € U*, such that the value of F at any
given commutative ring in U does not depend on U, and yet the value of the fpqc
sheaf associated with F at the field Q depends on the size of U.

Definition 0.3.1. Let x be a regular cardinal in a universe U, and let U" be a
universe with U C U*. A (k, U, U")-accessible extension is a (k, U)-accessible
functor i : C = C™ such that

* C is a k-accessible U-category,
* C*is a k-accessible U"-category,
* i sends (x, U)-compact objects in C to (x, U)-compact objects in C*, and

e the functor K¥(C) — KLj+ (C*) so induced by i is fully faithful and essen-
tially surjective on objects.

REMARK 0.3.2. Let B be a U-small category in which idempotents split. Then the
(x, U)-accessible functor Indy(B) — Ind;;, (B) obtained by extending the em-
bedding y* : B — Indg.(B) along y : B — Indj(B) is a (k, U, U")-accessible
extension, by proposition 0.2.17. The classification theorem (0.2.19) implies all
examples of (k, U, U")-accessible extensions are essentially of this form.

Proposition 0.3.3. Leti : C —» C* be a (k, U, U")-accessible extension.

(i) C is a locally k-presentable U-category if and only if C* is a locally k-
presentable U*-category.

(ii) The functori: C — C* is fully faithful.

(ii1) If B : J — C is any diagram (not necessarily U-small) and C has a limit
for B, then i preserves this limit.

24



0.3. Change of universe

Proof. (i). If C is a locally x-presentable U-category, then KY(C) has colimits
for all k-small diagrams, so KE+(C *) also has colimits for all k-small diagrams.
The classification theorem (0.2.19) then implies C* is a locally x-presentable
U™ -category. Reversing this argument proves the converse.

(i). Let A : 1 - Cand B : J - C be two U-small x-filtered diagrams of
(x, U)-compact objects in C. Then,

C<lim A, lim B) >~ limlim C(A, B) 2 limlim C*(iA, i B)
T

~ C* (hm iA, lim iB) &~ C+<i lim A,ilim B)
— — — —
1 J ] J
because i is (k, U)-accessible and is fully faithful on the subcategory KE(C ), and

therefore i : C — C* itself is fully faithful. Note that this hinges crucially on
theorem 0.1.30.

(ii1). Let B : J — C be any diagram. We observe that, for any (x, U)-compact
object C in C,

C+(iC, ilim B) = C<C, lim B) because i is fully faithful
— —
J J
= l(ln C(C,B) by definition of limit
J
~ l(gl C*(iC,iB) because i is fully faithful
J

but we know the restricted Yoneda embedding C* — [KY(C), Set*| is fully
faithful, so this is enough to conclude that il(iLnj Bisthelimitof iBinC*. |

REMARK 0.3.4. Similar methods show that any fully faithful functor C — C™ sat-
isfying the four bulleted conditions in the definition above is necessarily (k, U)-
accessible.

Lemma 0.3.5. Let U and U* be universes, with U € U*, and let k be a regular
cardinal in U. Suppose:

* C and D are locally k-presentable U-categories.

25



0. FOUNDATIONS

e C* and D* are locally k-presentable U -categories.
e i:C—>Ctandj: D — D" are (x,U,U")-accessible extensions.

Given a strictly commutative diagram of the form below,

where G is (x, U)-accessible, G* is (x, U")-accessible, if both have left adjoints,
then the diagram satisfies the left Beck—Chevalley condition.

Proof. Let C be a (x,U)-compact object in C. Inspecting the proof of the-
orem 0.2.35, we see that the functor (C | G) — (iC | G*) induced by j preserves
initial objects. Lemma A.1.7 says the component at C of the left Beck—Chevalley
natural transformation F*i = jF is an isomorphism; but C is generated by
KE(C) and the functors F, F*,i,j all preserve colimits for U-small x-filtered
diagrams, so in fact F*i = j F is a natural isomorphism. [ |

Proposition 0.3.6. If i : C — C* is a (x,U,U")-accessible extension and C
is a locally x-presentable U-category, then i preserves colimits for all U-small
diagrams in C.

Proof. Itis well-known that a functor preserves colimits for all U-small diagrams
if and only if it preserves coequalisers for all parallel pairs and coproducts for
all U-small families, but coproducts for U-small families can be constructed in
a uniform way using coproducts for x-small families and colimits for U-small
k-filtered diagrams. It is therefore enough to show that i : C — C* preserves all
colimits for xk-small diagrams, since i is already (k, U)-accessible.

Let D be a k-small category. Recalling proposition 0.1.12, our problem
amounts to showing that the diagram

c—*t ¢t

Al lf

[D,C] —— [D,C]

*
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satisfies the left Beck—Chevalley condition. It is clear that i, is fully faithful.
Colimits for U-small diagrams in [D, C] and in [D, C*] are computed compon-
entwise, so A and i, are certainly (x, U)-accessible, and A is (x, U)-accessible.
Using proposition 0.2.32, we see that i is also a (k, U, U*)-accessible extension,
so we apply the lemma above to conclude that the left Beck—Chevalley condition
is satisfied. |

Theorem 0.3.7 (Stability of accessible adjoint functors). Let U and U* be uni-
verses, with U € U™, and let x and A be regular cardinals in U, with k < A.
Suppose:

* Cis alocally k-presentable U-category.
* Dis a locally A-presentable U-category.
e C*is alocally x-presentable U*-category.
e D% is a locally A-presentable U*-category.

Leti : C —» C* be a (x,U,U")-accessible extension and let j : D — D* be a
fully faithful functor.

(1) Given a strictly commutative diagram of the form below,

D—L Dt

Gl lG*

C—i>C+

where G is (A, U)-accessible and G* is (A, U")-accessible, if both have
left adjoints and j is a (A, U, U")-accessible extension, then the diagram
satisfies the left Beck—Chevalley condition.

(i1) Given a strictly commutative diagram of the form below,

c—t—sct

l lp

if both F and F* have right adjoints, then the diagram satisfies the right
Beck—Chevalley condition.
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Proof. (i). The proof is essentially the same as lemma 0.3.5, though we have to
use proposition 0.3.6 to ensure that j preserves colimits for all U-small x-filtered
diagrams in C.

(i1). Let D be any object in D. Inspecting the proof of theorem 0.2.35, we
see that our hypotheses, plus the fact that i preserves colimits for all U-small dia-
grams in C, imply that the functor (F | D) — (F™* | jD) induced by i preserves
terminal objects. Thus, lemma A.1.7 implies that the diagram satisfies the right
Beck—Chevalley condition. [ ]

Theorem 0.3.8. Leti : C — C* be a (x, U, U")-accessible extension and let C
be a locally k-presentable U-category.

(i) If A is a regular cardinal in U and x < A, theni : C —» C* is also a
(A, U, U")-accessible extension.

(i) If u is the cardinality of U, then i : C — C™ factors through the inclu-
sion KE (C*) & C* as functor C - KE+(C+) that is (fully faithful and)
essentially surjective on objects.

(iii) The (u, U")-accessible functor Ind{;-(C) — C* induced by i : C — C" is
fully faithful and essentially surjective on objects.

Proof. (i). Since i : C — C™ is a (x, U)-accessible functor, it is certainly also
(4, U)-accessible, by lemma 0.2.24. It is therefore enough to show that i restricts
to a functor KL (C) — KE+(C ™) that is (fully faithful and) essentially surjective
on objects.

Proposition 0.2.31 says KE(C) is the smallest replete full subcategory of C
that contains KE(C ) and is closed in C under colimits for A-small diagrams, there-
fore the replete closure of the image of KE(C ) must be the smallest replete full
subcategory of C* that contains KV (C*) and is closed in C* under colimits for
A-small diagrams, since i is fully faithful and preserves colimits for all U-small
diagrams. This proves the claim.

(i1). Since every object in C is (4, U)-compact for some regular cardinal 4 < p,
claim (i) implies that the image of i : C — C* is contained in K},ﬁ(C). To
show i is essentially surjective onto K},ﬁ (C), we simply have to observe that the
inaccessibility of u (proposition 0.1.35) and proposition 0.2.31 imply that, for
C’ any (u, U*)-compact object in C*, there exists a regular cardinal A < y such
that C’ is also a (4, U*)-compact object, which reduces the question to claim (i).
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0.3. Change of universe

(ii1). This is an immediate corollary of claim (ii) and the classification theorem
(0.2.19) applied to C*, considered as a (u, U")-accessible category. [ |

REMARK 0.3.9. Although the fact i : C — C* that preserves limits and colimits
for all U-small diagrams in C is a formal consequence of the theorem above (via
e.g. corollary A.5.29), it is not clear whether the theorem can be proved without
already knowing this.

Corollary o0.3.10. If B is a U-small category and has colimits for all kx-small
diagrams, and p is the cardinality of U, then the canonical (i, U")-accessible
functor Ind{. (Indﬁ(B)) — Indy, (B) is fully faithful and essentially surjective
on objects. [ |

Theorem 0.3.11 (Stability of pointwise Kan extensions). Let F : A — C and
G : A = D be functors, and leti : C - C* and j : D — D* be fully faithful
functors. Consider the following (not necessarily commutative) diagram:

H+

(i) If H" is a pointwise right Kan extension of jG along i F, and H*i =~ jH,
then H is a pointwise right Kan extension of G along F.

(ii) Suppose jH is a pointwise right Kan extension of jG along F. If H" is a
pointwise right Kan extension of jH along i, then the counit H"i = jH
is a natural isomorphism, and H" is also a pointwise right Kan extension
of jG along iF; conversely, if H is a pointwise right Kan extension of
JjG along iF, then it is also a pointwise right Kan extension of jH along
i.

(i11) If U is a pre-universe such that A is U-small and j preserves limits for all
U-small diagrams, and H is a pointwise right Kan extension of G along
F, then a pointwise right Kan extension of jG along i F can be computed
as a pointwise right Kan extension of jH along i (if either one exists).
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Dually:

(i") If H" is a pointwise left Kan extension of jG along iF, and H*i = jH,
then H is a pointwise left Kan extension of G along F.

(ii") Suppose jH is a pointwise left Kan extension of jG along F. If H* is a
pointwise right Kan extension of j H along i, then the unit jH = H%iisa
natural isomorphism, and H™ is also a pointwise left Kan extension of jG
along i F; conversely, if H" is a pointwise left Kan extension of jG along
iF, then it is also a pointwise left Kan extension of jH along i.

(iii") If U is a pre-universe such that A is U-small and j preserves colimits for
all U-small diagrams, and H is a pointwise left Kan extension of G along
F, then a pointwise left Kan extension of jG along i F can be computed as
a pointwise left Kan extension of jH along i (if either one exists).

Proof. (i). Theorem A.5.15 gives an explicit description of H* : C* - D* as a
weighted limit:

H*(C") = {C™(C',iF), jG}*

Since i is fully faithful, the weights C(C, F) and C*(iC,iF) are naturally iso-
morphic, hence,

jJH(C) = H*(iC) = {C*(iC,iF), jG}* =~ {C(C, F), jG}*

but, since j is fully faithful, j reflects all weighted limits, therefore H must be a
pointwise right Kan extension of G along F.

(ii). Let U* be a pre-universe such that .A and C are U*-small categories and
D, C*, D" are locally U*-small categories, and let Set™ be the category of U™-
sets. Using the interchange law (theorem A.6.13) and propositions A.6.7 and
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0.3. Change of universe

A.6.14, we obtain the following natural bijections:

D*(D',H*(C") = D*(D',{C*(C",i), jH} )

= / Set*(C*(C',iC),D*(D', jHC))
Cc:C

g/ Set*(C*(C',iC),D* (D', {C(C, F), jG}"))
C:C

= / / Set*(C*(C',iC),Set"(C(C, FA), D" (D', jGA)))
C:CJAA

= / / Set*(C(C, FA),Set*(C*(C’,iC),D*(D', jGA)))
C:CJAA

= / / Set*(C(C, FA),Set™(C*(C',iC),D* (D', jGA)))
A:A JC:C

~ / Set™(C*(C',iFA), DY (D', jGA))
A:A
= D* (D', {C*(C",iF), jG}")

Thus, H* is a pointwise right Kan extension of jG along i F if and only if H* is a
pointwise right Kan extension of j H along i. The fact that the counit H*i = jH
is a natural isomorphism is just corollary A.5.19.

(iii). Apply corollary A.5.18 to claim (ii). [ |

Corollary 0.3.12. Let U and U* be universes, with U € U*, and let k and A be
regular cardinals in U. Suppose:

C is a locally x-presentable U-category.

D is a locally A-presentable U-category.

C" is a locally x-presentable U™ -category.

D" is a locally A-presentable U*-category.

Let F: A — Cand G : A — D be functors, leti : C - C* be a (x,U,U")-
accessible extension, and let j : D — D% be a (4, U, U")-accessible extension.
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Consider the following (not necessarily commutative) diagram:

H+

(1) If H is a pointwise right Kan extension of G along F, then jH is a point-
wise right Kan extension of jG along F, and if H* is a pointwise right Kan
extension of jH along i, then H" is also a pointwise right Kan extension
of jG along iF.

(1) Assuming A is U-small, if H is a pointwise left Kan extension of G along
F, then jH is a pointwise left Kan extension of jG along F, and if H* is
a pointwise left Kan extension of jH along i, then H" is also a pointwise
left Kan extension of jG along iF.

Proof. Use the theorem and the fact that i and j preserve limits for all diagrams
and colimits for U-small diagrams. [ |

Small object arguments

Prerequisites. §§ 0.1, 0.2, 0.3, A.3.

The small object argument is a recurring construction in homotopical al-
gebra, originally due to Quillen [1967, Ch. II, § 3] but refined by many authors
since—notably by Garner [2009]. Roughly speaking, the small object argument
shows that, under certain hypotheses, starting from a small set 7 of morphisms
in a cocomplete category C, one can define the notions of ‘relative 7-cell com-
plex’ and ‘Z-fibration’ so that every morphism in C factors as a relative 7-cell
complex followed by an I-fibration.

In this section, we will study the small object argument with a view toward
questions of stability under change-of-universe.
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0.4. Small object arguments

Definition 0.4.1. Let C be a category, and let 7 be a subset of mor C. A present-
ation for a relative 7-cell complex in C consists of the following data:

* An ordinal @. (We say the presentation is indexed over «a.)

* A colimit-preserving functor X, : [a] — C, where [«] is the well-ordered
set {0, ..., a} considered as a preorder category.

* For each ordinal § < a, a (possibly empty) indexing set T; and for each
element j of Ty, a commutative diagram of the form below,

Upj
Uﬂ,j > X B

eﬂ,jl lX poprl

Vei o7 Xpa

Up.j

where ey ; : Uy ; — Vj ; is amorphism in T.
These data are moreover required to satisfy the following condition:

* For each ordinal f# < y, the coproducts ]_[jeTﬂ S, and HjeT,, Dy ; exist in
C, and the induced diagram

Up
HjeT,, Uﬁ,j ; Xﬂ

Wjer, eﬂ,jl lxﬁ—»/w

Wier, Vs —5 Xpni

is a pushout square in C.

The presentation is said to be U-small (resp. k-small for a regular cardinal «) if
a is an ordinal in U (resp. |a| < x) and the disjoint union | | p<a 118 in U (resp.
has cardinality less than «). A sequential presentation is one where each T is
a singleton, in which case we suppress the index j in e, ;, u; ;, and vy ;.

A relative 7-cell complex in C is a morphism f : X — Y in C for which
there exists a presentation as above with f equal to X, — X_,. Given an ini-
tial object 0 in C, an Z-cell complex in C is an object Y for which the unique
morphism 0 — Y is a relative 7-cell complex.
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REMARK 0.4.2. For any object X in C and any subset 7 C mor C, the morphism
id : X — X is a relative T-cell complex in C (with the obvious presentation
indexed over 0). More generally, every isomorphism in C is a relative Z-cell
complex, with a presentation indexed over 1 (and 7;, = @); but in order to get a
sequential presentation, one must assume that there is an isomorphism in 7.

Proposition 0.4.3. Let C be a category, let T be a subset of mor C, let k be a
regular cardinal, and let cell . C be the set of relative T-cell complexes in C that
admit a k-small presentation.

(i) Every morphismin 1 is also in celly, C.
(i1) For each object X in C, the morphismid : X — X is in celly, C.
(i) If f: X > Y and g : Y — Z are both in cell;, C, thensois go f.

(iv) Let a be an ordinal and let X, : @ — C be a colimit-preserving functor. If
|a| < k and A is a colimiting cocone from X, to Y and, for f <y < a,
the morphism X, : X5 — X, is in celly . C, then each component A :
Xz — Yisalsoincelly, C.

(v) Given a pushout diagram of the form below in C,
VA X
S
w Y

if g is in cell;, C and C has colimits for all x-small diagrams, then f is
also in celly, C.

z

—

w

Proof. (1). Given any morphisme : U — V in 1, we have the following pushout

diagram:
U—
v

d
— |4

1

Thuse: U — Visincell; C.

(i1). See remark 0.4.2.
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(ii1). It is clear that appending any k-small presentation for g to any x-small
presentation for f yields a k-small presentation of g o f.

(iv). The case @ = 0 falls under claim (ii). If « = y + 1, then the component
/ly : X, —» Y must be an isomorphism, and thus Aﬂ = /ly ° Xy, is alsoin cell; C;
and if « is a positive limit ordinal, since every terminal segment of « is cofinal in
a, it is clear that concatenating x-small presentations for X,_ ., for f <y <a

yields a k-small presentation for 4, : X, — Y.

(v). Fix a k-small presentation of g : Z — W. By the pushout pasting lemma,
given a commutative diagram of the form below,

up
jer, Up, Zy > X

Wjer, eﬁ,jJ/ JZ/?—WHI JX/HM

Wier, Yoy =5 Zprs — Xpua

if both squares are pushout diagrams, then the outer rectangle is a pushout dia-
gram as well. Since pushout along z : Z — X is the left adjoint of the evident
functor z* : X/C = “4/c, it preserves all colimits, and thus we obtain a k-small
presentationof f : X — Y. [ |

Definition 0.4.4. Let C be a category and let 7 be a subset of mor C. An I-
injective morphism in C is a morphism that has the right lifting property with
respect to every morphism in 7.7 An Z-cofibration in C is a morphism that has
the left lifting property with respect to every Z-injective morphism.

Proposition 0.4.5. Let C be a category, let 1 be a subset of mor C, and let cell; C,
ind C, and cof ; C be the set of relative T-cell complexes, 1-injections, and 1-
cofibrations in C, respectively.

(1) We have T C cell; C C cof; C.

(i) A morphism is in inj’ C if and only if it has the right lifting property with
respect to every 1-cofibration.

Equivalently, it is a morphism f : X — Y in C that is an T-injective object in the slice category
Cry.
/Y
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(iii) In particular, a morphism is in inj* C if and only if it has the right lifting
property with respect to every relative 1-cell complex.

Proof. (i). Follows immediately from the definition of ‘relative Z-cell complex’
and proposition A.3.12.

(i1) and (iii). See proposition A.3.3. [ |

Some authors define ‘relative Z-cell complex’ so that every such morphism
admits a sequential presentation. The following lemma and its corollary show
that there is no loss of generality in doing so.

Lemma 0.4.6. Let k be a regular cardinal, let C be a category with colimits for
all k-small diagrams, and let a be an ordinal of cardinality less than k. For each
ordinal f < a, letey : Uy — Vj; be a morphism in C, and for each ordinal f < a,

() (u)

be a coproduct in C with coproduct insertions u, 5 : U, — Cy (for p <y < a)
andv,,:V, > Cy(fory < p).

Given ordinals f < p' < a, there is a unique morphism C e Cﬂ, such that,
for{ < p<{ < p <L the following diagrams commute:

V U{-ﬁ ugl,ﬁ u{/!’ﬁ
I I I
idl | l | idl |
v v N
I/é, Ug,ﬂ/ Cﬂ, V ! UC/,ﬂl Cﬂ, U ” u{//.ﬁl Cﬁ,

This yields a functor C, : [a] — C, and it preserves colimits. Moreover, the
diagrams below are pushout squares for all ordinals f < a:

Upp
Up —— G

|

Vﬁ Up g+l Cﬁ“

Proof. This is a straightforward exercise. See Proposition 10.2.7 in [Hirschhorn,
2003]. O
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0.4. Small object arguments

Corollary 0.4.7. Let k be a regular cardinal, let C be a category with colimits
for k-small diagrams, and let T be a subset of mor C. If f : X — Y is a relative
I-cell complex in C that admits a x-small presentation, and either

* X =Yand f =1idy, or
* f is an isomorphism and 1 contains an isomorphism, or
* f is not an isomorphism,

then f also admits a k-small sequential presentation.

Proof. We have already commented on the first two cases in remark 0.4.2. The
third case is proven by transfinite induction, where in the induction step we may
assume that f is presented by just one pushout diagram:

Hjer Uy —— X

HjeT ejl J/f

HjET Vj v Y

By decomposing the morphism Hj er €t Hj a Uy — H,- or V; as in the earlier
lemma and applying the pushout pasting lemma, we obtain a sequential present-

ation of f, which is k-small precisely if |T| < k. [ |

Definition 0.4.8. Let U be a universe, let C be a category, let 7 be a subset of
mor C, and let cell; y C be the set of relative Z-cell complexes in C that have
a U-small presentation. We say (Z,C) is admissible for the U-small object
argument when the following conditions are satisfied:

e T isaU-set.
* C be a locally U-small category with colimits for all U-small diagrams.

* There is aregular cardinal x in U such that, for every morphisme : U — V
in Z, every ordinal « in U, and every functor X, : « — C, if |a| > k, and

the morphism X, : X; — X, isin cell;y C for all ordinals f <y < a,

then the canonical comparison maplim  C (U, X ﬁ) - C <U, lim X ﬁ>
—>f<a —> f<a

is a bijection.
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The sequential U-rank of 7 in C is the least cardinal x with the above property.

REMARK 0.4.9. Notice that, if || > «, then « is a k-directed preorder. Thus, for
any locally presentable U-category C and any U-subset I C mor C whatsoever,
(1, C) is admissible for the U-small object argument.

Definition 0.4.10. Let U be a universe. A U-cofibrantly-generated factor-
isation system on a category C on is a weak factorisation system on C that is
cofibrantly generated by some U-subset of mor C.

Theorem 0.4.11 (Quillen’s small object argument). Let U be a universe, let C
be a locally U-small category with colimits for all U-small diagrams, and let T
be a U-subset of mor C.

(1) There exist a functor M : [2,C] — C and two natural transformations
i :dom = M, p: M = codom such that, for all morphisms f : X - Y
in C, the morphismi, : X - M(f)isincell; y; C, and we have f = p,oi .

(1) If (I, C) is moreover admissible for the U-small object argument, then we
may choose M, i, and p so that, for all morphisms f : X — Y in C, the
morphismp, : M(f) - Y in inj’ C.

(111) In particular, if (I, C) is admissible for the U-small object argument, then
(Cof ; C,inj* C ) is a U-cofibrantly-generated factorisation system on C
and extends to a functorial weak factorisation system.

Proof. (i). Let k be any regular cardinal, and let @ be the least ordinal of car-
dinality «.!®/ For each morphism f : X — Y in C, we construct by transfinite
recursion a colimit-preserving functor M,(f) : [a] — C and a cocone p,, :
M,(f) — Y satisfying the following conditions:

* My(f)=X,pso=p.

* For each ordinal § < a, if Ts(f) is the set of all commutative diagrams in
C of the form below,

Uy, —— My(f)

‘fﬁ.jl lpf:ﬂ

Vﬂ’j Up.j Y

In particular, we could take k¥ = 0, but then the factorisation so obtained is trivial.
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0.4. Small object arguments

wheree; ; : Uy, — Vjisin T, then Ty(f) is a U-set (because 7 is a U-set
and C is a locally U-small category), and we have a pushout square of the
following form,

up
HjeT,i(f) Uﬂ,j ’ Mﬁ(f)

Weryon eﬂ./J/ lxﬁ—»/m

HjeTp(f) Vi 3, M, (f)

where uj : 11 JET,(f) Uy; — My(f) is the evident morphism induced by

the universal property of coproducts. Observe that there is then a unique
morphism p.;., * My, (f) — Y such that

Prpr1° My_pii(f) = py

and Prpr1°Vpj = Up,

for all j in Tﬁ( f), where Op; Vg, — My +1(f) is the evident component
of O : HjeTﬁ(f) Vi = Mg ().

* For limit ordinals y < a, M, (f) = li_r)nﬁ< My(f),andp, : M (f) = Y is
Y
defined by the universal property of X, .

Itis not hard to see that the functor M,(f) : [a] — C so defined is itself functorial
in f; in particular, defining M(f) = M, (f), i, = My ,(f), py = DPsq WE
obtain a functor M : [2,C] — C with two natural transformations i : M = dom
and p : M = codom; by construction, we have f = p,ei,,andi, : X - M(f)
isincell;y C.

(i1). Now, take k to be a regular cardinal as in definition 0.4.8. We wish to show
that the morphism p , constructed above has the right lifting property with respect
to all morphisms in 7. Consider a lifting problem of the form below,

U——— M(f)
1
V—y—Y

where e : U — V isin I. Since I is admissible, there must exist an ordinal
f < a and a morphism u’ : U — M y(f) such thatu = M, ,(f) o u’. We then
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obtain the following commutative diagram:
U
V
Since this is one of the diagrams in the set 7;(f), it must embed in a commutative
diagram of the form below,

M 5(F)
Prip

—FY

U —“ My(f) — M,(f)

L7

V%Mﬁ"rl(f) Pf;ll

and thus we have the required lift VV — M (f).

~
~ <

(iii). Finally, apply proposition 0.4.5 and theorem A.3.29. [ |

Corollary 0.4.12. With other notation in the theorem, a morphism g : Z - W
is in cof ; C if and only if there exists a commutative diagram of the following
form in C,

zZ——w
W——>>W
where i : Z — W' isin cell;y C.

Proof. (1). If g : Z — W isin cof; C, then g has the left lifting property with
respect to p, : M(g) — W, and so there exists a commutative diagram of the
required form. Conversely, suppose we have g = poi,i = jog,andid,, =poj
forsomei : Z — W'incell;;C and some j : W — W'in C. Then gisa
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0.4. Small object arguments

retract of i,

but proposition 0.4.5 says i is in cof ; C, so by proposition A.3.12, g is also in
cof; C. [ |

Corollary 0.4.13. Let k be a regular cardinal in a universe U, let C be a loc-
ally x-presentable U-category, and let T be a U-small subset of mor C. If the
morphisms that are in T are (k,U)-compact as objects in [2, C], then there exist
a (x, U)-accessible functor M : [2,C] — C and two natural transformations
i :dom = M and p : M = codom such that, for all objects f in [2,C]:

o f =psoig

s isisincell;y C
. . . .I

* pyisininj” C.

Proof. As observed in remark 0.4.9, under these hypotheses, (Z, C) is admissible
for the U-small object argument and the sequential U-rank of 7 is < k. By tracing
the construction of the functor M in theorem 0.4.11, we see that M preserves
colimits for k-filtered U-small diagrams, so we are done. [ |

Lemma 0.4.14. Let C be a full subcategory of a category C*, let T be a subset
of mor C, and let k be a regular cardinal. If C is closed in C* under colimits for
all x-small diagrams, then cell; C = cell; . C* nmor C.

Proof. Obvious. ¢

Theorem 0.4.15 (Stability of cofibrantly-generated factorisation systems). Let
U and U™ be universes, with U € U*. Suppose:

* Cis alocally U-small and U-cocomplete category.
e Ctisalocally Ut-small and U*-cocomplete category.

e The inclusion C < C* preserves colimits for all U-small diagrams.
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* 1 is a U-subset of mor C.

* (1,C) is admissible for the U-small object argument, and (L, R) is the
functorial factorisation system on C constructed by Quillen’s small object
argument argument.

e (I,C") is admissible for the U*-small object argument, and (L*, R") is
the functorial factorisation system on C* constructed by Quillen’s small
object argument argument.

Under these hypotheses, if the sequential U-rank of 1 in C is equal to the se-
quential U*-rank of T in C*, then:

(1) For each morphism f : X — Y in C, we have a commutative diagram of
the following form in C*,

, M*(f)
Lt RYf
/
X = Y
Lf\ /Rf
M(f)

and the isomorphism M™*(f) - M([) is moreover canonical and natural

in f.
(ii) We have cell;; C C cell; ; C* C cell; . C™.
(iii) (cof; C*,inj’ C*) is an extension of (cof; C,inj’ C).

Proof. (1). This can be seen by examining the explicit construction in the proof
of theorem 0.4.11.

(i1). This is implied by the lemma.

(ii1). Since (cof ; C,inj* C ) and (cof ; C,injf C +) are both cofibrantly generated
by Z, by proposition A.3.19, we have inj* C C inj’ C* and so cof ; C D cof; C™n
mor C. It remains to be shown that cof; C C cof; C*, but this is implied by

corollary 0.4.12 applied to claim (ii). [ |
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REMARK 0.4.16. Let k be aregular cardinal in U, let B be a U-small category with
colimits for all k-small diagrams, let C = Indy(/3), and let C * = Ind;;, (B). Then
C is a locally k-presentable U-category, the inclusion C < C™ is an accessible
(x, U, U") extension, and any U-subset T C mor C whatsoever will satisfy the
hypotheses of the theorem.

Proposition 0.4.17. Let F 4 U : D — C be an adjunction of categories, let
ICmorC, andletJ ={Ff|f €T}

(1) F sends relative 1-cell complexes in C to relative [J -cell complexes in D.
(i1) U sends [J -injective morphisms in D to 1-injective morphisms in C.
(iii) F sends I-cofibrations in C to J-cofibrations in D.

Proof. (i). This is a corollary of the fact that F preserves all colimits.

(i1). As in the proof of proposition A.3.20, a morphism f : X — Y in D has
the right lifting property with respect to all morphisms in .7 if and only if U f :
UX — UY has the right lifting property with respect to all morphisms in 7.

(ii1). Similarly, a morphism g : Z — W in C has the left lifting property with
respect to all morphisms of the form U f : UX — UY where f : X - Y isa
J -injective morphism f : X — Y inDifandonlyif Fg : FZ - FW isa
J -cofibration in D; but we know that U sends J-injective morphisms in D to -
injective morphisms in C, so F must send 7-cofibrations in C to .J-cofibrations
in D. [ |

Theorem 0.4.18 (Garner’s small object argument). Let C be a locally present-
able U-category and let T be any U-subset of mor C. There then exists an algeb-
raic factorisation system (L,R) on C such that the induced weak factorisation
system is cofibrantly generated by 1.

Proof. See Theorem 4.4 in [Garner, 2009]. [l

Proposition 0.4.19. Let U be a universe, let Set be the category of U-sets, let
B be a U-small category, let C = [B?, Set], and let T be the subset of mor C
consisting of all monomorphisms e : U — V in C where V is a quotient of a
representable presheaf.

(1) (Cof ; C,inj’ C ) is a U-cofibrantly-generated weak factorisation system.
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(i) cellyy C is precisely the class of all monomorphisms in C.
(i11) cof; C = cell; C.

Proof. (i). Since B is small and C is well-powered and well-copowered, the
full subcategory of [2, C] spanned by T is essentially U-small. We know that
C is locally finitely presentable, thus, taking a U-set of representatives of the
isomorphism classes in 7, and recalling remark 0.4.9, Quillen’s small object
argument (theorem 0.4.11) implies (cof ; C,inj* C ) is indeed a U-cofibrantly-
generated weak factorisation system.

(i1). It is clear that the class of injective maps is closed under pushout and
transfinite composition in Set, so the same must be true of monomorphisms in
C, since colimits in C are computed componentwise. Thus every morphism in
cell; C is a monomorphism.

Conversely, suppose f : X — Y is a monomorphism. Fix an ordinal «
and a bijection y, : @ = [[,,,5 Y (B), and write By for the object in B such
that y, € Y(Bﬂ). We will construct a U-small presentation for f by transfinite
recursion on a.

* To begin, put X, = X and f, = f.

* For each ordinal f < a, the Yoneda lemma implies there is a unique
morphism aﬁﬁBﬂ — Y in C such that aﬂ<id3ﬂ> = Vg let Oy Vy =Y
be the image of a;, and lete, : Uy — V; and u; : Uy — V) be defined by
the pullback square shown below:

Up
Uﬂ ’ Xﬂ

eﬂl lfﬂ

I/ﬁf)Y
Up

Since f,; is a monomorphism, e, must also be a monomorphism and hence
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is in Z. There is then a commutative diagram in C of the following form,

where f5,, @ Xz, — Yistheunionof f; : X; - Yand 0, : V; - Y
considered as subobjects of Y'; note that the inner square of the diagram is
then a pushout square.

* Finally, for limit ordinals y < a, we take f, X, > Yt be the union
Uﬁ<y fﬁ'

This completes the presentation of f : X — Y as a relative 7-cell complex in
C, and it is clearly U-small.

(ii1). Corollary 0.4.12 implies that each morphism in cof; C is a retract of some
morphism in cell; iy C, but the class of monomorphisms is closed under retracts,
so in this case we must have cof ; C = cell;y C. Since cell;y C C cell; C C

cof ; C, we also deduce that cell; ; C = cell; C. [ |

Lemma 0.4.20. Let C be a category and let T be a subset of mor C. If k is a
regular cardinal in a universe U such that the domains of morphisms in 1 are
(x,U)-compact in C, then the class of I-injective objects in C is closed under
colimits for U-small k-filtered diagrams in C.

Proof. Let D be a U-small x-filtered category and let X : D — C be a diagram
such that each Xd is an Z-injective object in C. Suppose X is a colimit for X in
C with colimiting cocone 4 : X = AX. Letg : Z — W be in I, and consider
the induced hom-set map g* : C(W,X) — C(Z,X); we must show that it is
surjective. Since Z is a (kx, U)-compact object in C, the canonical comparison
lim C(Z,X) - C(Z,X) is a bijection, and so every morphism Z — X factors
through 4, : Xd — X for some d in D. By hypothesis Xd is T-injective, so we
obtain an extension of Z — Xd along g : Z — W, and hence, an extension of
Z — X along g. Thus X is also I-injective. [ ]
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Lemma 0.4.21. Let C be a category and let g : Z — W be a morphism in
C. A morphism f : X — Y has the left lifting property with respect to g if
and only if f is injective as an object in [2, C] with respect to the singleton set

{(g,idy,) : g = idy, }. H

Corollary 0.4.22. Let k be a regular cardinal in a universe U, let C be a locally
k-presentable U-category, and let T be a subset of mor C. If the domains and
codomains of morphisms in T are (x,U)-compact in C, then inj’ C is closed
under colimits for U-small k-filtered diagrams in [2, C].

Proof. Apply proposition 0.2.32 and the two lemmas above. [ |

Proposition 0.4.23. Let U be a universe, let C be a locally presentable U-category,
and let T be a U-subset of mor C. Then inj’ C, considered as a full subcategory
of [2,C], is an accessible U-category.

Proof. See Proposition 3.3 in [Rosicky, 2009] and Proposition 4.7 in [LPAC].
L]
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B, S

SIMPLICIAL SETS

Simplicial sets, like simplicial complexes, are combinatorial models for spaces
built up by gluing standard n-simplices together; unlike simplicial complexes,
an n-simplex in a simplicial set need not be uniquely determined by its vertices.
It is for this reason that simplicial sets were once known by the unwieldy name
‘complete semi-simplicial (c.s.s.) complex’.

In the 1960s, it was discovered that one can mimic the definitions and con-
structions of classical homotopy theory by combinatorial means using simplicial
sets, and that the resulting theory is moreover equivalent to the classical theory
in a natural, functorial way. More recently, it has been shown that the homotopy
theory of simplicial sets is universal in a precise sense,!!l so it seems fitting that
we begin here.

Basics

Definition 1.1.1. The simplex category is the category A whose objects are the
positive finite ordinals and whose morphisms are the monotone maps. We use
the geometer’s convention: [n] denotes the ordinal {0, 1, ..., n}.

Definition 1.1.2. A simplicial object in a category C is a functor A® — C,
and a morphism of simplicial objects in C is a natural transformation of such
functors. The category of simplicial objects in C is the functor category [A°P, C]
and is denoted by sC.

See [Dugger, 2001a].
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I. SIMPLICIAL SETS

Definition 1.1.3. The coface maps in A are the morphisms §! : [n — 1] — [n],
where &' is the unique injective monotone map that misses i; and the codegen-
eracy maps in A are the morphisms ¢! : [n+ 1] — [n], where ¢/, is the unique
surjective monotone map with aﬁ,(i) = af,(i +1)=i.

Theorem 1.1.4 (Cosimplicial identities). The following equations hold in A:

§liy o8, =05, 08, ifO<i<j<n
6£062+1=6206£ﬂ f0<i<j<n
oltlesl =6 o0) fO<i<j<n
& ool =0l o8 ifO<i<j<n
ol o8 =id if0<i<n
oo sl =id if0<i<n

Equivalently, the following diagrams commute:

n—11 —2— [n]
yl lajﬂ fOrOSiSan

[n+ 1] — [n]
6,-+1l lﬁj forO0<i<j<n

[n] ——— [n—1]

] — s [n+1]
Hl .}m for0<i<j<n

[n—1] T> [n]

[n] —2— [n—1]
5,‘+2l l{sfrl fOY‘O i< ] <n

[n+1] T) [n]
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[n—1] —— [n]
5,-\[ K lgm for0<i<n
] —— [n = 1]
Moreover, every morphism [n] — [m] in A is uniquely a composite of the form
8o 5£m-k o Gliﬂ-k ownog

where k < min {n, m}, and

<i_, < <i

A

0<jpi S-Sy <m
The category A is uniquely characterised by these properties.
Proof. See [May, 1967, § 2], [GZ, Ch. 11, § 2], or [Weibel, 1994, § 8.1]. O

Definition 1.1.5. Let A be a simplicial object in a category C. A face operator
for A is a morphism of the form A (6;) : A([n]) = A([n — 1]), and a degeneracy
operator for A is a morphism of the form A(af,) . A([n]) » A([n+ 1]). For
brevity, we will usually write A, instead of A([n]), d]" instead of A(5},), and s/
instead of A(o},).

Corollary 1.1.6 (Simplicial identities). The face and degeneracy operators of a
simplicial object satisfy the formal duals of the equations in theorem 1.1.4.

Corollary 1.1.7. A simplicial object A is uniquely determined by the sequence
of objects Ay, A|, A,, ... together with the face and degeneracy operators. Con-
versely, any sequence of objects equipped with face and degeneracy operators
satisfying the simplicial identities defined a simplicial object. [ |

Definition 1.1.8. A simplicial set is a simplicial object in Set, and the category
of simplicial sets is denoted by sSet.

Lemma 1.1.9.
(1) Limits (resp. colimits) in sSet are constructed degreewise: a cone (resp.
cocone) in sSet over a diagram is limiting (resp. colimiting) if and only if
it is so in every degree.

(i1) A morphism of sSet is monic (resp. epic) if and only if it is degreewise
injective (resp. surjective).
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Proof. These are standard facts about functor categories. O

Definition 1.1.10. The standard n-simplex in sSet, denoted by A’ is the rep-
resentable presheaf A(—, [n]).

Theorem 1.1.11. Let A° : A — sSet be the functor [n] — A"

(i) For any simplicial set X, the map sSet(A', X) — X, defined by f —
f,(idy,,) is a bijection and is moreover natural in [n] and X.

(i1) sSet has limits and colimits for all small diagrams, every epimorphism is
effective, and for all morphisms f : X — Y in sSet, the pullback functor
S i sSet,, — sSet,y preserves colimits.

(iii)) A* : A — sSet is a dense functor, i.e. for any simplicial set X, the tau-
tological cocone?! from the canonical diagram (A° | X) — sSet to X is
colimiting.

(iv) Let & be a locally small category with colimits for all small diagrams. If
F : sSet — €& is a functor that preserves small colimits, then it is left
adjoint to the functor & — sSet defined by E — E(FA’, E).

(v) With € as above, the functor F — FA° from the category of colimit-
preserving functors sSet — & to the category of all functors A — &£ is
fully faithful and essentially surjective on objects.

Proof. Claim (i) is just the Yoneda lemma, claim (ii) follows from the lemma
above, and claims (iii)—(v) are just facts about dense functors, pointwise left
Kan extensions, weighted colimits: see proposition A.5.24, theorem A.5.15, and
proposition A.6.11. |

Definition 1.1.12. Let X be a simplicial set. An n-simplex of X is an element
of X ,; a vertex is a o-simplex, and an edge is a 1-simplex. This is justified by
statement (i) in the above theorem. Given an edge f of X, the source of f is
the vertex d,(f), and the target of f is the vertex d,(f); we write f : x = yto
mean d,(f) = x and d,(f) = y.

Definition 1.1.13. A degenerate n-simplex of a simplicial set X is an n-simplex
a for which there exist an (n — 1)-simplex f and 0 < i < n such that s,(f) = a.
A non-degenerate n-simplex of X is an n-simplex that is not degenerate.

See definition A.5.7.
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REMARK 1.1.14. An n-simplex of X can be non-degenerate even when the cor-
responding morphism A" — X is not a monomorphism! Similarly, it is possible
for all the proper faces of a non-degenerate simplex to be degenerate.

Definition 1.1.15. A finite simplicial set is a simplicial set that has only finitely
many non-degenerate simplices.

Proposition 1.1.16. Let X be a simplicial set. The following are equivalent:
(1) X is a finite simplicial set.
(i1) X is an X,-compact object in sSet. 3]

(i) X is in the smallest full subcategory of sSet that contains the standard
simplices and is closed in sSet under (isomorphisms and) colimits for finite
diagrams.

Proof. (i) = (ii). A morphism f : X — Y is determined uniquely by the images
of the non-degenerate simplices of X, and the faces of any particular simplex can
only satisfy finitely many equations, so if X is a finite simplicial set and Y is a
colimit for a small filtered diagram of simplicial sets, then f must factor through
one of the components of the colimiting cocone. It is straightforward to check
that the factorisation of f is unique up to the appropriate equivalence relation,
and we may then deduce that X is an ¥,-compact object.

(i) = (iii). Let K be the indicated full subcategory of sSet, and consider the
comma category (K | X). Let P : (K] X) — sSet be the projection, and let
A : P = AX be the tautological cocone.l! It is not hard to check that A is a
colimiting cocone. Since K has colimits for finite diagrams, (K | X) is filtered;
and it is clear that K is essentially small, so we deduce that X is a retract of
an object in K if X is ¥,-compact. Noting that K is closed under retracts, we
conclude that X is in K if it is N,-compact.

(iii) = (i). Now, let K’ be the full subcategory of sSet spanned by the finite
simplicial sets. It is easy to see that £’ is closed in sSet under (isomorphisms
and) finite colimits, and the standard simplices are all in ', so we must have

K C XK', as required. [ ]

See definition 0.2.5.
See definition A.5.7.

51



(5]

I. SIMPLICIAL SETS

Definition 1.1.17. The standard n-simplex in Top, denoted by |A"|, is the to-
pological space

|An| = {(xo,...,xn) (= [0’1]n+1 |x0+ +xn — 1}

where [0, 1] is the closed unit interval with the standard metric. The functor
|A*| : A — Top sends [n] to |A"| and is defined on morphisms by linearly
interpolating the obvious map of vertices.

Corollary 1.1.18. There exists an adjunction
|[—] S : Top — sSet

extending the functor |A°| : A — Top defined above, and this adjunction is
unique up to unique isomorphism. Explicitly, we may take

S(Y), = Top(|A"[.Y)

with the evident face and degeneracy operators induced by the coface and code-
generacy maps in A. |

Definition 1.1.19. The geometric realisation of a simplicial set X is the topo-
logical space | X |, and the singular set of a topological space Y is the simplicial
set S(Y).

REMARK 1.1.20. The geometric realisation | X | is stable under universe enlarge-
ment, by theorem 0.3.11.

Theorem 1.1.21. Let CGHaus be the category of compactly-generated Haus-
dorff spaces®! and continuous maps.

(1) The topological standard n-simplex |A'| is a compact Hausdorff space.

(ii) For any simplicial set X, the geometric realisation |X| is a compactly-
generated Hausdorff space.

(iii) The previously-constructed adjunction |—| 4 S : Top — sSet restricts
to an adjunction between CGHaus and sSet, and moreover the functor
|—| : sSet - CGHaus preserves finite limits and reflects isomorphisms.

Proof. Claim (i) is a standard fact, while claims (ii) and (iii) are proven in [GZ,
Ch. I11, § 3]. L]

See definition A.2.26.
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Nerves, skeletons, and coskeletons
Prerequisites. §§ 1.1, A.2.
Proposition 1.2.1. Let N : Cat — sSet be the functor defined by the formula
N(C), = Fun([n], C)
where [n] here denotes the preorder category {0 — --- — n}.
(1) N : Cat — sSet has a left adjoint 7, : sSet — Cat such that 7| A" = [n].

(ii) The functor N is fully faithful and exhibits Cat as a reflective subcategory
of sSet.

(iii)) N : Cat — sSet is a cartesian closed functor.
(iv) The functor t, preserves finite products.

Proof. (1). Apply theorem 1.1.11.

(i1). A functor is entirely determined by its action on objects, arrows, and com-
posable strings of arrows, so N is fully faithful.

(1i1). N preserves binary products, so we have the following natural bijections:

sSet(A", N([C, D])) = Fun([~n], [C, D])
=~ Fun([n] X C, D)
=~ sSet(N([n] x C),N(D))
=~ sSet(N([n]) X N(C), N(D))
= sSet(N([x]), [IN(C), N(D)])
=~ sSet(A", [N(C),N(D)])

Thus, by the Yoneda lemma, the canonical morphism N([C, D]) — [N(C), N(D)]
is an isomorphism.

(iv). Itis clear that 7, preserves terminal objects. Let X and Y be simplicial sets.
We wish to show that the canonical morphism 7,(X XY) — 7,X X 7;Y is an
isomorphism; but since 7, is a left adjoint and both sSet and Cat are cartesian
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closed, it is enough to check the claim for Y = A", because sSet is generated
under colimits by {A" | n € N}. We have the following natural bijections:

Fun(z;(X X A"),C) = sSet(X x A", N(C))
~ sSet(X,N(C)¥)
=~ sSet(X, N([[n],C]))
=~ Fun(r, X, [[n], C])
=~ Fun(7, X X [n],C)
= Fun(rlX X 7, A, C)

The claim follows by the Yoneda lemma. [ |

Definition 1.2.2. The fundamental category of a simplicial set X is the small
category 7, X, and the nerve of a small category C is the simplicial set N(C).

REMARK 1.2.3. Given a simplicial set X, the fundamental category 7, X admits
the following presentation by generators and relations: the objects are the ver-
tices of X, and the arrows are generated by the edges of X, modulo the relation
dy(a) « dy(a) = d,() for all 2-simplices a in X. This shows that 7, X is stable
under universe enlargement.

Proposition 1.2.4. Let disc : Set — sSet be the functor defined by the formula
(discY), =Y
with 1dy, for all the face and degeneracy maps.
(1) disc : Set — sSet has a left adjoint x, : sSet — Set such that n,A" = 1.

(ii) The functor disc is fully faithful and exhibits Set as a reflective subcategory
of sSet.

(iii)) N : Set — sSet is a cartesian closed functor.
(iv) The functor ry preserves products.

Proof. (1). We could apply theorem 1.1.11, but it is also fairly straightforward to
check that this explicit construction works: for each simplicial set X, we define
7, X by the coequaliser diagram in Set shown below,

dy
1
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and for each morphism f : X — Y in sSet, we define z,,f to be the unique
morphism making the evident diagram commute.

(i1). It is clear that disc is fully faithful.

(ii1). By proposition A.2.15, we have an analogous adjunction z,, - disc : Set —
Cat. It is clear that we have a natural isomorphism N(disc Y)) = disc Y for every
set Y, and we know disc : Set — Cat and N : Cat — sSet are cartesian closed
functors, so disc : Set — sSet must also be cartesian closed.

(iv). Similarly, for any simplicial set X, we have a natural isomorphism 7, X =
7,7, X; but we know that r, : Cat — Set preserves finite products, and 7, :
sSet — Cat preserves finite products by proposition 1.2.1, so z, : sSet — Set
must also preserve finite products. |

Definition 1.2.5. The set of connected components of a simplicial set X is the
set 7y X, and a discrete simplicial set is one that is isomorphic to disc Y for
some set Y.

1 1.2.6. We will usually not distinguish between Y and disc Y notationally.
Proposition 1.2.7. Let N : Grpd — sSet be the functor defined by the formula
N(G), = Fun(I[n], G)

where I[n] here denotes the groupoid obtained by freely inverting the arrows in
the preorder category [n].

(1) For any groupoid G, the nerve N(G) is the same (up to isomorphism)
whether computed for G as a groupoid or G as a category.

(i) N : Grpd — sSet has a left adjoint r, : sSet — Grpd such that 7, A" =
I[n].

(ii1) The functor N is fully faithful and exhibits Grpd as a reflective subcategory
of sSet.

(iv) N : Grpd — sSet is a cartesian closed functor.

(v) The functor &, preserves finite products.
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Proof. (i). By the universal property of I[x], there is a natural bijection
Fun(I[n], G) = Fun([n], G)

for all groupoids G, so the two nerve constructions do indeed agree.

(i1) and (iii). These are proven in exactly the same way as in proposition 1.2.1.

(iv) and (v). These are proven in exactly the same way as in proposition 1.2.4.

Definition 1.2.8. The fundamental groupoid of a simplicial set X is the small
groupoid 7, X.

REMARK 1.2.9. Given a simplicial set X, the fundamental groupoid 7, X admits
a presentation of the same kind as the fundamental category 7, X, and in fact 7; X
1s isomorphic to the groupoid obtained by freely inverting the arrows in 7, X:

Fun(7,X,G) = sSet(X,N(G)) = Fun(7, X, G)
This shows that 7, X is stable under universe enlargement.

Definition 1.2.10. Let n be a natural number, and let A_, be the full subcategory
of A spanned by the objects [0], ..., [#]. An n-truncated simplicial set is a func-
tor A_,° — Set, and we write sSet_, for the category of n-truncated simplicial
sets. The brutal n-truncation of a simplicial set X is the n-truncated simplicial
set X_, defined by the evident reduct:

X, (Im]) = X ([m])

Proposition 1.2.11. Let n be a natural number, and let j : A_, — A be the
inclusion.

() The functor j* : sSet — sSet_, has a left adjoint Lan; : sSet_, — sSet.
(ii) The unitid = j* Lan; is a natural isomorphism.
(iii) Lan; : sSet_, — sSet is a fully faithful functor.

(i") The functor j* : sSet — sSet., has a right adjoint Ran; : sSet_, — sSet.

(ii") The counit j* Ran ; = id is a natural isomorphism.
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(iii") Ran; : sSet_, — sSet is a fully faithful functor.
Proof. (i) and (i"). Use theorem A.5.15.

(ii) and (ii"). The inclusion j : A_, — Ais fully faithful, so the unitid = j* Lan ;
and the counit j* Ran; = id are natural isomorphisms, by corollary A.5.19.

(iii) and (iii"). It is a well-known fact that the unit (resp. counit) of an adjunc-
tion is a natural isomorphism if and only if the left (resp. right) adjoint is fully
faithful.[] H

Definition 1.2.12. For each natural number », with notation as above, let sk, :
sSet — sSet be the composite Lanj J*, and let cosk, : sSet — sSet be the
composite Ran; j*. The n-skeleton of a simplicial set X is the simplicial set
sk,(X), and the n-coskeleton of a simplicial set is the simplicial set cosk,(X).
A n-skeletal simplicial set is one that is isomorphic to the n-skeleton of some
simplicial set, and an n-coskeletal simplicial set is one that is isomorphic to the
n-coskeleton of some simplicial set.

REMARK 1.2.13. In the special case n = 0, Lan; may be identified with the func-
tor disc : Set — sSet defined in proposition 1.2.4. Thus, o-skeletal simplicial
sets are precisely the discrete simplicial sets. On the other hand, given a set X,
Ran; X can be identified with the simplicial set whose m-simplices are (m + 1)-
tuples of elements of X, with face and degeneracy maps induced by the appro-
priate projections.

Proposition 1.2.14. Let n be a natural number.

(1) The full subcategory of n-skeletal simplicial sets is a coreflective subcat-
egory of sSet, with coreflector sk,

(i1) sk, is the underlying endofunctor of an idempotent comonad on sSet.

(ii1) A simplicial set X is n-skeletal if and only if the counit sk,(X) — X is an
isomorphism.

(iv) If m > n, then any n-skeletal simplicial set is also m-skeletal.

(i") The full subcategory of n-coskeletal simplicial sets is a reflective subcat-
egory of sSet, with reflector cosk,,.

[6] Seee.g.[CWM, Ch. 1V, § 3].
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(ii") cosk, is the underlying endofunctor of an idempotent monad on sSet.

(iii") A simplicial set X is n-coskeletal if and only if the unit X — cosk,(X) is
an isomorphism.

(iv") If m > n, then any n-coskeletal simplicial set is also m-coskeletal.

Proof. All straightforward from the definitions. ¢
Proposition 1.2.15. Let n be a natural number, and let X be a simplicial set.

(1) We have the following adjunction:

sk, - cosk, : sSet — sSet

(1) The counit sk, (X) — X is a monomorphism, and X is n-skeletal if and
only if all m-simplices of X are degenerate for m > n.

(i11) X is n-coskeletal if and only if, for all natural numbers m, the map
X,, = sSet(A”, X) — sSet(sk,(A™), X)
induced by the counit sk,(A™") — A" is a bijection.

Proof. (1). Immediate from the definition of sk, and cosk,,.

(i1). The most straightforward way of seeing this is to construct sk, (X) explicitly
as the smallest simplicial subset of X containing all of its n-simplices.

(ii1). Apply the Yoneda lemma in conjunction with claim (i). [ |

Example 1.2.16. For any small category C, the nerve N(C) is a 2-coskeletal
simplicial set: by definition, an m-simplex of N(C) is just a functor [m] — C,
but the property of being a functor can be detected by only inspecting the vertices,
edges, and 2-cells.

Proposition 1.2.17. The following full subcategories are exponential ideals of
sSet:

(1) Discrete simplicial sets.

(i1) Simplicial sets isomorphic to the nerve of some category.
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(i11) Simplicial sets isomorphic to the nerve of some groupoid.
(iv) n-coskeletal simplicial sets for some natural number n.

Proof. Apply proposition A.2.13 to propositions 1.2.4, 1.2.1, 1.2.7, and 1.2.14.

The Kan—Quillen model structure

Prerequisites. §§ 0.4 1.1, 4.1, A.3.

In [1967], Quillen constructed an axiomatic framework for doing homotopy
theory in abstract categories, which he called ‘closed model categories’, and
showed that sSet can be endowed with a model structure such that the result-
ing homotopy theory is equivalent in a strong sense to the homotopy theory of
topological spaces.

Definition 1.3.1. A horn is a simplicial subset of the form A} C A", where A}
is the union of the images of 6°,...,8', 651, ..., 6" : A™' — A" in sSet. In
other words, AJ is the union of all the faces of A" that include the k-th vertex.
The boundary of A" is the simplicial subset dA" C A" generated by the images
of 6, ...,8": A1 - A

REMARK 1.3.2. The boundary 0A" may be identified with sk,_, A".

Definition 1.3.3. A cofibration in sSet is a monomorphism. A Kan fibration
is amorphism f : X — Y in sSet that has the right lifting property with respect
to the horn inclusions A} < A", where n > 1 and 0 < k < n. A Kan complex is
a simplicial set X such that the unique morphism X — 1 is a Kan fibration.

REMARK 1.3.4. In other words, a Kan complex is a simplicial set X satisfying
the Kan condition: every horn a’ : A} — X has a filler, i.e. a morphism « :
A" —» X (equivalently, an n-simplex of X) such that a’ is the restriction along
the inclusion A} & A",

Lemma 1.3.5. If X is a Kan complex, then the fundamental category v, X is a
groupoid, and the unitny : X — N(TlX ) is an epimorphism.

Proof. Let x, y, and z be vertices in X, andlet f : x - yand g : y — z be
edges in X I Then the pair (f, g) defines a horn Af — X, and so by the Kan

Recall definition 1.1.12.

59



I. SIMPLICIAL SETS

condition, there exists a 2-simplex a of X such that d,(a«) = f and d(a) = g.
By remark remark 1.2.3, the composite g » f defined in 7, X must correspond
to the edge d,(a). Since the arrows in 7, X are generated by the edges of X, we
conclude by induction that 7, : X — N(TlX ) 1s a surjection on vertices and
edges.

Similarly, given an edge f : x — Y, the Kan condition ensures that there
exist two 2-simplices f and y such that

dy(a) = f dy(a) = id,
dy(@) = f dy(a)=1d,

where id, : x — x is the edge 54(x), and id, : y — y is the edge s,(y). Together
with the argument in the previous paragraph, this shows that 7, X is a groupoid.

Finally, to show that, : X — N(TlX ) is a surjection on n-simplices for
n > 2, we simply observe that an n-simplex of N(rlX ) is just a string of n
composable edges of X, so we may appeal to the Kan condition again to obtain
the corresponding n-simplex of X. [ |

Corollary 1.3.6. If X is a Kan complex, then the unit ny : X — N(;th) is an
epimorphism.

Proof. Since 7, X is already a groupoid, the canonical functor 7, X — 7; X must
be an isomorphism. (See remark 1.2.9.) [ |

Proposition 1.3.7. Let X be a Kan complex and let oy, a; : x, — x, be edges in
X. The following are equivalent:

(1) ay = a, in the fundamental groupoid ;X .

(1) There exists a 2-simplex ¢ of X such that d,(c) = so(x1 ), d,(c) =a,, and
d,(0) = w.

(iii) There exists an edge B : ay — a, in the exponential object |A!, X| such
8 0 1 P ]

that [61,)(] p) = So(xo) and [50, X] p) = So(x1>-
Proof. (i) < (ii). See Proposition 1.2.3.9 in [HTT].
(i) © (iii). See paragraph 5.2 in [GZ]. [l
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1.3. The Kan—Quillen model structure

Proposition 1.3.8. Let T and 1’ be the following subsets of mor sSet:

I={A;SA|n>10<k<n}
I' = {0N' & A'|n >0}

(1) There exist a pair of functorial factorisation systems on sSet, one inducing
a weak factorisation system cofibrantly generated by 1, and the other in-
ducing a weak factorisation system cofibrantly generated by T'.

(i1) A morphism is 1-injective if and only if it is a Kan fibration, and every
I-cofibration is a monomorphism (but not vice versa).

(iii) A morphism is a 1'-cofibration if and only if it is a monomorphism, and
every 1'-injective morphism is a Kan fibration (but not vice versa).

Proof. (1). Since sSet is a locally finitely presentable category, we may apply
Quillen’s small object argument (theorem 0.4.11).

(i1). The definition of ‘Kan fibration’ is exactly the definition of ‘I-injective
morphism’; on the other hand, the class of monomorphisms is closed under push-
out, transfinite composition, and retracts in Set, so the same is true for sSet, and
thus, by corollary 0.4.12, every I-cofibration must be a monomorphism.

(iii). To prove that inj” C 2 inj* C, it is enough to check that I C cof ;, C; since
every morphism in 7 is a monomorphism, it will suffice to show that cof;, C
is precisely the class of all monomorphisms. For this, see the remarks at the
beginning of [Joyal and Tierney, 2008, § 3.1], or Proposition 1 in [Quillen, 1967,
Ch. 11, § 2]. O

Definition 1.3.9. An anodyne extension, or trivial cofibration in sSet, is a
cofibration that has the left lifting property with respect to all Kan fibrations. A
trivial Kan fibration is a Kan fibration that has the right lifting property with
respect to all cofibrations.

Proposition 1.3.10. Let K be the full subcategory of sSet spanned by the finite
simplicial sets.

(1) The class of monomorphisms that are in K is the smallest class contain-
ing the boundary inclusions 0A" < A’ that is closed under composition,
pushouts, and retracts.
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I. SIMPLICIAL SETS

(i1) The class of anodyne extensions that are in K is the smallest class con-
taining the horn inclusions A]. < A that is closed under composition,
pushouts, and retracts.

Proof. (i). Corollary 0.4.12 implies that every monomorphism in sSet is a retract
of a relative 7'-cell complex, where 1’ is the set of all boundary inclusions.
More precisely, if g : Z — W is a monomorphism, then there is a commutative
diagram in sSet of the form below,

z— 94 s,z 49 .7
W W W
id

wherei : Z — W' isarelative I’-cell complex. Suppose W is a finite simplicial
set. Proposition 1.1.16 says that finite simplicial sets are ¥,-compact objects in
sSet, so by considering a sequential presentation for i : Z — W', we see that
g : Z — W is aretract of some relative 7'-cell complex that admits an N,-
small presentation. In particular, if Z is a finite simplicial set, then so is W' (by
lemma 0.2.9). Hence, the class of monomorphisms in K is the smallest class
containing 7’ that is closed under composition, pushouts, and retracts.

(i1). The proof is similar to that of claim (1), except for replacing boundary in-
clusions by horn inclusions. |

Proposition 1.3.11. Let f : X — Y be a morphism in sSet and, for each n-
simplexo : N' = Y, let f : X, — A be defined by the pullback diagram in
sSet shown below:
X, — X
Is S
A'——Y
(1) f : X = Y is a Kan fibration if and only if each f, : X, — A is a Kan
fibration.

(i) f : X = Y isa trivial Kan fibration if and only if each f, : X, = A'isa
trivial Kan fibration.
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1.3. The Kan—Quillen model structure

Proof. This is a straightforward exercise. O

Corollary 1.3.12.
(1) The coproduct of a small family of Kan fibrations is a Kan fibration.

(i1) The coproduct of a small family of trivial Kan fibrations is a trivial Kan
fibration.

Proof. Given the previous proposition and the fact that coproducts in sSet are
disjoint and stable under pullback, it suffices to observe that any A" — [],_, Y;
must factor through one of the coproduct insertions Y; — [, Y. |

Proposition 1.3.13. Let i : Z — W be a cofibration in sSet and letp : X — Y
be a Kan fibration. Suppose we have a commutative diagram

[i.X]
NN
y

U

(W, Y] — (2]

(W, X]

(W .p]

where the square in the lower right is a pullback square.

(1) The unique morphism q : [W, X| — L(i, p) making the diagram commute
is a Kan fibration.

1) Ifi : Z — W is an anodyne extension, then q : [W,X] — L(i,p) is a
trivial Kan fibration.

(i) If p: Z — W is a trivial Kan fibration, then so is q : [W, X] — L(i, p).
Proof. (1). See Theorem 3.3.1 in [Hovey, 1999], or Proposition 5.2 in [GJ, Ch. I].

(i1) and (iii). See Proposition 11.5 in [GJ, Ch. I]; for a purely combinatorial
proof, see Theorem 3.2.1 in [Joyal and Tierney, 2008]. [l

Corollary 1.3.14.
(1) If p: X = Y is a Kan fibration (resp. trivial Kan fibration), then for all
simplicial sets W, the morphism [W,p| : [W,X] - [W,Y] is also a
Kan fibration (resp. trivial Kan fibration).
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I. SIMPLICIAL SETS

() Ifi : Z — W is a cofibration (resp. anodyne extension) and X is a Kan
complex, then the morphism i, X : [W, X] — [Z, X] is a Kan fibration
(resp. trivial Kan fibration).

(i) If W is any simplicial set and X is a Kan complex, then [W, X] is also a
Kan complex.

Proof. (1). Take Z = @; noting that the canonical morphism @ — W is a
cofibration, and that [@, p] : [@, X ]| — [&, Y] is an isomorphism, the proposition
above then implies [W, p] : [W, X] — [W,Y]is a Kan fibration (resp. trivial
Kan fibration).

(ii). Take Y = 1; since [W,1] — [Z,1] is an isomorphism, the proposition
above implies [i, X] : [W,X] — [Z, X] is a Kan fibration (resp. trivial Kan
fibration).

(iii). Noting that [@, X] is a terminal object in sSet, we apply claim (ii) to the
case Z = @ to obtain the desired conclusion. [ |

The following combinatorial definition of weak homotopy equivalence is due
to Joyal and Tierney [2008]. Recalling the definition of z,, : sSet — Set from
proposition 1.2.4 as the functor sending a simplicial set X to the set x, of its
connected components,

Definition 1.3.15. A weak homotopy equivalence of simplicial sets is a morph-
ism f : W — Z such that, for every Kan complex K, the induced map

ﬂ()[f’ K] : ﬂ()[Z’ K] - ﬂO[W’ K]
is a bijection of sets.

Proposition 1.3.16.
(1) A Kan fibration p : X — Y is trivial if and only if it is a weak homotopy
equivalence.

(i1) A cofibration i : Z — W is an anodyne extension if and only if it is a
weak homotopy equivalence.

Proof. See Propositions 3.4.1 and 3.4.2 in [Joyal and Tierney, 2008]. O

In summary, we have:
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1.3. The Kan—Quillen model structure

Theorem 1.3.17. sSet, regarded as a sSet-enriched category via its cartesian
closed structure, is a simplicial model category where

* the cofibrations are the monomorphisms in sSet,

* the fibrations are the Kan fibrations, and

* the weak equivalences are the weak homotopy equivalences.
This is the Kan—Quillen model structure on simplicial sets.

Proof. We know sSet has limits and colimits for all small diagrams and is a
cartesian closed category, so it satisfies axioms CM1 and SMO0. Using the defin-
ition of weak homotopy equivalence given above, the class of weak homotopy
equivalences has the 2-out-of-6 property by lemma A.4.14, hence axiom CM?2 is
satisfied. Proposition 1.3.8 plus theorem 4.1.9 then shows that the announced
cofibrations, fibrations, and weak equivalences do indeed constitute a closed
model structure on sSet.

Finally, we note that proposition 1.3.13 is precisely the condition required
by axiom SM7. [ |

Proposition 1.3.18. There exist a functor R : sSet — sSet and a natural trans-
Sformation i : idg, = R such that, for all simplicial sets X, RX is a Kan com-
plex and i, : X — RX is an anodyne extension. Moreover, any such functor R
preserves weak homotopy equivalences.

Proof. By proposition 1.3.8, for each X, there is a factorisation of the unique
morphism X — 1 as an anodyne extension i, : X — RX followed by a Kan
fibration RX — 1, and this is moreover functorial in X. Finally, if f : X - Y
is a weak homotopy equivalence in sSet, then the commutativity of the diagram
below

X —* RX

1 e

Y —— RY
ly

plus proposition 1.3.16 and the 2-out-of-3 property for weak homotopy equival-
ences implies Rf is also a weak homotopy equivalence. [ |
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Proposition 1.3.19. Let f : W — Z be a weak homotopy equivalence of sim-
plicial sets and let X be any simplicial set.

(i) The morphism fxidy : W XX — ZXX is a weak homotopy equivalence.

(1) If X is a Kan complex, then [f, X] : [Z,X] — [W, X] is a weak homo-
topy equivalence.

(111) If W and Z are Kan complexes, then [ X, f]: [ X, W] — [X, Z]isaweak
homotopy equivalence.

Proof. (1). We must show that, for all Kan complexes K, the induced map
mo|f xidy, K| : o[ Z x X, K] = m[W x X, K]

is a bijection. However, we have a commutative diagram
idyxf,K
[ Z % X, K] 2K s x K

7 Z, (X, K1) ey Rl WS XL K

and (by corollary 1.3.14) [ X, K] is a Kan complex, so zy[f,[X, K]] is a bijec-
tion; hence, 7, [ fxidy, K ] is indeed a bijection for all Kan complexes K.

(i1). If X is a Kan complex, then corollary 1.3.14 says that [—, X] is a right
Quillen functor; but every simplicial set is cofibrant, so Ken Brown’s lemma
(4.4.5) implies [—, X] preserves weak homotopy equivalences.

(iii). Similarly, for any simplicial set X, [ X, —] is a right Quillen functor, and
so Ken Brown’s lemma implies [ X, —] preserves weak homotopy equivalences
between Kan complexes. [ |

Intrinsic homotopy

Prerequisites. §§ 1.2, 1.3, 3.1, A.4.

Definition 1.4.1. Let f,,, f; : X — Y be a parallel pair of morphisms in sSet.
An intrinsic homotopy o : f, = f, is an edge of the exponential object [ X, Y]
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I.4. Intrinsic homotopy

suchthatd,(a) = f,, and dy(a) = f,. (Note the subscripts!) We say f,, and f, are
intrisically homotopic if there is a zigzag of intrinsic homotopies connecting f,,
and f, and we write f,, ~ f, in this case.

REMARK 1.4.2. A parallel pair f,, f, : X — Y insSet are intrinsically homotopic
if and only if they are in the same connected component of [ X, Y].

REMARK 1.4.3. By the Yoneda lemma,
[X,Y], =sSet(A,[X,Y]) ~sSet(A' X X,Y)

so an intrinsic homotopy « : f|, = f is essentially the same thing as a morphism
&:A'X X — Ysuchthat & (6' xidy) = fyand & (6° xidy) = f, (where
we have suppressed the canonical isomorphism X = A’ x X), just as in classical
homotopy theory. Also,

sSet(A' x X,Y) = sSet(X, [A',Y])

so intrinsic homotopies « : f, = f, correspond to morphisms & : X — [Al, Y]
such that [6',Y] e & = f; and [6°,Y] e & = f, (Where we have suppressed the
canonical isomorphism [A’, Y] = Y).

Lemma 1.4.4. Let f,, f| : X — Y be a parallel pair of morphisms in sSet.
Given an intrinsic homotopy a : f, = f,, for each simplicial set Z, there is an
induced intrinsic homotopy (a, Z ] : [fo, Z] => [fl, Z].

Proof. Let& : A' x X — Y be the morphism corresponding to a : f, = f,.
Then we have a morphism [&, Z] : [V, Z] — [Al X X, Z]. Proposition A.2.11
says there is a natural isomorphism

[A'x X, Z] = [A[X, Z]]

so [@, Z] corresponds to an intrinsic homotopy [@, Z] between two morphisms
of type [Y, Z] — [X, Z]; it is not hard to check that it is an intrinsic homotopy

of type [fO,Z] => [fl,Z]. [ |

The notion of intrinsic homotopy is not well-behaved for general simplicial
sets Y. For example, the existence of an intrinsic homotopy f, = f, does not
guarantee the existence of an “inverse” intrinsic homotopy f, = f|, and even
if we have intrinsic homotopies f, = f, and f, = f,, there need not be an
intrinsic homotopy f, = f,. However:
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I. SIMPLICIAL SETS

Proposition 1.4.5. For any simplicial set X and any Kan complex Y, the relation
w on sSet(X, Y) defined by

fo v [, if and only if there exists an intrinsic homotopy f, = f,
is an equivalence relation.

Proof. The relation w is certainly reflexive whether or not Y is a Kan complex.
Recalling lemma 1.3.5, the transitivity of + may be deduced from the fact that
the unit ny : X — N(7,X) is an epimorphism, and the symmetry of > corres-
ponds to the fact that 7, X is a groupoid. [ |

Proposition 1.4.6. Let W be a subcategory of sSet that satisfies these conditions:
* Every identity morphism in sSet is in W.
* W has the 2-out-of-3 property in sSet.
s For every simplicial set X, the projection py : X x A' — X is in W.
Then:

(1) Given a parallel pair f,, f, : X — Y in sSet and an intrinsic homotopy
a: fo = f), the morphism f is in W if and only if f, is in W.

(i) Suppose W satisfies the following condition: ifr : X - Y ands :Y — X
are morphisms in sSet such that serisin W andres = idy, thenr : X = Y
is in W. Under this hypothesis, every trivial Kan fibration is in W.

(iii) If W is closed under retracts or has the 2-out-of-6 property in sSet, then
every trivial Kan fibration is in W.

Proof. (1). This follows from remark 1.4.3.
(i1). This is a special case of proposition 5.2.29.

(iii). Suppose r : X — Y and s : Y — X are morphisms in sSet such that s o r
isin W and r o s = idy. Observe that r is a retract of s o r:

X s> X
Y > X

S r

id id

N\
4

~

~
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I.4. Intrinsic homotopy

Thus, if W is closed under retracts, then » must be in W.
Similarly, noting that both res = id, and ser are in W, if W has the 2-out-of-6
property, then » must also be in W. |

Proposition 1.4.7. Let W be a subcategory of sSet that satisfies these conditions:

(a) The class of monomorphisms that are in W is closed under pushouts,
transfinite composition, and retracts.

(b) W has the 2-out-of-3 property in sSet, and for all simplicial sets X, the
morphismid : X — X isin W.

(c) For all natural numbers n, the unique morphism A — A is in W.
Then every weak homotopy equivalence is in W.

Proof. First, we should show that all the horn inclusions A} < A" are in W.
We proceed by induction on n. For n = 1, observe that conditions (a) and (b)
together imply that every isomorphism is in W, and so we may use the 2-out-
of-3 property to deduce that the horn inclusions Aj & A' and A] & A' are in
w.

Now, suppose that the horn inclusions A}’ < A" are in W for all m < n.
It is not hard to see that the horn A} can be constructed by adjoining m copies
of A™ along various horn inclusions (for 0 < m < n), so conditions (a) and (b)
imply that the /-th vertex A’ — A} is in W. Condition (c) says that the unique
morphism A" — A”isin W, so we can then use the 2-out-of-3 property to deduce
that the horn inclusion A} < A’isin W.

Having shown that the horn inclusions are in W, we can use Quillen’s small
object argument (theorem 0.4.11) together with corollaries 0.4.7 and 0.4.12 and
condition (a) to deduce that all anodyne extensions are in W. Notice that, if p :
X — Y is atrivial Kan fibration, then there is a morphism s : Y — X such that
pes =1dy,and by 1.3.16, s : Y — X is an anodyne extension. Hence, condition
(b) implies that all trivial Kan fibrations are in W as well. Finally, using the fact
that every weak homotopy equivalence factors as an anodyne extension followed
by a trivial Kan fibration, we conclude that every weak homotopy equivalence is

in W. |

Corollary 1.4.8. The subcategory of weak homotopy equivalences in sSet is the
smallest subcategory satisfying the conditions in the proposition.
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Proof. Proposition 1.3.16 says that the class of monomorphisms that are weak
homotopy equivalences is precisely the class of anodyne extensions, which has
the required closure properties by proposition A.3.12. Thus, the class of weak
homotopy equivalences satisfies condition (a), and the remaining conditions are
easily verified. [ |

1 1.4.9. We require the following special case of definition 2.2.1. Let Kan
be the full subcategory of sSet spanned by the Kan complexes. For each category
V with finite products and each functor F' : sSet — V that preserves finite
products, let F[Kan] denote the following V-enriched category:

e ob F[Kan] = ob Kan.

* For each pair of Kan complexes X and Y, the hom-object is F[X, Y],
where [ X, Y] is the exponential object in sSet.

* Composition and identity morphisms are induced by F from the cartesian
closed structure of sSet.

We also define F[sSet] similarly. The next definition is a prime example of the
above construction.

Definition 1.4.10. The homotopy category of Kan complexes is the category
H = 7,[Kan]. A weak homotopy type is an isomorphism class of objects in H.

Proposition 1.4.11. For each simplicial set Z, let y, : Z, — nyZ be the map
of vertices induced by the adjunction unit idg,, = disc r,,.

(1) There is a (unique) functor m : Kan — H that acts as the identity on
objects and as y;x y, : [X, Y]y = m[X, Y] on morphisms.

(11) The functor m is full, surjective on objects, and preserves finite products
and finite coproducts.

(iii) Kan is closed under products for all small families in sSet, and H has
products for finite families.

(iv) Kan and H are cartesian closed categories, and ® : Kan — H is a
cartesian closed functor.

(v) A morphism f : X — Y in Kan is a weak homotopy equivalence if and
onlyif of : ’X — mY is an isomorphism in H.
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Proof. (1). The construction of H as z,[Kan] ensures that 7 is indeed a functor.

(i1). Itis clear from the construction of 7, Z as a coequaliser that y, : Z, —» n,Z
is a surjection; thus 7t is a full functor. It is obviously surjective on objects,
and it preserves finite products and finite coproducts because 7, preserves finite
products.

(iii). By proposition A.3.12, the class of Kan fibrations is closed under products
for small families, so Kan is as well. By claim (ii), H inherits finite products
from Kan.

(iv). By proposition 1.3.13, [Y, K] is a Kan complex whenever K is, which
combined with claim (iii) implies Kan is cartesian closed. Proposition A.2.11
says we have natural isomorphisms [X X Y, K] = [ X, [Y, K]], so it follows that
we have natural bijections

molX XY, K] = [ X,[Y,K]]

for all X, Y, and K in Kan, and this descends along & to make H cartesian
closed.

(v). The Joyal-Tierney definition says f : X — Y is a weak equivalence if and
only if z,[ f, K] : my[Y, K] = 7y[ X, K] is a bijection for all Kan complexes K;
but this is natural in K, so the Yoneda lemma implies this happens if and only if
nf : ®X — wY is an isomorphism in H. [ |

Proposition 1.4.12.
(1) For each simplicial set X, there exists a Kan complex RX such that the
functors my| X, -], 7y RX, —] : Kan — Set are isomorphic.

(i1) For each simplicial set X, the functor ny|X,—] : Kan — Set factors
through 1t : Kan — H as a representable functor on H.

(ii1) The functor T : Kan — H extends to a functor ® : sSet — H that
sends weak homotopy equivalences to isomorphisms, and this extension is
unique up (not necessarily unique) isomorphism.

Proof. (i). By proposition 1.3.18, there is an anodyne extension i : X — RX
where RX is a Kan complex; but proposition 1.3.16 says that anodyne extensions
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are weak homotopy equivalences, so 7y[i, K] : 7y[RX,K] — my[X,K]is a
bijection natural in K, as required.

(i1). The claim is certainly true if X were a Kan complex, and by claim (i),
o[ X, —] 1s always isomorphic to zy[ RX, —] for some Kan complex RX.

(ii1). Formally, what we seek is a functor F : sSet — H such that, for all Kan
complexes Y and K,
H(FY,nK) = 7)Y, K]

and, for all weak homotopy equivalences f : X — Y in sSet, the induced hom-
set map H(F f,nK) : H(FY,nK) - H(FX,nK) is a bijection for all Kan
complexes K. Clearly, for any such F' and any simplicial set X, there must be
bijections

H(FX,nK) = 7)[X, K]

that are natural in K, but by claim (ii), this is representable as a functor H — Set
for each X, so we can certainly construct such a functor F, and it is unique up
to isomorphism. ]

Corollary 1.4.13. The homotopy category of Kan complexes is a reflective sub-
category of my[sSet]. |

Proposition 1.4.14. Let F : Kan — C be any functor that sends trivial Kan
fibrations in Kan to isomorphisms in C.

1) If fo. f1 : X = Y are a parallel pair of morphisms in Kan and there exists
an intrinsic homotopy f, = f|, then F f, = F f|.

) If fy. f1 + X = Y are an intrinsically homotopic pair of morphisms in
Kan, then F f, = F f,.

(ii1) There exists a unique functorf :H > C such that F = Fr.

Proof. (i). By remark 1.4.3, given any intrinsic homotopy « : f, = f,, we
may construct a morphism & : X — [AI,Y] such that [SI,Y] o = f, and
[SO,Y] o& = f,. Clearly, 8' : A — Al is isomorphic to the horn inclusion
Ay < A, and §° : A’ - A'is isomorphic to the horn inclusion A| & A, so by
proposition 1.3.13, the morphisms [6', Y], [6°, Y] : [A, Y] — Y are both trivial
Kan fibrations. Thus, we must have F f, = F f.
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(i1). Proposition 1.4.5 implies that f, and f, are intrinsically homotopic if and
only if there exists an intrinsic homotopy f,, = f,, so this reduces to claim (1).

(ii1). The uniqueness of F : H — C is an immediate corollary of the fact that
7 : Kan — H is full and surjective on objects; it remains to be shown that such
an F exists. However, given any parallel pair f, f; : X — Y in Kan, by the
construction of H, we have tf, = = f, if and only if f, and f, are intrinsically
homotopic, so F indeed factors through 7. [ |

Corollary 1.4.15.
(1) Any functor F : Kan — C that sends trivial Kan fibrations in Kan fo
isomorphisms in C must also send weak homotopy equivalences in Kan to
isomorphisms in C.

(i1) H is the localisation of Kan at weak homotopy equivalences.

(iii) IfHosSet is the localisation of sSet at weak homotopy equivalences, then
the functor m : sSet — H induces a functor HosSet — H that is fully
faithful and essentially surjective on objects.

Proof. (1). The above proposition says F' = Fx for some F, and we know from
proposition 1.4.11 that & inverts weak homotopy equivalences, so F must also
invert weak homotopy equivalences.

(i1). This is a restatement of claim (iii) of the above proposition.

(ii1). Apply proposition 1.4.12. [ |

REMARK 1.4.16. Fixing a fibrant replacement functor R : sSet — sSet as in
proposition 1.3.18, we have the following explicit construction of Ho sSet:

* The objects are simplicial sets.
* For any two simplicial sets X and Y, HosSet(X,Y) = 7 )[RX, RY].
* Composition and identity morphisms are constructed as in H.

* The localising functor y : sSet — HosSet inverting weak homotopy
equivalences is the one sending f : X — Y to the homotopy class of
Rf : RX — RY.

The homotopy category of simplicial sets is the category Ho sSet.
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REMARK 1.4.17. Freyd [1970] proved that H is not a concrete category, i.e. that

there does not exist a faithful functor H — Set; in particular, H cannot be an
accessible category. Nonetheless, the notion of weak homotopy type is stable

under universe enlargement in the following sense:

@)

(ii)

(ii1)

The property of being a weak homotopy equivalence is universe-independ-
ent: indeed, it is clear that the property of being a trivial Kan fibration
is universe-independent, so we may apply remark 0.4.16 to the (trivial
cofibration, Kan fibration) factorisation system to test whether or not a
morphism is a weak homotopy equivalence in a universe-independent way.

Moreover, the property of being a Kan complex is universe-independent,
and 7, : sSet — Set is a left adjoint between locally presentable cat-
egories, so the hom-set H(K, L) depends only on the choice of Kan com-
plexes K and L and does not depend on the choice of universe. Similarly,
whether or not K and L have the same weak homotopy type is universe-
independent.

Thus, for any two simplicial sets X and Y, the hom-set Ho sSet(X, Y) is
well-defined up to natural bijection independently of the choice of uni-
verse, and whether or not X and Y have the same weak homotopy type is
also universe-indepdent.

Definition 1.4.18. Let f : X — Y be a morphism in sSet.
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A forward homotopy left inverse for f is a morphism g : ¥ — X for
which an intrinsic homotopy g o f = id, exists.

A backward homotopy left inverse for f is a morphism g : Y — X for
which an intrinsic homotopy idy = g o f exists.

A simple homotopy left inverse for f is a morphism g : ¥ — X that
is either a forward homotopy left inverse or a backward homotopy left
inverse for f.

An intrinsic homotopy left inverse for f is a morphism g : ¥ — X such
that g o f and id are intrinsically homotopic.

A forward homotopy right inverse for f is a morphism g : Y — X for
which an intrinsic homotopy f o g = id, exists.
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* A backward homotopy right inverse for f is a morphism g : ¥ - X
for which an intrinsic homotopy id, = f o g exists.

* A simple homotopy right inverse for f is a morphism g : Y — X that
is either a forward homotopy right inverse or a backward homotopy right
inverse for f.

* An intrinsic homotopy right inverse for f is a morphism g : ¥ — X
such that f o g and id, are intrinsically homotopic.

Definition 1.4.19.
* A simple homotopy equivalence in sSet is a tuple (f, g,#, €) where f :
X - Yand g : Y — X are morphisms in sSet and # : idy = g - f and
€ : f o g = id, are intrinsic homotopies.

* An intrinsic homotopy equivalence in sSet is a pair (f, g) where g (resp.
/) is both an intrinsic homotopy left inverse and an intrinsic homotopy
right inverse for f (resp. g).

Proposition 1.4.20 (Formal Whitehead theorem).
(1) If (f, g) is an intrinsic homotopy equivalence in sSet, then = f and ®g are
mutual inverses in H.

(i1) If a morphism in sSet has both an intrinsic homotopy left inverse and an
intrinsic homotopy right inverse, then it is a weak homotopy equivalence.

(iii)) A morphism in Kan is a weak homotopy equivalence if and only if it is
part of a simple homotopy equivalence.

Proof. The claims are consequences of lemma 1.4.4, proposition 1.4.11, and
corollary 1.4.15 applied to the various definitions of homotopy equivalence. [l

Lemma 1.4.21. Let f : X - Yand g : Y — X be morphisms in sSet and
suppose (f, g,n, €) is a simple homotopy equivalence.

» IfY is a Kan complex, then there is an intrinsic homotopy €' : f o g = id,
such that

(¢ oidf) . (idf on) = id,

in the fundamental groupoid [ X, Y ].
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» If X is a Kan complex, then there is an intrinsic homotopyn' : idy = go f
such that

(idg 0 e) . (;1’ ° idg) =1id,
in the fundamental groupoid n\[Y, X].
Proof. The proofs of the two claims are similar; we will prove the first version.
Suppose Y is a Kan complex. By corollary 1.3.14, the exponential objects

[X,Y]and [Y,Y]in sSet are Kan complexes, so we may apply lemma 1.3.5. In
particular, there exists an intrinsic homotopy €’ : f o g = id, such that

g =¢o(id,onoid,) ™ o (eoid,,)”"
in z,[Y, Y], but then
(e"eidy) o (idyon) = (eoid,) « (id, o oid,,/) €e idfogef)_1  (id; o)
= (ecidy)  (id, oneidy, )™« (idgu o) o (£0id,) ™
( -1

= (eeid,)  (id, o) « (id, °’7)_1 * (eoid)
= id,

.
"

as required. [ |

Lemma 1.4.22. Let f : X - Y and g : Y — X be morphisms in sSet and let
(f, g,n,€) be a simple homotopy equivalence. The following are equivalent:

* In the fundamental groupoid n [ X, Y], the left triangle identity holds:
(g0id,) e (id, on) =id,
* In the fundamental groupoid n|[Y , X], the right triangle identity holds:
(idg ° ‘9) * ('7 ° idg) = id,
Proof. This is a standard result in 2-category theory applied to the 2-category
7, [sSet]. ]

Definition 1.4.23. A weakly contractible simplicial set is a simplicial set X
for which the unique morphism X — 1 in sSet is a weak homotopy equivalence.

Proposition 1.4.24. A Kan complex K is weakly contractible if and only if the
unique morphism K — 1 in Kan has an intrinsic homotopy inverse.

Proof. Apply proposition 1.4.20 and the fact that 1 is a Kan complex. [ |
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I.4. Intrinsic homotopy

Definition 1.4.25. Let X be a simplicial set.
* A forward contracting homotopy for X consists of a set X_, and maps
r:Xy,—= X_,s: X, = X, and A" : X, — X, satisfying these

identities:

1 _ 1
rod, =reod,

ros=1d
déoh():sor
dloh’=id
d*'en"=h""tod! if0<i<n
dleh" =id
htho st = sl o pn if0<i<n
hn+l o h" :szﬂ o h"

* A backward contracting homotopy for X consists of a set X_; and maps
r:Xy—> X_,s: X = X, and A" © X, — X,,, satisfying these
identities:

1_ 1
rod;, =rod,

ros=id
dy o h’ =id
dllohozsw
di*' o h" =id
d'tleh"=h"" o d! if0<i<n
hn+1 o h" :S8+1 o h"
o st = st o " if0<i<n

Proposition 1.4.26. Let X be a simplicial set. If X admits a forward or back-
ward contracting homotopy, then the canonical map X — disc m, X has an in-
trinsic homotopy inverse.

Proof. The two cases are similar; we will assume that X has a forward contract-
ing homotopy. First, notice that the definition implies that we have the following
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absolute coequaliser diagram:

Thus, as remarked in the proof of proposition 1.2.4, 7y X = X_,. As always,
there is a unique morphism s’ : disc X_, — X whose degree o component is
s : X_; = X, and the above observation ensures that there also exists a unique
morphism ' : X — disc X_;, whose degree o0 componentis r: X, - X_,.

Clearly, r'os" = idy. x_ ; we must show that s" o7’ ~ idy. Let 7 n] - [1]
denote the map in A defined below:

') 0 ifj<i
i) =
1 ifj>i

It is not hard to see that A([n],[1]) = {;{,’, | 0<i<n+ 1}, and moreover we
have the following identities:

Koyt © Oy = X ifo<i<j<n+l
Ky ° O =10 if0<i<j<n+2
Yheon =1, ifo<i<j<n

Koot =xt ifo<i<j<n+l

We construct by recursion a sequence of maps H, : X, X A([n],[1]) = X,

e For all x in X;:

Ho(x, )((}) =X
Hy(x, z9) = s(r(x))

* Foreach xin X, :

Hn+1<x’ )(::12) =X
H,,(x, ?(::11) = hn(d::ﬂ(x))
H,,, (x, %{+1> = sZ(Hn<dZLl(x), )(,ﬁ)) for0<j<n
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I.4. Intrinsic homotopy

It is straightforward to check that these equations hold,
1 1 1 1 0 0
d0°H1:H0°dO dloleHoodl SOOH():HIOSO
so we assume for induction that these identities hold for some n > 0O:

dfeH, = H,_ odf for0<k<nO0<i<k
sio Hy=Hy, ost for0<k<nO0<i<k

Then, for0 <i <n+1,

9 (Hy (5, £052)) = 42910
= H (dn+1(x) )(n+1) _ Hn<d;1+l(x) }{n+2 5;-"_1)
and, for0 <i <n,
i (Hy (%, 2051)) = a7 (R (d)51(9)))
= (@221 00)) = (2 0)

= H,(d""'(x), x3) = H,(d]" (x), x 2 5..,,)
while, fori =n + 1:
dyiy (Hyp (%o 205)) = dyfy (R (d) ()
= dy5 (0 = H,(d 1100, 00) = H,(dy (0, 1081 2 8,1))

Similarly, for 0 < j < n,

o)) -5 0.))

A CAOND LA CAHERNE i)

a7 (Hon (% 200) ) = d (sa( B (dtieo ) ) ) = B, (dittoo. 2l
= 512t (oo (@2 (@51 00) 2 ) ) = b (B (d2(d ). 20 ))

= Hn<d;l1+l(x)’ XZ) =H (dn+l(x) )(n+1 5Z+1>
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and for 0 < i < n, we have:

I )
(o a2100.20) = 1 (a0, -2)
= 5 (o (d(d 0). 2061 ) ) = H (4 0 )y 2 )
On the other hand, for 0 <i < n,
Si (H (x )(:ll+l)) = Sn(x) n+1( ?(x)’ }(::12) n+1< n(x) X'H-l i)
and for0 <i < n,
st (H,(x, 1)) = st (K" (di(x0)))
= (5 (d30)) = R (22 (51)
= H,y (70, 20ty ) = Hy (570, 17 0 0,)
while for i = n, we have:
su(Ho(x. ) = s5(H,(d;51 (5:0). 1))
- Hn+1 (SZ(X), /Y:.H) = Hn+1 (SZ(X)a /%;l ° G:ll)

Finally, for0 <i<nand 0 < j < n:

s?(Hn(X, ;{,{>> = s?(s;‘:}(Hn_1<d:(x), )(i_l)))
_ SZ<S:'1_1<Hn—1 (d,':(X), )(:_1>>> = sZ(H,,(s;"l(d::(X))a)(,{ ° O',, 1))

= s (Ha (45 (510). 1y 201y ) ) = o (510 202 1)
We therefore have a morphism H : X XA' — X suchthat He (idy X 6)) = s'or’
and H o (idX X 511) = 1d,,, as required. [ |

Definition 1.4.27. Let f : X — Y and g : Z — W be morphisms in sSet.

* f has the forward homotopy lifting property with respect to g if, for
every commutative diagram of the following form,

ZLX

V2t

Wy

80



I.4. Intrinsic homotopy

given intrinsic homotopies a« : w, = w; and f : z;, = z; such that
ao idg =1id 7o p, there exist a morphism A, : W — X and an intrinsic
homotopy y : hy = h; suchthat feh; =w,, hjeg =2z,,id, oy = a, and
yeid, = f.

f has the backward homotopy lifting property with respect to g if, for
every commutative diagram of the following form,

Z— 5 X
lh
8
w

given intrinsic homotopies a« : w, = w; and f : z, = z; such that
ao idg =1id re p, there exist a morphism A, : W — X and an intrinsic

Z
' /

Y

IX

w

homotopy y : hy = h, such that f o hy = w,, hyeg = z;,i1d, oy = a, and
yeid, = p.

f has the intrinsic homotopy lifting property with respect to g if f has
both the forward and backward homotopy lifting properties with respect
to g.

f has the forward (resp. backward, intrinsic) homotopy lifting prop-
erty with respect to the object W if f has the forward (resp. backward,
intrinsic) homotopy lifting property with respect to the unique morphism
0—-Ww.

g has the forward (resp. backward, intrinsic) homotopy extension prop-
erty with respect to f if f has the forward (resp. backward, intrinsic) ho-
motopy lifting property with respect to g.

g has the forward (resp. backward, intrinsic) homotopy extension prop-
erty with respect to the object X if g has the forward (resp. backward, in-
trinsic) homotopy extension property with respect to the unique morphism
X - 1.
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Proposition 1.4.28. Let f : X - Y and g : Z — W be morphisms in sSet,
and suppose we have a commutative diagram

[g.X]
AN
.

L(g, f) — [Z£, X]

e

(W, X]

w.f]

where the square in the lower right is a pullback square. The following are
equivalent:

(1) f has the forward homotopy lifting property with respect to g.

(i) The morphism q : [W,X] — L(g, f) has the right lifting property with
respect to the horn inclusion A(l) o Al

(ii1) Suppose we have a commutative diagram

AgXZ —— AN X Z

Al x W

where the square in the upper left is a pushout square. Then the morphism
j 1 Vo(g) = A'XW has the left lifting property with respectto f : X — Y.

Symmetrically, the following are equivalent:
(i") f has the backward homotopy lifting property with respect to g.

(ii") The morphism q : [W,X] = L(g, f) has the right lifting property with
respect to the horn inclusion A} o Al
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(iii") Suppose we have a commutative diagram

MXZ——ANXZ

idA% Xgl \[

AJXW —— Vi(g)

N
st
A x W

where the square in the upper left is a pushout square. Then the morphism
j 1 Vi(g) = A'XW has the left lifting property with respectto f : X — Y.

idA] Xg

Proof. This is a special case of proposition 5.3.1: use remark 1.4.3 and the ex-
ponential adjunction. [ |

Theorem 1.4.29 (Gabriel-Zisman). Let p : X — Y be a morphism in sSet. The
following are equivalent:

(1) pis a Kan fibration.

(i1) p has the intrinsic homotopy lifting property with respect to the boundary
inclusions 0A" < A" for all n > 0.

(ii1) p has the intrinsic homotopy lifting property with respect to any mono-
morphism in sSet.

Proof. Combine the preceding proposition and proposition A.3.12 with either
Theorem 2.1 in [GZ, Ch. 1V] or Proposition 4.2 in [GJ, Ch. I]. Il

REMARK 1.4.30. Let B" be the closed unit ball in the euclidean space R", let
0B" be its boundary, and let I be the closed unit interval [0, 1]. It is not hard
to see that the inclusion B" X {0} < B" X [ is isomorphic to the inclusion
B"x {0} UdB"x I < B" X I. Thus, a continuous map p : X — Y has the
homotopy lifting property with respect to all B" if and only if it has the homotopy
lifting property with respect to all boundary inclusions 0 B" < B".

Unfortunately, sSet does not have the analogous property. Indeed, for any
simplicial set X, the unique morphism X — 1 has the intrinsic homotopy lifting
property with respect to the n-simplices A”, yet not every simplicial set is a Kan
complex.
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Lemma 1.4.31.
* If p: X — Y has the forward homotopy lifting property with respect to Y,
So 1 Y = X is a morphism, and € : p o 5, = 1d, is an intrinsic homotopy,
then there exists amorphism s, : Y — X such that pes, = idy ; if moreover
X is a Kan complex and there is an intrinsic homotopy n : idy = s, ° p,
then there also exists an intrinsic homotopy id, = s, ° p.

e If p: X — Y has the backward homotopy lifting property with respect to
Y, s, : Y = Xisamorphism, andn : id, = pes, is an intrinsic homotopy,
then the exists a morphism s, : Y — X such that po s, = id,; if moreover
X is a Kan complex and there is an intrinsic homotopy € : s, e p = id,,
then there also exists an intrinsic homotopy s o p = idy.

e Ifi: Z — W has the forward homotopy extension property with respect
toZ, ry: W — Z is a morphism, and € : ry i = id, is an intrinsic
homotopy, then there exists a morphismr, : W — Z such thatr, i =
id; if moreover W is a Kan complex and there is an intrinsic homotopy
n :idy, = ier, then there also exists an intrinsic homotopy idy, = ior,.

o Ifi: Z — W has the backward homotopy extension property with respect
toZ,ry: W — Zis amorphism, and n : id, = r| o i is an intrinsic
homotopy, then there exists a morphismry : W — Z such that ryei =
id; if moreover W is a Kan complex and there is an intrinsic homotopy
€ :ier; = idy,, then there also exists an intrinsic homotopy i e ry = idy,.

Proof. The proofs of the four claims are similar; we will prove the first version.

Let s, : Y — X be a morphism in sSet and suppose there exist an intrinsic
homotopy € : pes, = idy. Then the forward homotopy lifting property of
p: X — Y yieldsamorphism s, : Y — X and an intrinsic homotopy « : 5, = s,
such that pe s; =idy andid, > a = €.

If X is moreover a Kan complex, then (by corollary 1.3.14) the exponential
object [ X, X]insSet s also a Kan complex, and so we may compose the intrinsic
homotopies 7 : idy = syepand acid, : s5° p = s, ° p to obtain an intrinsic
homotopy id, = s, ° p, as required. [ |

Proposition 1.4.32. Let p : X — Y be a Kan fibration. If X and Y are Kan
complexes, the following are equivalent:

(1) p: X — Y isatrivial Kan fibration.
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1.5. Bisimplicial sets and cosimplicial simplicial sets

(1) p: X — Y is a weak homotopy equivalence.

(iii)) p: X — Y is fibrewise contractible in the sense that there exist a morph-
isms : Y — X and an intrinsic homotopy n : idy = s p such that
pes=idy andid,on=1d,

Proof. (1) < (ii). This is proposition 1.3.16.

(i) = (iii). Proposition 1.4.20, lemmas 1.4.21 and 1.4.22, and the preceding
lemma say there exist a morphism s : ¥ — X and an intrinsic homotopy 7’ :
idy = seopsuchthat pos=idy andid, " = id, in the fundamental groupoid
m,[X,Y]. Since Y is a Kan complex, corollary 1.3.14 and proposition 1.3.7
imply there exists an edge f in [Al, (X, Y]] from the vertex corresponding to
id,on’ to the vertex corresponding to id,. Thus, we have a commutative diagram
of the form below,

oA —=— [X, X]

e

1
A [X,Y]

where h, : A' = [X, X] is the morphism corresponding to 5’ : idy = sep. It
is not hard to see that we have f o id;, = idx , ¢ id,, and (by corollary 1.3.14)
the morphism [X, p] : [X, X] — [X, Y] is a Kan fibration, so theorem 1.4.29
implies there exists a morphism /4, : A' — [X, X] that corresponds to an intrinsic
homotopy # : idy = s p such thatid, o n = p, as required.

(iii)) = (11). If p : X — Y is fibrewise contractible in the sense above, then the
section s : Y — X is an intrinsic homotopy inverse for p, and hence p is a weak
homotopy equivalence. [ |

REMARK 1.4.33. A weaker claim holds for trivial Kan fibrations between arbit-
rary simplicial sets: if p : X — Y is a trivial Kan fibration, then for every vertex
y of Y, the fibre of p over y is a contractible Kan complex.

Bisimplicial sets and cosimplicial simplicial sets

Prerequisites. §§ 1.1, 1.3, 4.4, 4.5, A.5, A.6.
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Definition 1.5.1. A bisimplicial set is a simplicial object in sSet, i.e. a functor
AP — sSet, and a morphism of bisimplicial sets is a natural transformation of
such functors. We write ssSet for the category of bisimplicial sets.

Definition 1.5.2. Let X, be a bisimplicial set and let n be a natural number. The
n-th horizontal level of X, is the simplicial set X, and the n-th vertical level
of X, is the simplicial set (X, )

ne

Definition 1.5.3. A Reedy weak homotopy equivalence of bisimplicial sets is
a morphism in ssSet that is a weak homotopy equivalence of simplicial sets in
each horizontal level.

Theorem 1.5.4. ssSet is a DHK model category where

* the cofibrations are the monomorphisms in ssSet,

* the fibrations are the Reedy fibrations, and

* the weak equivalences are the Reedy weak homotopy equivalences.
This is the Reedy model structure on bisimplicial sets.

Proof. Given theorem 4.5.19, it suffices to show that the Reedy cofibrations
are precisely the monomorphisms in ssSet: see Theorem 15.8.7 in [Hirschhorn,
2003]. [

Corollary 1.5.5. The Reedy model structure on ssSet is the injective model struc-
ture on the functor category [A°?, sSet)]. [ |

Definition 1.5.6. The realisation of a bisimplicial set X, is the simplicial set
|X .| defined by the following coend in sSet:

[n]:A
= / A'x X,

Lemma 1.5.7. For each bisimplicial set X,, there is an isomorphism

| X

|X.

=~ diag X

where diag X is the simplicial set defined by (diag X), = (X,,)n, and this iso-
morphism is natural in X.
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Proof. The Yoneda lemma for coends (proposition A.6.14) yields natural bijec-
tions of the form below:

[n]:A
/ A(lm], [n]) X (X)) = (X)) m

Thus,

X

~ diag X. |

Corollary 1.5.8.
() If X, is a bisimplicial set whose horizontal levels are discrete,®) then the
realisation |X.| is naturally isomorphic to the simplicial set (X.)o-

(11) If X, is a bisimplicial set whose vertical levels are discrete, then the real-
isation |X .

is naturally isomorphic to the simplicial set (XO),. [ ]

Theorem 1.5.9.
(1) The functor |—| : ssSet — sSet has left and right adjoints.

(i1) |—| sends Reedy weak homotopy equivalences in ssSet to weak homotopy
equivalences in sSet.

(iii) Equipping ssSet with the Reedy model structure and sSet with the Kan—
Quillen model structure, |—| : ssSet — sSet is a left Quillen functor.

Proof. (i). Using the isomorphism ssSet =~ [A°? X A°?, Set] and lemma 1.5.7,
we may identify |—| as the functor 6* induced by the diagonal embedding 6 :
A - A XA, and corollary A.5.17 says 6™ has left and right adjoints.

(i1). See Theorem 15.11.11 in [Hirschhorn, 2003], or Proposition 1.7 in [GJ].

(ii1). From claims (i) and (ii) it follows that |—| is a left Quillen functor; altern-
atively, see Proposition 3.6 in [GJ, Ch. VII]. Il

Definition 1.5.10. A cosimplicial simplicial set is a cosimplicial object in sSet,
i.e. a functor A — sSet, and a morphism of cosimplicial simplicial sets is a
natural transformation of such functors. We write csSet for the category of co-
simplicial simplicial sets.

Definition 1.5.11. Let X* be a cosimplicial simplicial set and let n be a natural
number. The n-th horizontal level of X* is the simplicial set X", and the n-th
vertical level of X° is the cosimplicial set (X*),.

Recall definition 1.2.5.
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Definition 1.5.12. A Reedy weak homotopy equivalence of cosimplicial sim-
plicial sets is a morphism in csSet that is a weak homotopy equivalence of sim-
plicial sets in each horizontal level.

Lemma 1.5.13. Let X* be a cosimplicial simplicial set. The limit l(iLnA X* insSet

can be computed as the equaliser of the coface operators §°,6' : X° — X1,
Proof. This is a straightforward exercise. O

Definition 1.5.14. The maximal augmentation of a cosimplicial simplicial set
X* is the limit 1(i£1A X°.

Theorem 1.5.15. csSet is a DHK model category where

* the cofibrations are the monomorphisms in csSet that induce isomorph-
isms of maximal augmentations,

* the fibrations are the Reedy fibrations, and
* the weak equivalences are the Reedy weak homotopy equivalences.
This is the Reedy model structure on cosimplicial simplicial sets.

Proof. Given theorem 4.5.109, it suffices to show that the Reedy cofibrations are
precisely the announced ones: see Theorem 15.9.9 in [Hirschhorn, 2003]. W

Definition 1.5.16. The totalisation of a cosimplicial simplicial set X* is the
simplicial set Tot X* defined by the following end in sSet:

Tot X* = / [A", X"]
[n]:A

Lemma 1.5.17. Let Y* : A — sSet be a cosimplicial simplicial set. Then there
is a bijection

sSet(X, Tot Y*) = / Set(X,,.(Y"™),)
[m]:A

for each simplicial set X, and this bijection is natural in X and Y.
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Proof. Using the Yoneda lemma for ends and the interchange law (theorem A.6.13),
we have the following natural bijections:

sSet(X,/ [A",Y”]) g/ sSet( X, [A", Y"])
[n]:A [n]:A

~ / sSet(X x A", Y")
[n]:A

- / / Set(X,, x A([m], [n]), (Y"),,)
[n]:A J [m]:A

N / / Set(X,,. Set(A(ml. [n]), (Y"),,))
[n]:A J [m]:A

g/ Set<Xm,/ Set(A([m],[n]),(Y")m)>

[m]:A [n]:A

~ / Set(X,,. (Y™,) u
[m]:A

Theorem 1.5.18.
(i) The functor Tot : csSet — sSet has a left adjoint.

(i1) For each simplicial set X and each cosimplicial simplicial set Y*, the
canonical comparison morphism Tot [X,Y*] — [X,TotY*] is an iso-
morphism.

(iii) Equipping csSet with the Reedy model structure and sSet with the Kan—
Quillen model structure, Tot : csSet — sSet is a right Quillen functor.

Proof. (i). It is straightforward to check that the functor sending a simplicial
set X to the cosimplicial simplicial set A* X X is a left adjoint for Tot; see also
proposition A.6.11.

(i1). Since right adjoints preserve ends, we have the natural isomorphisms shown
below:

[X,TotY*] = lX / [A”,Y”]l
[n]:A

N / X, [, Y]]
[n]:A

%/ [A" [X, Y]]
[n]:A
= Tot [X,Y"]
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(ii1). See Theorem 18.6.7 in [Hirschhorn, 2003]. ]

Bar and cobar complexes

Prerequisites. §§ 1.1, 1.4, 1.5, A.5, A.6.

Definition 1.6.1. Let C be a small category.
The bar complex for a diagram F : C — Set weighted by G : C°? — Set is
the simplicial set B, (G, C, F), where

B,(G.C.F)= ][] (Ge,xC(c,1.c,) XX C(cp ;) X Fey)

(corcy)

with (co, ..., ¢,) ranging over (n + 1)-tuples of objects in C, face maps defined
by the following formulae,

Ay (Vs fur oo s J12%) = (0 fras oo s f2r F(S1) ()
A (Vs far s 1%) = (0 s oo frar @ S ovvs f12X)
A} (Vs froeos S1.%) = (G(L)O)s fueys v s f12X)

and degeneracy maps defined as below:
Sg(y’fn’ ’fl’x> = (y,f,,, -'~’f1$idc0’x)

ST (Vs frr oo J15%) = (9 fa oo Frpoidy s frn s f10 %)
s;’(y,fn, ,fl,x) = (y,idcn,fn, ,fl,x)

The cobar complex for a diagram F : C — Set weighted by G : C — Set
is the cosimplicial set C*(G, C, F), where

C'G.C, F)= [] [GeaxCle,e,y) X XC(eyrcp), Feol

n> “n—1

(cose--sn)

with (co, e, cn) ranging over (n + 1)-tuples of objects in C, coface maps defined
by the following formulae,

TR (O AT VA COSI AN AY )
50 epe) = (9 S oo 1) 2 Xy 0 S oo i Fivrs oo 1) )

i

5 ) = (5 S 1) = Xy ) (G D Sucrs oo 1))
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and codegeneracy maps defined as below:

(s S s 1) 2 X e (95 Frp oo S1014,))
(S 1) P X e (0 S o1 S s 1))

...........

((y’fn""’fl) = xco,...,c,,,cn(y’idcn’fn’""fl>)

L ES T

() (...,

00 (X (cpnncy)

REMARK 1.6.2. Itis clear that B, (G, C, F) is covariantly functorial in both F and
G, while C*(G, C, F) is contravariantly functorial in G and covariantly functorial
in F. One may also verify that there are bijections

Set(B,(G,C, F), X) = C"(G,C, Set(F, X))

that are natural in n, F, G, and X: this is one sense in which the bar complex
and cobar complex are formally dual.

Example 1.6.3. The nerve N(C) of a small category C is isomorphic to the bar
complex B,(A1, C, Al), so there is a canonical morphism B,(G,C, F) - N(C)
forany F : C — Set and any G : C°® — Set.

REMARK 1.6.4. More generally, the bar complex B,(G, C, F) is isomorphic to
the nerve of the following category:

* The objects are tuples (c, x, y), where c is an object in C, x is an element
of Fc, and y is an element of Gc.

* The morphisms f : (¢, x,y) = (¢, x’,y") are morphisms f : ¢ — ¢" inC
such that F(f)(x) = x" and G(f)(y') = y.

* Composition and identities are inherited from C.

In particular, B, (A 1,C, /ic) may be identified with the nerve of the slice category
“/C, and B, (A, C, A1) with the nerve of the slice category C Je-

Definition 1.6.5. Let C be a small category and let M be a locally small category.

* A bar complex for a diagram F : C - M weighted by G : C*® — Set is
a simplicial object B, (G, C, F) in M with bijections

M(B,(G,C,F),M) = C'(G,C®, M(F, M))

that are natural in both » and M.
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* A cobar complex for a diagram F : C - M weighted by G : C — Set is
a cosimplicial object C*(G, C, F) in M with bijections

MM,C'G,C, F)) =C"(G,C,M(M, F))
that are natural in both n and M.

REMARK 1.6.6. Of course, this definition agrees with the previous one (up to
isomorphism) in the special case M = Set, and it is clear that a cobar complex
in M for a diagram F : C - M weighted by G : C — Set becomes a bar
complex in M for F°? : C® - M®? weighted by the same G : C — Set, and
vice versa.

REMARK 1.6.7. By general considerations about the representability of limits,
we see that bar complexes exist for all small diagrams and weights if M has co-

products for small families of objects, while cobar complexes exist for all small
diagrams and weights if M has products for small families of objects.

Lemma 1.6.8. Let C be a small category. For each diagram F : C — Set and
each weight G : C — Set, we have a bijection

[C,Set](G, F) = l(i%lC’(G, C,F)

that is natural in both F and G.

Proof. 1tis not hard to see that the (non-full) subcategory {[0] = [1]} is coinitial
in A, so it suffices to show that there is an equaliser diagram of the following
form,

50
C,Set](G, F c%G,C,F) —_CYG,C,F
[C, Set]( ) — C( )T> ( )

However, if we take the map [C, Set](G, F) — C°%G, C, F) to be the one send-
ing a natural transformation @« : G = F to its underlying family of maps
(a.: Gc —» Fc|c € 0bC), then it is clear that the diagram is indeed an equal-

iser. |
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1.6. Bar and cobar complexes

Proposition 1.6.9. Let C be a small category and let M be a locally small cat-
egory.
* IfB,(G,C, F) is a bar complex in M, then the colimit li_r)nAop B,(G,C, F)

exists in M if and only if the weighted colimit G * F exists in M, and
the two are isomorphic:

G x. F %B,(G, C,F)

* IfC*(G,C, F) is a cobar complex in M, then the limit l(iﬂlA C*(G,C,F)
exists in M if and only if the weighted limit {G, F}* exists in M, and the
two are isomorphic:

C ~ 71
{G,F} =1<%1B,(G,C,F)

Proof. The two claims are formally dual; we will prove the first version.
Let M be any object in M. Using lemma A.5.12, proposition A.5.13, and the
above lemma, we obtain the following natural bijections:

(G, M(F, M)}C" =~ [C*, Set](G, M(F, M))

~ l(i%l C*(G,C®, M(F,M))

= lim M(B,(G.C, F), M)
A

It follows by the Yoneda lemma that G * F = li_r)nAop B.(G,C, F). [ |
Lemma 1.6.10. Let C be a small category.

(i) For each natural number n and each weight G : C — Set, the functor
C"(G,C,-) : [C,Set] — Set preserves limits, weighted limits, and ends.

(ii) For each natural number n and each diagram F : C — Set, the functor
C"(—,C, F) : [C,Set]®® — Set sends colimits to limits, weighted colimits
to weighted limits, and coends to ends.

Proof. Obvious. ¢
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Proposition 1.6.11. Let C be a small category and let M be a locally small
category. If M has coproducts for small families of objects, then:

(i) For each natural number n and each weight G : C® — Set, the functor
B,(G,C,—) : [C,M] — M preserves colimits, weighted colimits, and
coends.

(i1) For each natural number n and each diagram F : C — M, the functor
B,(— C,F) : [C,Set] — M preserves colimits, weighted colimits, and
coends.

Dually, if M has products for small families of objects, then:

(i) For each natural number n and each weight G : C — Set, the functor
C"(G,C,-) : [C,Set] — Set preserves limits, weighted limits, and ends.

(i1) For each natural number n and each diagram F : C — Set, the functor
C"(—,C, F) : [C,Set]® — Set sends colimits to limits, weighted colimits
to weighted limits, and coends to ends.

Proof. We may use the Yoneda lemma to reduce the claims to the case in the
previous lemma. [ ]

Lemma 1.6.12. Let C be a small category.

e Let F : C — Set be a diagram and let G : C°® — Set be a weight. For all
sets X, we have bijections

B,(GXxX,C,F)=XxB,(G,C,F)=B,(G,C,X XF)
that are natural in X, F, and G.

e Let F : C — Set be a diagram and let G : C — Set be a weight. For all
sets X, we have bijections

C"(XxG,C, F)~[X,C"G,C, F)]=C'G,C,[X, F])
that are natural in X, F, and G.

Proof. Obvious. ¢
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Proposition 1.6.13. Let C be a small category and let M be a locally small
category. If M has coproducts for small families of objects, then:

(i) Let F : C — M be a diagram, let G : C*® — Set be a weight and let M
be any object in M. We then have bijections

M(B,(G,C,F),M) g/ Set(B,, (4., C,A), M(Gc' © Fe, M))
(¢’ ,¢):CPxC

that are natural inn, F, G, and M.

(11) If M is cotensored, then for each natural number n and each weight G :
C® — Set, the functor B,(G,C,-) : [C,M] — M has a right ad-
joint, namely the functor that sends an object M to the diagram ¢ +—
B,(G,C®,A,) h M.

(i1i1) For each natural number n and each diagram F : C — M, the functor
B,(—,C, F) : [C,Set] - M has a right adjoint, namely the functor that
sends an object M to the weight ¢ — C" (ﬁc, C, M(F, M)).

Dually, if M has products for small families of objects, then:
(i") Let F : C - M be a diagram, let G : C — Set be a weight, and let M be

an object in M. We then have bijections

M(M,C"G,C, F)) = / Set(B, (A, C.A°), M(M,Gc' th F))

(¢’ ,¢):C°PxC

that are natural inn, F, G, and M.

(ii") If M is tensored, then for each natural number n and each weight G : C —
Set, the functor C"(G,C, —) : [C, M] — M has a left adjoint, namely the
functor that sends an object M to the diagram ¢ — B, (G, C*, ﬁc) oM.

(iii") For each natural number n and each diagram F : C — M, the functor
C"(—,C, F) : [C,Set]® —» M has a left adjoint, namely the functor that
sends an object M to the weight ¢ — C" (ﬁc, C, M(M, F)).

Proof. The two sets of claims are formally dual; we will prove the first version.

(i). Using the interchange law for ends (theorem A.6.13), the Yoneda lemma
for ends (proposition A.6.14), and proposition 1.6.11, we obtain the following
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natural bijections:

/ Set(B, (A, C,A°), M(Gc' © Fe, M))

(c’,c):C°PxC

g/ C"(f,,C®,Set(A°, M(Gc' ® Fe, M)))

(c’,¢):CPxC

g/ /C"(/ic,,COP,Set(ﬁC,M(Gc’OFc,M)))
c":C JeC
E/ C”(ﬁc,,C"p,/ Set(ﬁﬁM(Gc’@Fc,M)))
c¢":C c:C
g/ C"(h,C®, M(Gc' © F, M))
c:C

g/ C"(Gc' xh,,C®, M(F, M))

c':C
(/ Ge' x fi.,,C, M(F, M)>

"(G,C®, M(F, M))
~ M(B,(G,C,F),M)

(i1). Similarly, we have the following natural bijections:

M(B,(G,C,F),M) = C'(G,C®, M(F, M))

EC"<G,COP,/ Set(ﬁc,M(FC,M)>>
c.C

114

/ C"(G,C,Set (A, M(Fc, M)))
c:C

12

/ Set(B,(G,C,A°), M(Fc, M))
c:C

g/ M(Fec,B,(G,C.h) h M)
c:C

Now apply remark A.6.5.
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(ii1). Along the same lines:

M(B,(G,C,F),M) = C"(G,C®, M(F, M))
~ C" </C Ge X h,,C®, M(F, M))
~ /C C"(Ge x h,,C®, M(F, M))
~ /@ C"(Ge x h,, C®, M(F, M))

g/ Set(Gc,C"(f,, C®, M(F, M)))
c:C

Note that in the last step we are appealing to lemma 1.6.12. [ |

REMARK 1.6.14. The above proposition shows that bar complexes are a certain
kind of weighted colimit, while cobar complexes are a certain kind of weighted
limit.

Definition 1.6.15. Let C be a small category, let .A be any category and let M
be a locally small category.

* Given © : A X M — M, a bar complex for a diagram F : C - M
weighted by G : C® — A is a simplicial object B,(G, C, F) equipped
with bijections

M(B,(G,C,F),M) g/ Set(B,, (4., C,A), M(Gc' © Fe, M))

(c’,¢):CPxC

that are natural in both n and M.

* Given h : A X M — M, a cobar complex for a diagram F : C - M
weighted by G : C — A is a cosimplicial object C*(G, C, F) equipped
with bijections

M(M,C"(G,C, F)) = / Set(B,(#,,C,A°), M(M,Gc' th Fc))

(c’,¢):CPxC
that are natural in both n and M.
REMARK 1.6.16. Although the definition given here is stated using an end, one
can also state a version that only uses products. Thus these generalised bar (resp.

cobar) complexes exist in a locally small category M as soon as M has copro-
ducts (resp. products) for small families of objects.
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REMARK 1.6.17. In the case where A = M = sSet, we will almost always take
AOM = AXMand AN M = [A, M]. With this choice, the formulae of
definition 1.6.1 (understood appropriately) can be applied verbatim.

Theorem 1.6.18. Let C and D be two small categories, let A and M be two
locally small categories, andlet @ : AX A - A, O : AXM = M, M :
AP XM —» M, and M : M® Xx M — A be functors. Suppose A has

coproducts for small families of objects, that there are bijections
MAOM,N) = A(A,LM(M,N)) = M(M,Ah N)
that are natural in A, M, and N, and that there are isomorphisms

(AQRBIOM=AG(BOM)
(AQBY MM = AMh(BMh M)

that are natural in A, B, and M.

e Let F : C - M be a diagram, let G : D®® - A be a weight, and let
H : C®? XD — A be afunctor. If M has coproducts for small families of
objects, then there is an isomorphism

B, (B,(G.D,H),C,F) =B,(G,D,B,(H,C,F))
that is natural inm, n, F, G, and H.

e Let F : C — M be a diagram, let G : D — A be a weight, and let
H : D°® X C — A be a functor. If M has products for small families of
objects, then there is an isomorphism

C"(B,(G,D*, H),C, F) = C"(G,D,C"(H,C, F))
that is natural inm, n, F, G, and H.

Proof. The two claims are formally dual; we will prove the first version.
Let M be any object in M and let K : D’ X C®? x D x C — Set be the
functor defined below:

K(d',c'.d,c)= AGd' ® H(c',d), M(Fc, M))
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Notice that we have the following natural bijections:

K@d',c',d,c) 2 M(Gd' ® H(c',d)) © Fc, M)
> M(Gd' ©(H(c',d)©O Fc), M)
= M(H(c',d)© Fe,Gd' hm M)

Now, using the definition of the generalised bar complex, we obtain the natural
bijections shown below:

M(B,,(B,(G,D,H),C,F),M)

g/ Set(B,, (4., C,A°), M(B,(G,D,H(c',-)) © Fc,M))
(c',0)

= / Set(B, (%, C,A), A(B,(G,D, H(c',-)), M(Fc, M)))
(c",0)

g/ Set<Bn(ﬁC,,C,ﬁ”),/ Set(Bm(ﬁd,,lD,ﬁ"),K(d’,c’,d,c))>
(c’,0) d’.d)
g/ / Set(B, (A, C,A°) XB,, (A, D,A"),K(d’,c'.d,¢))
(c'0) J(d'.d)
On the other hand,

M(B,(G,D,B,(H,C,F)),M)

= / Set(B, (4, D,A"), M(Gd' ©B,,(H(—,d),C,F),M))
(d’.d)

g/ Set(B, (4, D,A"), M(B,,(H(—,d),C,F),Gd' h M))
(d’.d)

g/ Set(Bn(ﬁd,,[D,ﬁd),/ Set(Bm(ﬁc/,C,ﬁ"),K(d’,c’,a’,c))>

d’.d) (c’,c)

g/ / Set(B, (/. D,A") xB,, (A, C,A°),K(d',¢’,d,¢))
(d'.d) J (c’.c)

and so, applying the interchange law for ends (theorem A.6.13), we obtain a
natural bijection

M(B,(B,(G,D,H),C,F),M) = M(B,(G.D,B,(H,C,F)),M)

and the claim follows by the Yoneda lemma. [ |
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Definition 1.6.19. Let C be a small category.

* Given O : A xsSet — sSet, the bar construction for a diagram F : C —
sSet weighted by a functor G : C® — A is the following coend:

[n]:A
B(G,C,F)=/ A'xB,(G,C, F)

In other words, B(G, C, F) is the realisation

B.(G,C, F)|.

* Given h : A X sSet — sSet, the cobar construction for a diagram
F : C — sSet weighted by a functor G : C — A is the following end:

C(G,C,F) = / [A",B,(G,C, F)]
[n]:A

In other words, C(G, C, F) is the totalisation Tot C*(G, C, F).

Lemma 1.6.20. Let C be a small category, let F : C — sSet be a diagram, and
let G : C® — sSet be a weight. We then have bijections

(B(G.C,F)), =B,(G,.C,F,)
that are natural in n.
Proof. Apply lemma 1.5.7 to remark 1.6.17. [ ]
Proposition 1.6.21. Let C be a small category and let A be any category.

e Let F : C — sSet be a diagram, let G : C*®® - A be a weight, and let M
be a simplicial set. Given © : A X sSet — sSet, we have bijections

C.A°),[Gc' © Fe, M])

¢

sSet(B(G,C, F), M) = / sSet(B, (A

(c’,¢):CPxC
that are natural in F, G, and M.

e Let F : C — sSet be a diagram, let G : C — A be a weight, and let M
be a simplicial set. Given i : AP X sSet — sSet, we have bijections

C,ﬁc), [M, Gc' ch])

()

sSet(M,C(G,C, F)) = / sSet(B, (A

(c’,c):CPxC

that are natural in F, G, and M.

100



1.6. Bar and cobar complexes

Proof. We will prove the first claim; the second can be proved in a similar way.
By definition, we have the natural bijection

sSet(B(G,C, F), M) = / sSet(A'x B,(G,C,F), M)
[n]:A
and furthermore, we also have the following:

sSet(A' xB,(G,C, F), M)
~ sSet(B,(G,C, F),[A", M])

= / Set(B,(f,,C,A°),sSet(Gc' @ Fe,[A', M)))
(

¢’ ,c):CPxC

- / Set(B, (5. C.i¢).sSet (&, [Ge' © Fe, M]))
(

¢’ ,c):CPxC

g/ sSet(disc B, (., C,A°) X A", [Ge' © Fe, M|)
(

¢’ ,c):CPxC
Thus, applying the interchange law for ends (theorem A.6.13) and corollary 1.5.8,

we obtain

C.A°), [Gc' © Fe, M])

¢

sSet(B(G,C, F), M) = / sSet(B, (A

(c’,¢):CPxC
as required. [ ]

Proposition 1.6.22. Let C be a small category.

(1) For each weight G : C® — sSet, the functor B(G,C, —) : [C,sSet] —
sSet has a right adjoint, namely the functor that sends a simplicial set M
to the diagram ¢ [B(G, COp,ﬁc), M]

(i) For each diagram F : C — sSet, the functor B(—,C, F) : [C?,sSet] —
sSet has a right adjoint, namely the functor that sends an object M to the
weight ¢ — C(h,,C®,[F, M]).

(iii) For each simplicial set X, there are isomorphisms
B(X xG,C, F)= X xXB(G,C,F)=2B(G,C,X X F)

that are natural in X, F, and G.
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Dually:

(i") For each weight G : C — sSet, the functor C(G,C, —) : [C,sSet] — sSet
has a left adjoint, namely the functor that sends a simplicial set M to the
diagram c — B(G, C"p,ﬁc) X M.

(ii") For each diagram F : C — sSet, the functor C(—,C, F) : [C,sSet]®? —
sSet has a right adjoint, namely the functor that sends an object M to the
weight ¢ C(ﬁ", C,[M, F]).

(iii") For each simplicial set X, there are isomorphisms
CXxG,C F)=[X,CG,C F)=CG,C[X,F])
that are natural in X, F, and G.

Proof. We will prove the first set of claims; the second can be proved in a similar
way.

(i). Let F : C — sSet be a diagram. By definition, we have the following natural
bijections:

[C,sSet](F, [B(G,C*®,4,),M|) g/ sSet(Fc, [B(G,C*,A,), M|)

c:C

g/ sSet(B(G,C™,4,),[Fc, M])

c:C

Now, using proposition 1.6.21, we also obtain these natural bijections:
sSet(B(G,C™,4,),[Fc, M])

~ / sSet(B (A, €7, ). [Ge" X C(c',e),[Fe, M]])
(c” ,c"):CxC°P

g/ sSet(B (", €™, ). [Ge" X C(c',¢) x Fe, M] )
(c”,c"):CxC°P

Applying the interchange law for ends (theorem A.6.13) and the Yoneda lemma
for coends (proposition A.6.14), we deduce that

[C,sSet](F, [B(G,C®,4,),M|)

~ / sSet(B(ﬁC",C"p,ﬁc,>, [Gc” X Fc’,M])
(c”,c"):CPxC

=~ sSet(B(G,C, F), M)
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naturally in F and M, as required.
(i1). The proof is similar to that of claim (i).

(iii). Apply lemmas 1.6.12 to 1.6.20. (For the dual claim, use theorem 1.5.18
instead.) [ |

Theorem 1.6.23. Let C and D be two small categories.

e Let F : C — sSet be a diagram, let G : D°? — sSet be a weight, and let
H : C® x D — sSet be a functor. There is then an isomorphism

B, (B,(G.D,H),C,F) =B,(G,D,B,(H,C,F))
that is natural in m, n, F, G, and H.

e Let F : C — sSet be a diagram, let G : D — sSet be a weight, and let
H : D°® X C — sSet be a functor. There is then an isomorphism

C"(B,(G,D®, H),C, F) = C"(G,D,C"(H,C, F))
that is natural inm, n, F, G, and H.
Proof. The proof is essentially the same as that of theorem 1.6.18. [ ]
Proposition 1.6.24. Let C be a small category.

 For each diagram F : C — sSet and each functor G : CP — Set, there is
a morphism B(G,C, F) — G x F, and it is natural in both F and G.

e For each diagram F : C — sSet and each functor G : C — Set, there is a
morphism {G, F)® - C(G,C, F), and it is natural in both F and G.

Proof. By theorem A.6.10 and proposition 1.6.9, we have the following natural
isomorphisms:

[n]:A
/ B,(G,C, F) = Al %0 B,(G,C,F)gli_r)nB,(G,C,F)EG*CF
A©OP

/ C"(G,C, F) = {A1,C*(G,C, F)}* = limC*(G,C, F) = {G, F)°
[n]:A A

The claim then follows from the existence of a (unique) natural transformation
A = Al. [ |
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Definition 1.6.25. Let C be a small category, let M be a locally small category,
and let F : C — M be a diagram.

* The bar resolution of F is the diagram B,(C,C,F) : C —» [A®, M]
defined by the following formula,

crH B,(ﬁc,C,F)
where £, : C°® — Set is the representable functor C(—, ¢).

* The cobar resolution of F is the diagram C*(C,C, F) : C — [A, M]
defined by the following formula,

¢+~ C*(h,C, F)
where A° : C — Set is the representable functor C(c, —).
Lemma 1.6.26. Let C be a small category and let F : C — Set be a diagram.
(1) There is an isomorphism

F =1im+ C*(C,C, F)
Iy

and it is natural in F.
(ii) For each weight G : C — Set, there is an isomorphism
{G,C°(C,C, F)}* 2 C*(G,C, F)
and it is natural in both F and G.

(i11) For each object ¢ in C, there exist maps n. : Fc — C° (ﬁc, C, F), €, :
C (ﬁc, C, F) — Fc,and h,, : crtl (ﬁc, C, F) - C" (ﬁc, C, F) satisfying
these identities:

5}0;10:5(1)0;16

g,on, =1d
hO,c ° 5? =HN.°&,
h, o8 . =6 r°h,. if0<i<n
hn,c ° 6::11 =id
sz ° hn+l,c = hn,c ° O-:;+1 lfo S i S h
hn,c ° hn+1,c = hn,c ° O-Z-tll

These maps are moreover natural in F, and n, is also natural in c.

104



1.6. Bar and cobar complexes

Proof. (i). By lemma 1.6.8, there are bijections

[C.Set] (A, F) = limC*(4°,C, F)
A

that are natural in ¢ and F, so the Yoneda lemma implies F = l(iilA oC*(C,C, F),
naturally in F.

(i1). Applying the Yoneda lemma for ends (proposition A.6.14), we obtain the
following natural bijections:

/C:C [G(c), [C(c,cn) X C(cn,cn_l) X e X C(cl,co), F(co)”

2 [ (60 60 xClewer x - x e Flo)]
A P

Theorem A.6.10 implies that there is a natural isomorphism
{G,C°(C,C,F)}* ~ / [G,C*(C,C, F)]
c:C

and it is now clear that the claim holds.
(iii). Let 7, €., and h,, . be the maps defined below:

Ne(X)(e) = (¥ = F(»)(x))
£.(x) = x(c)(idc)
hn,c(x)(co cn):((y’fn""’fl) Hx(co ,,,,, cn,c)(idc’y’fn""’fl)>

,,,,

By construction, we have €, o5, = 1d F.» and it is not hard to check that the other
identities are satisfied. For naturality of #, in ¢, observe that, given f : ¢ — ¢’
in C, we have

Ner (F(f))) () = 0 = FOEF(f)(X)))
= F(ye f)x)
=(y~ F(H(»))
- CO(f,€.F) (1)

and son,, o F(f) = C°(#’/,C, F) o1, as required. ]
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Proposition 1.6.27. Let C be a small category, let M be a locally small category,
andlet F : C - M be a diagram. If the bar resolution B,(C, C, F) exists, then:

(1) There is an isomorphism

F ~1lim+B,(C,C, F)
Ao

and it is natural in F.
(ii) For each weight G : C°° — Set, there is an isomorphism
G *-.B,(C,C, F)=B,(G,C, F)
and it is natural in both F and G.

(i11) For each object c in C, there exist morphismsn, : Fc — B (ﬁc, C, F), £, :

B,(h..C,F) — Fc, and h : B,(h,,C,F) — B,,,(h,.C, F) satisfying
these identities:

1 _ 1
E.od =¢€,0d,

g.on, =1d

déoh(c)=sor
d' o h! = h e d! fo<i<n
driten =id
Rt o st = it o bl if0<i<n
Rt o by =87 o b

These morphisms are moreover natural in F, and €, is also natural in c.
Dually, if the cobar resolution C*(C, C, F) exists, then:

(1) There is an isomorphism

F =1im+ C*(C,C, F)
Iy

and it is natural in F.
(i) For each weight G : C — Set, there is an isomorphism
{G,C*(C,C, F)}* ~C*(G,C, F)
and it is natural in both F and G.
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(ii1) For each object c in C, there exist morphismsy, : Fc — c’ (ﬁc, C, F), E,:
C? (/ic, C, F) — Fc,and h,, : crl (ﬁc, C, F) - C" (ﬁc, C, F) satisfying
these identities:

8y o, =8 °n,

g on, =1id
h’O,c ° 6? = nc ° 6c
hn,c ° 5£l+1 = 5;1 ° hn—l,c lfO S i S h
h, o8t =id
O-}l;l ° h’n+1,c = hn,c ° Gil+1 lfo S i S n
hn,c ° hn+1,c = hn,c ° 6::-:—_11

These morphisms are moreover natural in F, and n, is also natural in c.

Proof. We may use the Yoneda lemma to reduce the claims to the case in the
previous lemma. H

Homotopy limits and colimits

Prerequisites. §§ 1.2, 1.3, 1.5, 1.6, 3.3, 3.4.

REMARK 1.7.1. It is important to stress that there is an asymmetry between the
theory of homotopy colimits and the theory of homotopy limits in sSet because
not all simplicial sets are fibrant. As such, it will often be necessary to restrict
our attention to Kan complexes when working with homotopy limits.

Proposition 1.7.2. Let C be a small category. For any weight G : C — sSet, if
F : C — sSet is a diagram of Kan complexes, then:

(1) The cobar complex C*(G, C, F) is a Reedy-fibrant cosimplicial simplicial
set, and each horizontal level is a Kan complex.

(i1) The cobar construction C(G, C, F) is a Kan complex.

Proof. (i). Recalling remark 1.6.17, we have the following formula:

C'G.C.F)= [] [Ge,xC(e,e, )X xCeyrcp), Feyl

(conncy)
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Since Fc, is a Kan complex, corollary 1.3.14 and proposition 4.4.18 imply that
C"(G, C, F) is also a Kan complex. The same results, plus the fact that the class
of Kan fibrations is closed under pullbacks (proposition A.3.12), can then be used
to show that the matching morphisms for C*(G, C, F) are Kan fibrations. Thus,
the cobar complex is Reedy-fibrant.

(i1). Theorem 1.5.18 says Tot sends Reedy fibrations in [A, sSet] to Kan fibra-
tions in sSet, so C(G, C, F) is a Kan complex when C*(G, C, F) is Reedy-fibrant.

Corollary 1.7.3. Kan is closed in sSet under cobar complexes and cobar con-
structions. B

Definition 1.7.4. Let C be a category and let F, F’ : C — sSet be functors.
A natural weak homotopy equivalence F = F’ is a natural transformation
whose components are weak homotopy equivalences of simplicial sets.

Proposition 1.7.5. Let C be a small category.

(i) For each weight G : C® — sSet, if ¢ : F = F' is a natural weak
homotopy equivalence of diagrams C — sSet, then the induced morphism
B(G,C,p) : B(G,C, F) - B(G,C, F') is a weak homotopy equivalence
of simplicial sets.

(ii) For each diagram F : C — sSet, if v : G = G’ is a natural weak
homotopy equivalence of weights C*® — sSet, then the induced morphism
B(y,C, F) : B(G,C, F) —» B(G',C, F) is a weak homotopy equivalence
of simplicial sets.

Dually:

(i") For each weight G : C — sSet, if ¢ : F = F’ is a natural weak ho-
motopy equivalence of diagrams C — Kan, then the induced morphism
C(G,C,p) : C(G,C,F) - C(G,C, F') is a weak homotopy equivalence
of Kan complexes.

(ii") For each diagram F : C — Kan, if v : G = G’ is a natural weak
homotopy equivalence of weights C®® — sSet, then the induced morphism
C(y,C,F):C@G,C,F) —» C(G',C, F) is a weak homotopy equivalence
of Kan complexes.
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Proof. Use proposition 1.3.19 and corollary 4.4.19 to show that the correspond-
ing morphisms of bar/cobar complexes is a Reedy weak homotopy equivalence,
and then apply theorems 1.5.9 and 1.5.18 to deduce that the induced morphism
of bar/cobar constructions is a weak homotopy equivalence. [ ]

Lemma 1.7.6. Let C be a small category. For each object ¢ in C, the bar con-
struction B (Al, C, /ic) is a weakly contractible simplicial set.

Proof. 1tis not hard to see that B (A 1,C, /ic) is naturally isomorphic to the nerve
N(“/C), and since */C has an initial object, the unique functor /C — 1 has
a left adjoint. Using proposition 1.2.1, we may obtain a backward contracting
homotopy for N(C/C) onto A, and thus, by proposition 1.4.26, B(Al, C,ﬁc) is
a weakly contractible simplicial set. [ |

Proposition 1.7.7. Let F : C — sSet be a small diagram.

(1) There is a natural weak homotopy equivalence € : B(C,C, F) = F that
is natural in F.

(i) The induced morphism

lim Zgc ., : imB(C, C, B(C, C, F)) - limB(C, C, F)
C C C

is a weak homotopy equivalence of simplicial sets.

(iii) The bar resolution functor B(C,C, —) : [C,sSet] — [C,sSet] preserves
natural weak homotopy equivalences.

Dually:

(i") There is a natural weak homotopy equivalence fj : F = C(C,C, F) that
is natural in F.

(ii") If Fc is a Kan complex for each object c in C, then the induced morphism

l(iLn FlC(C,C,F) : l(iLn C(C7 C? F) - l(iLn C(C’ C’ C(C9 C9 F))
C C C

is a weak homotopy equivalence of Kan complexes.

(iii") The cobar resolution functor C(C,C, —) : [C, sSet] — [C, sSet] preserves
natural weak homotopy equivalences.
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Proof. We will prove the first set of claims; the second set can be proved in a
similar way.

(1). Proposition 1.4.26 applied to proposition 1.6.277 implies that the components
of the natural transformation €, : B,(C,C, F) = A o F are (halves of) simpli-
cial homotopy equivalences. Lemma 1.5.7 plus corollary 2.3.4 then says that the
induced morphisms B(A°,C, F) — Fc are (halves of) simple homotopy equi-
valences, and so |s F| : B(C,C, F) = F is a componentwise weak equivalence,
by proposition 1.4.20. It is clear that |s F| is natural in F and is the required
natural weak homotopy equivalence B(C,C, F) = F.

(i1). Proposition 1.6.24 and remark A.5.11 imply there is a natural isomorph-
ism li_r)nC B(C,C, F) 2 B(Al,C, F). Lemma 1.7.6 implies the unique natural
transformation B(A1, C, C) = Al is a natural weak homotopy equivalence, and
therefore (by proposition 1.7.5) the induced morphism

B(B(A1,C,C),C, F) — B(AL,C, F)

is a weak homotopy equivalence. Using the fact that the functor B(—, C, F)
preserves weighted sSet-colimits, it can be shown that the following diagram
commmutes,

B(A1,C,B(C,C, F)) —— B(B(Al,C,C),C, F)

lim &
c B(Al,C,F)l l

B(AL,C, F) B(AL,C, F)

where @, is the natural isomorphism of theorem 1.6.23, and thus we may deduce
that g5, ¢ ) is indeed a weak homotopy equivalence.

(iii). Consider a natural transformation ¢ : F = F' such that the components of
@ are weak homotopy equivalences. Then, we have the following commutative
diagram of natural transformations:

|€F|

B(C,C,F) —— F

B(C,C,w)l l@

B(C,C,F') —— F’

|5F’|
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The 2-out-of-3 property for weak homotopy equivalences then implies that the
components of B(C, C, ¢) must also be weak homotopy equivalences. [ |

Definition 1.7.8. Let C be a small category.

* A homotopy colimit functor for diagrams C — sSet is a homotopical left
approximation for the functor li_n)lc : [C, sSet] — sSet.

* A homotopy limit functor for diagrams C — sSet is a homotopical right
approximation for the functor l(iLnC : [C, sSet] — sSet.

Theorem 1.7.9. Let C be a small category and let R : sSet — sSet be a fibrant
replacement functor for sSet.

(1) The functor li_n}C : [C,sSet] — sSet sends natural weak homotopy equi-
valences between diagrams of the form B(C, C, F) to weak homotopy equi-
valences in sSet.

(11) B(C, C, —) is (the functor part of) a functorial left deformation retract for
lim .
—cC
(ii1) B(A1, C, —) is a homotopy colimit functor for diagrams C — sSet.
Dually:

(i") The functor 1}Ln@ : [C,sSet] — sSet sends natural weak homotopy equi-
valences between diagrams of the form C(C,C, RF) to weak homotopy
equivalences in sSet.

(ii") C(C,C,-) is (the functor part of) a functorial right deformation retract
for l(iLnC.

(iii") C(A1, C, R-) is a homotopy limit functor for diagrams C — sSet.

Proof. We will prove the first set of claims; the second set can be proved in a
similar way.

(1) and (ii). Propositions 1.6.24, 1.7.5, and 1.7.7 together imply that B(C, C, —)
and £ : B(C,C, —) = idg,, satisfy the hypotheses of proposition 3.4.5 and so
constitute a left deformation for the functor li_r)nc.

(ii1). Apply theorem 3.4.10. |

I1I






2.1

SIMPLICIAL CATEGORIES

Basics

Prerequisites. §§ 0.2, 1.1, 1.2, A.2.
In this section, we use the explicit universe convention.

Definition 2.1.1. A simplicial category C, consists of the following data:
* For each natural number n, a category C,.

* For each natural number n and 0 < i < n, a functord; : C, - C,_, and a
functor s} : C, = C,,,.

These functors are moreover required to satisfy the simplicial identities. The
underlying category of C, is the category C,,.

REMARK 2.1.2. In short, a simplicial category is a simplicial object in the meta-
category of all categories. Thus, we may refer to the functors d;' and s as face
operators and degeneracy operators, just as in the general case.

Definition 2.1.3. Given two simplicial categories C, and D,, a simplicial func-
tor F, : C, — D, consists of a functor F, : C, = D, for each natural number n,
such that the functors F, are compatible with the face and degeneracy operators
in the obvious sense:

dinFn:Fn—ldin S?Fn:Fn+1S?

Definition 2.1.4. Given two simplicial functors F,, F, : C, — D,, a simplicial
natural transformation ¢, : F, = F, consists of a natural transformation
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@, : F, = F, for each natural number n, such that the natural transformations
@, are compatible with the face and degeneracy operators in the obvious sense:
dzn(pn = (pn—ldin Slr'l(pn = (Pn+lszr'l
Definition 2.1.5. Let U be a universe. A U-small (resp. locally U-small) sim-

plicial category is a simplicial category C, such that each C, is U-small (resp.
locally U-small).

Example 2.1.6. If C is a U-small category, then we have a U-small constant sim-
plicial category C,, where C, = C for all n, with the trivial face and degeneracy
operators.

Definition 2.1.7. The bisimplicial nerve of a simplicial category C, is the bisim-
plicial set N* (C.) defined by the following formula:

(N*(C))m =N(C,),
In other words, the m-simplices of the n-th level of N* (C,) are the composable
strings of morphisms in C,, of length n.

Example 2.1.8. Let C be an ordinary category, and consider the simplicial cat-
egory C, defined by C, = [I[n], C], where I[n] denotes the groupoid obtained
by freely inverting all the arrows in [n]. The bisimplicial nerve N* (C.) is then
(isomorphic to) the classifying diagram of C, in the sense of Rezk [2001].

Proposition 2.1.9. Let U be a universe, let [A°P, Cat] be the category of U-small
simplicial categories, and let ssSet be the category of bisimplicial sets.

(1) [A®P, Cat] is a locally finitely presentable U-category.
(i1) N* : [A°P, Cat] — ssSet is a fully faithful R -accessible functor.
(iii) N* has a left adjoint.
Proof. (1). This is an instance of proposition 0.2.30.

(i1). That N* : [A®P,Cat] — ssSet is a fully faithful N -accessible functor
essentially follows from the fact that N : Cat — sSet is so: see proposition 1.2.1
and the accessible adjoint functor theorem (0.2.35).

(iii). It is also clear that N* preserves limits for U-small diagrams, so we may
apply the accessible adjoint functor theorem to construct a left adjoint for N*.
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Definition 2.1.10. A simplicially enriched category C consists of the following
data:

* A set of objects, ob C.

A simplicial set of morphisms, mor C.

A pair of simplicial maps dom, codom : mor C — discob C.

For each element C of ob C, a vertex id in mor C such that domid, = C
and codomid. = C.

A simplicial map CI2I — mor C, written as (f, @) — p o a, where CI2] is
the simplicial set defined by the following pullback diagram:

C2l ——— mor C

| [son

mor € ——— discob C

These are moreover required to satisfy the following condition:

* For each natural number #n, the given identities and binary operation induce
a category with ob C for its object-set and (mor C),, for its morphism-set.

As usual, we write C(C, C”) for the simplicial subset of mor C consisting of those
simplices a such that dom a = C and codoma = C’.

The underlying category of a simplicial category C is the category C ob-
tained by taking C(C’, C) = C(C’, C),, with the evident identity morphisms and
induced composition. By object or morphism in C, we shall always mean an
object or morphism in the underlying category C.

REMARK 2.1.11. It is clear from the definition that a simplicially enriched cat-
egory C induces a simplicial category C,, but not every simplicial category arises
in this fashion: simplicially enriched categories correspond to the simplicial cat-
egories C, where ob C, is a constant simplicial set.

Definition 2.1.12. Given two simplicially enriched categories C — D, a simpli-
cially enriched functor F : C — D consistsof amapob F : obC — obDand a
simplicial map mor F : mor C — mor D that respect the structure of simplicially
enriched categories in the obvious sense.
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REMARK 2.1.13. There is a natural bijection between simplicially enriched func-
tors C and D and simplicial functors C, — D,, where C, and D, are the simplicial
categories associated with C and D.

Of course, just as in the simplicial case, a simplicially enriched functor F :
C — D has a underlying functor F : C — D between the underlying categories.

Definition 2.1.14. Given two simplicially enriched functors F, F’' : C —» D,
a simplicially enriched natural transformation ¢ : F = F' consists of a
morphism ¢, : FC — F'C in D for each object C in C, such that the following
diagram commutes for all pairs (C, C"):

D(FC,FC)

V wc/)

c(c,C) D(FC,F'C")

m %C')

D(F'C,F'C’)

REMARK 2.1.15. It is not hard to see that any simplicially enriched natural trans-
formation has an underlying natural transformation; but unlike simplicially en-
riched functors, being a simplicially enriched natural transformation merely a
property, rather than an extra structure. Less obviously, the bijection between
simplicially enriched functors and simplicial functors also extends to a bijec-
tion between simplicially enriched natural transformations and simplicial natural
transformations.

Definition 2.1.16. Let U be a universe. A U-small simplicially enriched cat-
egory is a simplicially enriched category C such that ob C is a U-set and mor C
is a simplicial U-set. A locally U-small simplicially enriched category is a
simplicially enriched category C such that ob C is a U-class and, for each pair
(C', C) of elements of ob C, the simplicial set C(C’, C) is a simplicial U-set.

REMARK 2.1.17. If sSet is the category of simplicial U-sets, then a locally U-
small simplicially enriched category is essentially the same thing as a sSet-
enriched category whose object-set is a U-class.

Example 2.1.18. Since sSet is a cartesian closed category (theorem A.2.22), we
may make it a simplicially enriched category by taking sSet(X,Y) = [X,Y].
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This is a locally U-small simplicially enriched category, since each [X,Y]is a
simplicial U-set.

Definition 2.1.19. A discrete simplicially enriched category is a simplicially
enriched category C such that mor C is a constant simplicial set.

Proposition 2.1.20. Let U be a universe. If C is a locally U-small category, then
there exists a locally U-small discrete simplicially enriched category C whose
underlying category is C such that, for all simplicially enriched categories D, the
map sending a simplicially enriched functor C — D to its underlying ordinary
functor C — D is a bijection.

Proof. Obvious. ¢

Definition 2.1.21. Given two simplicially enriched functors F, F' : C — D,
the simplicial set of natural transformations F = F' is the simplicial set
Nat(F, F') defined by the equaliser diagram shown below,

Nat(F, F') —— [] DFc.Fre) —= [] [cc.c).DFC, F'Ch)
CeobC CeobC
C’eobC

where the two maps are defined in components by the following composites,
respectively,

(mor F')*

D(FC,F'C) —— |D(F'C,F'C"),D(FC,F'C")| —= [C(C,C"), D(FC,F'C")|

(mor F)*

D(FC',F'C") —— [D(FC,FC'),D(FC, F'C")| === [C(C,C"), D(FC,F'C")|
with the first arrow in each diagram being the exponential transpose of the com-
position map.

Proposition 2.1.22. Let U be a universe.

(1) If D and &€ are U-small simplicially enriched categories, then there exist
a U-small simplicially enriched category D X € and simplicially enriched
functors p, : DX E = Dand p, : DX €& = & such that (pl,pz) induce
a bijection between simplicially enriched functors (F,G) : C - D X &
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and pairs (F, G) of simplicially enriched functors, where F : C — D and
G : C — &, where C varies over all simplicially enriched categories.

(1) If D is a U-small simplicially enriched category and & is a locally U-
small simplicially enriched category, then there exist a locally U-small
simplicially enriched category [D, £] and a simplicially enriched functor
ev: [D,E]1XD — & such that ev induces a bijection between simplicially
enriched functors C X D — & and simplicially enriched functors C —
[D, £], where C varies over all simplicially enriched categories.

(ii1) If D and & are both U-small simplicially enriched categories, then [D, £]
is also U-small.

Proof. Omitted, but straightforward. ¢

Proposition 2.1.23. Let U be a universe, let SCat be the category of U-small
simplicially enriched categories, and let [A°P, Cat] be the category of U-small
simplicial categories.

(i) SCat, regarded as a full subcategory of [A?, Cat], is closed under limits
and colimits for all U-small diagrams.

(i) SCat is a cartesian closed category.

(iii) The inclusion SCat < [AP, Cat] has a left adjoint, and SCat is a locally
finitely presentable U-category.

Proof. (i). The functor [A°P,0ob] : [A°?, Cat] — sSet has a left adjoint and a
right adjoint, so it follows that a limit or colimit for diagrams of simplicially
enriched categories, computed as a simplicial category, will have object-space a
discrete simplicial set and thus be isomorphic to a simplicially enriched category.

(i1). This is implied by proposition 2.1.22.

(iii). It is not hard to directly construct a left adjoint for the inclusion SCat <
[A°P, Cat], and once this is done, we may apply the classification theorem for
locally presentable categories (0.2.26) to deduce (from proposition 2.1.9) that
SCat is also locally finitely presentable. Alternatively, one may instead first
show that SCat is locally finitely presentable and then use the accessible adjoint
functor theorem (0.2.35) to construct a left adjoint for the inclusion. O
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Definition 2.1.24. Let C be a simplicially enriched category.

* A tensor product of a simplicial set X and an object A in C is an object
X © A in C equipped with a family of isomorphisms of simplicial sets of
the form

C(X©A,B)=[X,C(A, B)]

that are simplicially natural as B varies in C. We may also say that X © A
is a simplicial copower of A by X.

* A cotensor product of a simplicial set X and an object B in C is an object
X M B in C equipped with a family of isomorphisms of simplicial sets of
the form

C(A, X M B)=[X,C(A, B)]

that are simplicially natural as A varies in C. We may also say that X mh B
is a simplicial power of B by X.

Definition 2.1.25. Let U be a universe and let sSet be the simplically enriched
category of simplicial U-sets.

* A simplicially tensored U-category is a locally U-small simplicially en-
riched category C equipped with a simplically enriched functor

O:sSetxC — C
and a family of isomorphisms in sSet of the form
C(X © A, B) = sSet(X,C(A, B))
constituting a simplicially enriched natural transformation in A, B, and X.

* A simplicially cotensored U-category is a locally U-small simplicially
enriched category C equipped with a simplically enriched functor

M:sSet” xC - C
and a family of isomorphisms in sSet of the form
sSet(X,C(A, B)) = C(A, X M B)

constituting a simplicially enriched natural transformation in A, B, and X.
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REMARK 2.1.26. The simplicially enriched functor ® (resp. M) is unique up to
unique natural isomorphism, so a locally U-small simplicially enriched category
is a simplicially tensored (resp. cotensored) U-category in at most one way up
to isomorphism.

Theorem 2.1.27. Let C be a locally U-small simplicially enriched category. The
following are equivalent:

(1) Cis a simplicially tensored U-category.

(i1) C has tensor products X © A for all simplicial U-sets X and all objects A
in C.

(iii) There exist a functor © : sSet X C — C and natural bijections of hom-sets
C(X O A, B) @ sSet(X,C(A, B))

together with a natural isomorphism n : id, = 1 © (=) and natural iso-
morphisms pyy : X © (Y © (-)) = (X XY) O () satisfying the condi-
tions in remark B.2.2.

Dually, the following are equivalent:
(") C is a simplicially cotensored U-category.

(ii") C has cotensor products X M B for all simplicial U-sets X and all objects
BinC.

(iii") There exist a functor th : sSet®® XC — C and natural bijections of hom-sets
sSet(X,C(A, B)) = C(A, X M B)
together with a natural isomorphism n : id. = 1 M (=) and natural iso-

morphisms pty y : XM(Y () = (X X Y)N(-) satisfying the conditions
in remark B.2.2.

Proof. See [777]. [ |

120



2.1. Basics

Definition 2.1.28. Let C be a locally U-small simplicially enriched category and
let F: D — C be adiagram in C.

* A conical colimit for F in C is an object A and a cocone 4 : F = AA
such that, for all objects B in C, the hom-functor C(—, B) : C*” — sSet
sends A to a limiting cone in sSet.

* A conical limit for F in C is an object B and a cone A : AB = F such
that, for all objects A in C, the hom-functor C(A,—) : C — sSet sends 4
to a limiting cone in sSet.

REMARK 2.1.29. Every conical colimit (resp. limit) for F in C is a colimit (resp.
limit) for F in the underlying category C, but the converse is not true in general.

Proposition 2.1.30. Let C be a locally U-small simplicially enriched category
and let F : D — C be a diagram in C. If C is simplicially cotensored, then the
following are equivalent for any cocone A : F = AA:

(1) A is a conical colimit for F in the simplicially enriched category C.
(11) A is a colimit for F in the underlying category C.

Dually, if C is simplicially tensored, then the following are equivalent for any
cone A: AB = F:

(i") A is a conical limit for F in the simplicially enriched category C.
(ii") A is a limit for F in the underlying category C.

Proof. This is a straightforward exercise in manipulating adjunctions and hom-
functors. O

Definition 2.1.31. Let C be a locally U-small simplicially enriched category,
let D be a U-small simplicially enriched category, and let F : D — C be a
simplicially enriched functor.

* Given a simplicially enriched functor W : D — sSet, a W -weighted
colimit for F is an object W x, F equipped with a simplicially enriched
natural isomorphism of the following form:

C(W *xp F,—) = [D*,sSet|(W,C(F, -))
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* Given a simplicially enriched functor W : D — sSet, a W -weighted limit
for F is an object { W, F}2 equipped with a simplicially enriched natural
isomorphism of the following form:

C(-.{W,F)®) = D,sSet|(W,C(-, F))

REMARK 2.1.32. When D is the free simplicial enrichment of an ordinary cat-
egory D, ordinary cocones (resp. cones) on diagrams F : D — C are automatic-
ally simplicially enriched, and thus conical colimits (resp. limits) for F are the
same thing as Al-weighted colimits (resp. limits) for F, where Al denotes the
constant functor with value 1 in sSet.

Definition 2.1.33. Let U and U" be universes, with U C U*.

» A U-cocomplete simplicially enriched category is a locally U"-small
simplicially enriched category C such that, for all U-small simplicially
enriched diagrams F : D — C and all U-small weights W : D — sSet,
C has a W-weighted colimit for F.

* A U-complete simplicially enriched category is a locally U"-small sim-
plicially enriched category C such that, for all U-small simplicially en-
riched diagrams F' : D — C and all U-small weights W : D — sSet, C
has a W -weighted limit for F.

Proposition 2.1.34. Let C be a locally U-small simplicially enriched category.

* Cis U-cocomplete if and only if C is simplicially tensored and has conical
colimits for all U-small diagrams.

* C is U-complete if and only if C is simplicially cotensored and conical
limits for all U-small diagrams.

* Cisboth U-cocomplete and U-complete if and only if C is both simplicially
tensored and cotensored and the underlying category C is U-cocomplete
and U-complete.

Proof. See [777]. ]
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2.2. Homotopical aspects

Homotopical aspects
Prerequisites. §§ 1.2, 1.4, 2.1, A.4.

Definition 2.2.1. Let V be a category with finite products and let F : sSet — V
be a functor that preserves finite products. The F-localisation of a locally small
simplicially enriched category C is the following V-enriched category F[C]:

* The objects in F[C] are the objects in C.

* For each pair (X, Y) of objects in C, the hom-object F[C](X,Y) is the
object F(C(X,Y)).

* Identities and composition in F[C] are inherited from C via F.

REMARK 2.2.2. It is clear that F-localisation is 2-functorial and moreover pre-
serves finite products of simplicially enriched categories; unlike localisation of
relative categories, F-localisation may or may not have a universal property.
Nonetheless, there is always a localising functor C — F[C] between the under-
lying categories.

Definition 2.2.3. Let C be a locally small simplicially enriched category. A

parallel pair of morphisms g, g, : A — B in C are F'-homotopic if their images
F

under the localising functor C — F[C] are equal, in which case we write g, ~ g;.
Example 2.2.4. The notion of intrinsic homotopy in sSet is obtained as the spe-
cial case where F is the connected components functor 7, : sSet — Set.!]

Definition 2.2.5. Let C be a locally small simplicially enriched category. A
weak F-homotopy equivalence in C is a morphism in C whose image in F[C]
is an isomorphism. An F-homotopy equivalence in C is a pair (f, g), where
f A — Bandg : B — A are morphisms in C such that g o f < id, and
feog L idg. Two morphisms f : A - Band g : B — A are mutual F-
homotopy inverses when (f, g) constitute an F-homotopy equivalence.

REMARK 2.2.6. By lemma A.4.14, the class of weak F-homotopy equivalences
in C automatically has the 2-out-of-6 property in C.

Recall proposition 1.2.4.
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Lemma 2.2.7. Let C be a locally small simplicially enriched category, let V be
a cartesian closed category, and let F : sSet — V be a functor that preserves
finite products.

» If C is tensored over sSet, f : X — Y is a weak F-homotopy equivalence
insSet, and g : A — B is a weak F-homotopy equivalence in C, then the
morphism f ©g : X © A = Y O B is a weak F-homotopy equivalence in
C.

» If C is cotensored over sSet, f : X — Y is a weak F-homotopy equival-
ence insSet, and g : A — B is a weak F-homotopy equivalence in C, then
the morphism fhg : Y M A — X M B is a weak F-homotopy equivalence
in C.

Proof. Since © (resp. M) is a simplicially enriched functor sSet X C — C (resp.
sSet™ X C — C), it induces a V-enriched functor F[sSet] x F[C] — F[C] (resp.
F[sSet]” X F[C] — F[C] and so a fortiori must preserve weak F-homotopy
equivalences. [ |

Definition 2.2.8. A simplicial homotopy « : f, = f, in a simplicially enriched
category C is an edge a in mor C such that d’a)=f , and d'(a) = fo. For each
morphism f : X — Y inC, wedefineid, : f = f tobe the simplicial homotopy
$o(f)-

REMARK 2.2.9. Because ob C is a discrete set, we must have dom f;, = dom f;
and codom f, = codom f.

Lemma 2.2.10. Let C be a locally small simplicially enriched category, and let
a : fy, = f, be an intrinsic homotopy of morphisms in sSet.

e If Cis tensored over sSet, then for any morphismg : A — BinC, a©id, :
fo© g = f, ©gisasimplicial homotopy of morphisms in C.

 If C is cotensored over sSet, then for any morphism g : A - B in C,
amid, : fohg = f, Mg isasimplicial homotopy of morphisms in C.

Proof. This is an immediate consequence of the fact that © (resp. M) is a simpli-
cially enriched functor sSet X C — C (resp. sSet” x C — O). |
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Proposition 2.2.11. Let 7, : sSet — Set be the connected components functor,
let 7t : sSet — H be the weak homotopy type functor,”) and let C be a locally
small simplicially enriched category.

(1) A morphism in C is a weak ry-homotopy equivalence if and only if it is a
weak w-homotopy equivalence.

(i1) The localising functor y : C — m,[C] induces a bijection between simpli-
cially enriched functors C — D and ordinary functors C — D, where D
is an ordinary category (regarded as a simplicially enriched category via
proposition 2.1.20).

(iii) If C is moreover tensored or cotensored over sSet, then n,[C] is the local-
isation of C at the weak m-equivalences.

Proof. (1). The underlying category of the H-enriched category 7[C] is naturally
isomorphic to the category x,[C], since H(1,®X) = 7, X, and the property of
being an isomorphism in a H-enriched category depends only on the underlying
category.

(i1). By proposition 1.2.4, a morphism from a simplicial set X to a discrete set
Y must factor through 7, X in a unique way, so a simplicially enriched functor
C — D must factor through 7,[C].

(ii1). Simplicially tensored categories and simplicially cotensored categories are
formally dual; we will prove the claim for case where C is tensored over sSet.

First, consider a simplicial homotopy « : f, = f, of morphisms A — B
in C. Transposing across the tensor-hom adjunction yields H : A' © A — B
making the diagram below commute:

NoAM A

5'oid, Jo

Recall proposition 1.4.12.
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Using lemma 2.2.7, it is not hard to see that $°®id , and ' ®id , are z,-homotopy
equivalences in C with common 7z,-homotopy inverse ¢° ® id,, so any functor
that sends weak 7z,-homotopy equivalences to isomorphisms must also identify
fo and f,, and hence, must factor through 7,[C]. [ |

Proposition 2.2.12. Let C be a simplicially enriched category.
(1) The localising functor C — m,[C] is full and surjective on objects.

(i1) A morphism in C is a weak m-homotopy equivalence if and only if it has a
m-homotopy inverse.

(i11) Two objects in C are isomorphic in ®[C] if and only if there is a ®-homotopy
equivalence between them in C.

Proof. Claim (i) is just the observation that the canonical map X, — 7z,X is
surjective, and the rest follows straightforwardly. ¢

Definition 2.2.13. The simplicial homotopy category of a locally small sim-
plicially enriched category C is the H-enriched category mt[C], and a simplicial
homotopy equivalence in C is a ;-homotopy equivalence.

REMARK 2.2.14. By remark 1.4.17, the notion of m-equivalence is stable under
universe enlargement, as is the notion of simplicial homotopy category.

REMARK 2.2.15. It is sometimes convenient to consider other localisations; for
example, if 7, : sSet — Grpd is the fundamental groupoid functor,”! then the
2-category ;[C] has the following properties:

(1) The underlying category of x;[C] is naturally isomorphic to the underlying
category of C itself.

(i1) Given a parallel pair f,, f; : A = B in C, there exists a 2-cell f, = f, if
and only if f;, and f| are ®-homotopic in C.

(ii1) A morphism is a simplicial homotopy equivalence in C if and only if it is
an equivalence in the 2-category 7, [C].

However, if 7, : sSet — Cat is the fundamental category functor,*) then the
2-category 7,[C] in general only enjoys the first of the above properties.

Recall proposition 1.2.7.
Recall proposition 1.2.1.
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2.3. Simplicial and cosimplicial objects

Definition 2.2.16. A Dwyer—-Kan equivalence of simplicially enriched cat-
egories is a simplicially enriched functor F : C — D such that the induced
H-enriched functor [ F] : ®[C] — =[D] is fully faithful and essentially surject-
ive on objects.

Simplicial and cosimplicial objects
Prerequisites. §§ 1.1, 2.1, A.6.
Definition 2.3.1. Let M be a locally small simplicially enriched category.

* A realisation of a simplicial object A, in M is an object |A, in M with
a simplicially enriched natural isomorphism of the form below:

M(|A,

=) = [A,sSet] (4, M(4,.))

* A totalisation of a cosimplicial object B* in M is an object |B*| in M
with a simplicially enriched natural isomorphism of the form below:

M(_’ Tot B.) = [Aa M](A.7M(_’ B.))

Proposition 2.3.2. Let M be a locally small simplicially enriched category.

 If M is cocomplete as a simplicially enriched category, then realisations
exist for all simplicial objects in M.

» If M is complete as a simplicially enriched category, then totalisations
exist for all cosimplicial objects in M.

Proof. The two claims are formally dual; we will prove the first version.

Let A, be a simplicial object in M. If M is cocomplete, then there must
exist an object A* %, A, and a simplicially enriched natural isomorphism of
the form below,

M(A" x50 A,, B) = [A,sSet] (A", M(A,, B))

so we may take |A_

= A’ * pop A.. .
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Proposition 2.3.3. Let M be a locally small simplicially enriched category.

* Let X be a simplicial set and let A, be a simplicial object in M. If M is
cocomplete and X [] A, is the simplicial object defined below,

(XEA.),=X,0A4,
then there is an isomorphism
Tot(X [ A,) = X ©Tot A,
and it is natural in both X and A,.

* Let X be a simplicial set and let B* be a cosimplicial object in M. If M
is complete and X [ G* is the cosimplicial object defined below,

(XM B*)"=X,Mh B"
then there is an isomorphism

| X M B*| = X M |B*|
and it is natural in both X and B°®.

Proof. The two claims are formally dual; we will prove the first version.
Using the calculus of ends (§ A.6), we have the following natural bijections:

. B))

M(X 0|4,

,B) = sSet(X, M(|A,
by definition

~ sSet(X, /[n]:A [A",M(An,B)D

by theorem A.6.10

g/. sSet(X, [A",M<An’B>])

by proposition A.6.7

= / sSet(X x A", M(A,, B))
[n]:A
by exponential adjunction

N / / Set(X,, x A([m], [n]), M(A,, B),)
[n]:A J [m]:A

128



2.3. Simplicial and cosimplicial objects

by remark A.6.5
g/ / Set(X,,, Set(A([m], [n]), M(A,,B),,))
[n]:A J [m]:A

by exponential adjunction

g/ Set(Xm,/ Set(A([m],[n]),M(An,B)m)>
[m]:A [n]:A

by the interchange law (theorem A.6.13)

> [ sat(X,M(4,.),)
[m]:A
by the Yoneda lemma for ends (proposition A.6.14)
= / M(X,, ©A,,B),
[m]:A
by definition
= / sSet(A", M(X,, © A,,, B))
[m]:A

by the ordinary Yoneda lemma
=~ M(|X @ A.|. B)

Applying the Yoneda lemma once more, we deduce that |X [] A,| is naturally
isomorphic to X © |A, . [ |

Corollary 2.3.4. Let M be a locally small simplicially enriched category.

o Let f,, fl : A, = B, be a parallel pair of morphisms in [A°®°, M]. If
M is cocomplete as a simplicially enriched category and there exists a
morphism H : A' -] A, — B, making the following diagram commute,

ANA, «—— 4,

8'Cidy, fe

»
~ v

A[HA, —2 B,

6°Cid,, 1!

NIA, +— A,
then there is a simplicial homotopy a : | f| = | f'].
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o Let f°, f'* : A®* = B® be a parallel pair of morphisms in [A, M]. If M is
complete as a simplicially enriched category and there exists a morphism
H : A* - A'[@ B® making the following diagram commute,

B —=— A B*

VAl T&'midg.

A® H Al m B*

f'e l&omidg.

B* —— N[ B

then there is a simplicial homotopy a : | f| = |f'].
Proof. The Yoneda lemma implies there are natural bijections
M(A' © A, B) = M(A, B), = M(A,A' 1 B)

so the required simplicial homotopy is obtained by applying realisation to the
displayed diagrams. [ |

Proposition 2.3.5. Let M be a locally small simplicially enriched category.

* If M is cocomplete and cotensored, then we have the following adjunction
of ordinary categories:

=] 4A N (=) : M — [AP, M]

* If M is complete and tensored, then we have the following adjunction of
ordinary categories:

A O(-)dTot: [A,M] > M

Proof. By definition, we have the following natural bijections:

M(l4.

,B) = [A,sSet](A°, M(A,, B)) = [A®, M](A,, A" 1 B)
M(A, Tot B®) = [A, sSet](A°, M(A, B*)) 2 [A®, M](A"© A,B*) W
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2.4. Homotopy-coherent diagrams

Homotopy-coherent diagrams

Prerequisites. §§ 1.1, 1.2, 2.1, 2.2, 6.1.

Lemma 2.4.1. Let Cat be the category of small categories and let Grph =
sSet_, be the category of reflexive graphs.

(1) The forgetful functor U : Cat — Grph has a left adjoint, say F.

(i) The forgetful functor U : Cat — Grph preserves any colimiting cocone
thatN : Cat — sSet preserves; in particular it is an R,-accessible functor.

(ii1) For any reflexive graph X, the unit morphism ny : X = UF X is a bijec-
tion on vertices.

Proof. (i). We may factor U : Cat — Grph as the nerve functor N : Cat — sSet
followed by the brutal 1-truncation functor (=), : sSet — Grph; but each of
these has a left adjoint, by propositions 1.2.1 and 1.2.11.

(i1). We deduce this claim from the above discussion by noting that (), is
itself a left adjoint; for accessibility, we appeal to the accessible adjoint functor
theorem (0.2.35).

(ii1). This follows straightforwardly from the explicit description of 7. [ |

Definition 2.4.2. With notation as in the lemma, the standard resolution of a
small category C is the small simplicial category S(C), defined by the following
formulae:

S(0), = (FUY™(C)
dln = (FU)n_i+1£(FU)i+1(C)

Here,  and € are the unit and counit of the adjunction F - U : Cat — Grph.
The standard augmentation for a category C is the unique simplicial functor
(%). : S(C), — C given in degree o0 by the counit e : FU(C) — C.

REMARK 2.4.3. The fact that the above formulae do satisfy the simplicial iden-
tities is an instance of the general construction of simplicial objects using a co-
monad. More subtly, the fact that the standard resolution of C is stable under
universe enlargement is an instance of the stability of accessible adjunctions.
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REMARK 2.4.4. Although the standard resolution S(C), of a category C is most
naturally defined as a simplicial category, the fact that ob S(C), is a constant
simplicial set enables us to view it as a simplicially enriched category S(C), per
remark 2.1.1T.

Proposition 2.4.5. For any small category C, the standard augmentation g :
S(C) — C is a Dwyer—Kan equivalence of simplicially enriched categories.

Proof. Given any pair (A, B) of objects in C, e : S(C) — C induces a hom-
space morphism S(C),(A, B) — C(A, B) which admits a backward contracting
homotopy (defined in degree o by the adjunction unit), so it is a weak homotopy
equivalence by propositions 1.4.20 and 1.4.26. [ |

Corollary 2.4.6. The functor ny[S(C)] — C induced by the standard augment-
ation is an isomorphism of categories. [ ]

Definition 2.4.7. Let J be an ordinary category. A homotopy-coherent dia-
gram of shape J in a simplicially enriched category C is a simplicially enriched
functor S(J) — C.

REMARK 2.4.8. It is worth thinking about the data that comprise a homotopy-
coherent diagram of shape J: in degree 0, one must specify a morphism F(f)
in C for every non-trivial morphism f in J (but this assignment need not be
functorial!); in degree 1, for every composable string of non-trivial morphisms
of positive length, such as f; o f, o f,, one has a simplicial homotopy from the
“free” composition to the “true” composition, e.g.

Hrspoty :F(f3>°F<f2)°F(fl> =>F(f3°f2°f1)

and so on in higher degrees. The phrase ‘homotopy-coherent’ alludes to the
relations imposed by the higher simplices: for instance, for each composable
triple ( [ o f 1) as above, one has a pair of 2-cells in mor C as in the diagram
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below:

F(f3°f2)°F(f1)

Hps.ppidy Hizofs.fi
2
F(f3) o F(f2) o F(£) = F(fse f20 1)
T
idpsoup, g 13,0001
F(f3)° F(fye f1)

In particular, if C is obtained from a 2-category € by applying the nerve functor
N : Cat — sSet to its hom-categories, a homotopy-coherent diagram of shape
J in C is the same thing as a normalised lax 2-functor J — €.

Definition 2.4.9. The homotopy-coherent nerve of a simplicially enriched cat-
egory C is the simplicial set defined by the formula below,

N"(C), = {simplicially enriched functors S([n]) — C}

with face and degeneracy maps induced by the coface and codegeneracy maps
in A.

Proposition 2.4.10. Let SCat be the category of small simplicially enriched cat-
egories.

(i) N : SCat — sSet has a left adjoint, which is the unique (up to unique
isomorphism) colimit-preserving functor C : sSet — SCat such that

C(A") = S([n)).
(ii) NP : SCat — sSet and C : sSet — SCat are both accessible functors.

(ii1) If Cis a small category regarded as a simplicially enriched category, then
N(C) is naturally isomorphic to N(C).

Proof. (i). Apply theorem 1.1.11.
(i1). This is an instance of the accessible adjoint functor theorem (0.2.35).

(iii). This follows from proposition 2.2.11 and corollary 2.4.6. [ |
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Definition 2.4.11. Given a simplicial set X, the associated simplicially en-
riched category is the simplicially enriched category C(X) constructed above.

REMARK 2.4.12. The stability of accessible adjunctions under universe enlarge-
ment implies that the simplicially enriched category C(X) associated with a sim-
plicial set X does not depend on the choice of universe.

REMARK 2.4.13. One way of getting a good grip on the hom-spaces of C(X) for
a general simplicial set X is to use the formalism of necklaces introduced by
Dugger and Spivak [2011].

Theorem 2.4.14 (Riehl).
(1) Forany simplicial set X and any pair (a, b) of vertices of X, the hom-space
C(X)(a, b) is 3-coskeletal.

(i1) For any category C and any pair (A, B) of objects in C, the hom-space
C(N(C))(A, B) is 2-coskeletal.

(ii1) For any category C, its associated simplicially enriched category C(N(C))
is naturally isomorphic to the standard resolution S(C).

Proof. See Theorems 4.1, 6.4, and 6.7 in [Riehl, 2011]. O

Corollary 2.4.15. For any simplicially enriched category C and any ordinary
category [J, there is a bijection

{simplicial maps N(J) — N"(C)}
= {homotopy-coherent diagrams of shape J in C}

and it is natural in J and in C. [ |

REMARK 2.4.16. The above result can also be proven directly, and the unique-
ness of representations for functors up to unique isomorphism then implies that
C(N(J)) must be isomorphic to S(J).

Definition 2.4.17. A fibrant simplicially enriched category is a simplicially
enriched category C such that the hom-spaces C(A, B) are Kan complexes for all
pairs (A, B) of objects in C.

Definition 2.4.18. Let F and G be homotopy-coherent diagrams of shape .J in
a simplicially enriched category C. A homotopy-coherent natural transform-
ation I = G is a homotopy-coherent diagram of shape [J X [1] such that the
restriction along S(id; X 6') is F and the restriction along S(id; X 6°) is G.
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Unfortunately, it is in general not possible to compose homotopy-coherent
natural transformations, and even when it is possible, the composite is usually
only well-defined up to higher homotopy. Instead, in good situations, what we
get is a quasicategory:

Theorem 2.4.19. Let J be a small category and let C be a small simplicially
enriched category. Consider the following simplicial set:

[T, Clhe = [N(T),N™(O)]

(1) There is a natural identification of the vertices of [J, Cl,. as homotopy-
coherent diagrams of shape J in C, and similarly, there is a natural iden-
tification of the edges as homotopy-coherent natural transformations.

(i1) If C is fibrant, then the homotopy-coherent nerve th(g ) is a small quasi-
category.

(ii1) Under the same hypothesis, [J, Cl. is a small quasicategory.

Proof. (1). Apply corollary 2.4.15 to the explicit description of exponential ob-
jects in the category of simplicial U-sets.

(i1). See Theorem 2.1 in [Cordier and Porter, 1986].

(ii1). Use corollary 6.2.13. ]

Let us say that a locally small simplicially enriched category C admits rec-
tification for homotopy-coherent diagrams if, for all small categories J, we
have a commutative diagram of functors of the form below,

[T.C] —— 7i[T. Clye
l A
717 C]]
where [T, C] = 7,[J, C],. is the functor
[T, Cl = 7,N([T, C] = 7,[N(T),N(O)] = 7,[T, Cly

induced by the canonical morphism N(C) — th(g), [T, C] = my[[T,C]] is the
localising functor, and 7y[[J,C]] — 1,[J, C],. is fully faithful and essentially
surjective on objects. (Note that this functor is unique if it exists, because the
localising functor [T, C] = =y[[J, C]] is full and bijective on objects.)

I35



II. SIMPLICIAL CATEGORIES

Theorem 2.4.20 (Cordier—Porter). Let C be a locally small simplicially enriched
category. Consider the following conditions:

(1) Cis fibrant and complete as a simplicially enriched category.
(1) C is fibrant and cocomplete as a simplicially enriched category.
(ii1) C is the simplicially enriched category of Kan complexes.

If C satisfies any one of the above conditions, then C admits rectification for
homotopy-coherent diagrams.

Proof. (i). See Theorem 4.7 in [Cordier and Porter, 1986].
(i1). This follows from claim (i) by duality.

(ii1). See the remark following Corollary 2.3 in [Cordier and Porter, 1997]. []



3.1

— I —

HOMOTOPICAL CATEGORIES

Basics
Prerequisites. § A.4.

Definition 3.1.1. A relative category C is a category with weak equivalences
if it is semi-saturated and weq C has the 2-out-of-3 property, and it is a homo-
topical category if weq C has the 2-out-of-6 property. A homotopical functor
is a relative functor between homotopical categories.

REMARK 3.1.2. If C is arelative category such that weq C has the 2-out-of-6 prop-
erty, then every isomorphism in C is automatically a weak equivalence. Indeed,
suppose f : X — Y and g : Y — X are mutual inverses in C; then the fact that
ge f =1dy and f o g = id, are in weq C implies that f and g must also be in
weq C. Recalling lemma A.4.14, it follows that every homotopical category is a
category with weak equivalences.

1 3.1.3. To simplify notation, we will usually not distinguish between und C
and C. For example, when C and D are relative categories, then by ‘ordinary
functor C — D’ we mean a functor und C — und D.

Example 3.1.4. Any saturated relative category is automatically a homotopical
category, by corollary A.4.15. In particular, any minimal saturated relative cat-
egory is a homotopical category. On the other hand, any maximal relative cat-
egory is obviously a homotopical category.

REMARK 3.1.5. A relative category C is a category with weak equivalences or a
homotopical category if and only if the opposite relative category C®® is.
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III. HOMOTOPICAL CATEGORIES

Lemma 3.1.6. Let A be an object in a homotopical category (resp. category
with weak equivalences) C. Then the slice category C,, is also a homotopical
category (resp. category with weak equivalences) if we declare a morphism in
C, 4 to be a weak equivalence if and only if it is a weak equivalence in C.

Proof. Use lemma A.4.14 on the projection functor C,, — C. [ ]

Lemma 3.1.7. Any relative subcategory D of a homotopical category (resp. cat-
egory with weak equivalences) C is also a homotopical category (resp. category
with weak equivalences).

Proof. Use lemma A.4.14 on the inclusion D < C. [ ]

Lemma 3.1.8. Let C be a relative category, let D be a saturated homotopical
category, and let F : C — D be a relative functor. If a morphism in C is a weak
equivalence if and only if its image under F is a weak equivalence in D, then C
is also a saturated homotopical category.

Proof. Consider the induced functor Ho F : HoC — HoD. Let f : X - Y
be a morphism in C such that f is an isomorphism in HoC. Since Ho F is a
functor, F f must be an isomorphism in Ho D; but D is saturated, so F f is a
weak equivalence in D. We may therefore deduce that f is a weak equivalence
in C. [ |

Corollary 3.1.9. Any relative subcategory of a saturated homotopical category
is a saturated homotopical category. [ ]

Lemma 3.1.10. Let C and D be two relative categories. If D is a homotop-
ical category (resp. category with weak equivalences), then the relative functor
category [C, D}, is also a homotopical category (resp. category with weak equi-
valences).

Proof. This is a straightforward check. ¢

Lemma 3.1.11. Let C and D be two relative categories. If D is a saturated ho-
motopical category, then the relative functor category [C, D], is also a saturated
homotopical category.

Proof. For each object C in C, we have a homotopical functor C* : [C, D], - D
that evaluates an object F in [C, D], at C. Thus, we obtain a functor Ho C* :
Ho[C, D], - HoD.
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Consider a morphism ¢ : F = F' in [C, D], such that ¢ is an isomorphism
in Ho [C, D],,. Since Ho C* is a functor, (Ho C*)(¢) must be an isomorphism in
Ho C; but C is a saturated homotopical category, so that implies the component
@ 1s a weak equivalence in C. We therefore conclude that ¢ is a weak equival-
ence in [C, D],.. [ |

Definition 3.1.12. Two objects in a relative category are weakly equivalent if
they can be connected by a zigzag of weak equivalences; we write X =~ Y to
mean that X and Y are weakly equivalent.

REMARK 3.1.13. If X and Y are weakly equivalent in a relative category C, then
they are isomorphic in Ho C. The converse is certainly true if C is saturated, but
is false if C is not semi-saturated.

Definition 3.1.14. A homotopically replete subcategory of a relative category
C is a relative subcategory D with the following property:

e If Dis an objectin D and f : C — D is a weak equivalence in C, then
both C and f are in D.

e If Dis an objectin D and g : D — C is a weak equivalence in C, then
both C and g are in D.

REMARK 3.1.15. Any full relative subcategory D of a relative category C is ho-
motopically replete if and only if it has the following property:

e If Dis an objectin D and C an object in C that is weakly equivalent to D,
then C isin D.

Definition 3.1.16. A parallel pair of morphisms in a relative category C are
weakly homotopic if they are equal in HoC; we write f X g to mean that
f and g are weakly homotopic.

Definition 3.1.17. An equivalence in a relative category C is a pair (f, g), where
f:X —>Yandg:Y — X are morphisms in C such that g o f ~ idy and
f g ~ idy. Two morphisms f : X - Yandg : Y — X in C are mutual
quasi-inverses when (f, g) constitute an equivalence in C.

REMARK 3.1.18. It follows from the definitions that quasi-inverses are unique up
to weak homotopy.
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Lemma 3.1.19. If the localising functor y : C — Ho C for a relative category C
is full, then the following are equivalent for all morphisms f : X — Y in C:

* f is a morphism in C and has a quasi-inverse.
* yf is an isomorphism in C.
Proof. Obvious. ¢

REMARK 3.1.20. Clearly, any isomorphism in any relative category has a quasi-
inverse; but this implies that in a relative category that is not semi-saturated, a
morphism that has a quasi-inverse need not be a weak equivalence. On other
hand, if f is a morphism in a saturated homotopical category and f has a quasi-
inverse, then f must be a weak equivalence.

Definition 3.1.21. A relative category C has the Whitehead property when the
following are equivalent:

* fis a weak equivalence in C.
e fis a morphism in C and has a quasi-inverse.
Theorem 3.1.22. Let C be a relative category. The following are equivalent:
(1) C has the Whitehead property.

(i1) The localising functor y : C — HoC is full, and C is a saturated homo-
topical category.

Proof. (1) = (i1). By theorem A.4.23, every morphism y X, — y X, in Ho C is of
the form
(rf) " orovhyo (v i) orhy

for some morphisms 4, : X, = Y, f, : X, = Y}, h, : X; = Y,,etc.in C, where
fi» ..., f, are weak equivalences. By the Whitehead property, each f; : X, = Y,
has a quasi-inverse in C, say g; : ¥, — X,. Since yg; = (yfi)_l, it follows that

1

(J/fn>_l O eee 0O h2 o ()/f1>_1 o)/h,1 = y(gn O ses 0 h2 og1 oh1>

and therefore y : C — Ho C is indeed full.
In particular, every morphism f : X — Y inCsuchthatyf : yX — yY is
an isomorphism in Ho C must have a quasi-inverse, and hence must be a weak
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equivalence, in view of the Whitehead property. We therefore conclude that C is
a saturated homotopical category.

(i1) = (i). The converse follows from the definitions and lemma 3.1.19. [ |

REMARK 3.1.23. The Whitehead property is in general not inherited by slice cat-
egories or by functor categories. For example, if go f = p and g is a quasi-inverse
for f, it is only guaranteed that ¢ ¥ po g.

Definition 3.1.24. Let F,G : C — D be two ordinary functors between relative
categories. A natural weak equivalence « : F = G is a natural transformation
such that a. : FC — GC is a weak equivalence in D for all objects C in C, and
we say F and G are naturally weakly equivalent if they can be connected by a
zigzag of natural weak equivalences.

REMARK 3.1.25. This is precisely the notion of weak equivalence in the relative
functor category [minund C, D];. Although the definition above applies to all
functors, if H : D — £ is an ordinary functor, then the natural transformation
Ha : HF = HG is only guaranteed to be a natural weak equivalence if we
assume H is a relative functor.

Definition 3.1.26. A relative equivalence is a relative functor F : C — D for
which there exists a relative functor G : D — C such that G F is naturally weakly
equivalent to id,. and FG is naturally weakly equivalent to id;,. Such a G is said
to be a relative inverse of F. When C and D are homotopical categories, we
may say homotopical equivalence and homotopical inverse instead of ‘relative
equivalence’ and ‘relative inverse’.

Proposition 3.1.27. If F : C — D is a relative equivalence of relative categories
with relative inverse G : D — C, then Ho F : HoC — Ho D is an equivalence
of categories, with quasi-inverse HoG : HoD — Ho C. [ ]

Definition 3.1.28. An adjoint relative equivalence is an adjunction of the form
below,
FH4G:D->C

where C and D are relative categories, F' and G are relative functors, and both
the adjunction unit and counit are natural weak equivalences. When C and D are
homotopical categories, we may say adjoint homotopical equivalence instead
of ‘adjoint relative equivalence’.
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Proposition 3.1.29. An adjoint relative equivalence of relative categories des-
cends to an adjoint equivalence of homotopy categories.

Proof. Use the 2-functoriality of Ho : RelCat — Cat (corollary A.4.18). W

Definition 3.1.30. A homotopically contractible category is a homotopical
category C such that the unique (homotopical) functor C — 1 is a homotopical
equivalence, where 1 is the trivial category with only one object.

Proposition 3.1.31. Let C be a homotopical category. The following are equi-
valent:

(i) C is homotopically contractible.

(i1) C is inhabited, and for every object A in C, the constant functor AA is
naturally weakly equivalent to id.

(ii1) There exists an object A in C such that AA and 1d,. are naturally weakly
equivalent.

Proof. Obvious. (This is paragraph 37.6 in [DHKS].) ¢

Homotopical Kan extensions

Prerequisites. §§ 3.1, A.4.

Definition 3.2.1. Let C be a homotopical category. A homotopically initial ob-
Jjectin C is an object A for which there exists a zigzag of natural transformations
of the form

AA ~monm F — s G~ id,

where AA : C — C is the constant functor with value A, @, : FA — GAis
a weak equivalence in C, and the squiggles denote (possibly trivial) zigzags of
natural weak equivalences. Dually, a homotopically terminal object in C is a
homotopically initial object in C°P.

Proposition 3.2.2. Let C be a homotopical category. If A is a homotopically
initial (resp. homotopically terminal) object in C, then:

(1) Any objectin C weakly equivalent to A is also a homotopically initial (resp.
homotopically terminal) object in C.
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(i1) A is an initial (resp. terminal) object in Ho C.

(ii1) If C is a minimal homotopical category, then A is an initial (resp. terminal)
object in C as well.

Conversely, any initial (resp. terminal) object in C is also homotopically initial
(resp. homotopically terminal).

Proof. Obvious. (This is Proposition 38.3 in [DHKS].) Q

Proposition 3.2.3. If A is a homotopically initial object in a homotopical cat-
egory C, then for any object Z in C, the zigzag category CV(A, Z) is connected.

Proof. By theorem A.4.23, there is a bijection between the connected compon-
ents of C'(A, Z) and the morphisms A — Z in Ho C; but we know A is an
initial object in Ho C, so C'M(A, Z) has exactly one connected component. [l

Lemma 3.2.4. Let H : C — D be a relative functor and let F : C — D be
an ordinary functor. If If weq D has the 2-out-of-3 property and F is naturally
weakly equivalent to H, then F is also a relative functor.

Proof. Apply the 2-out-of-3 property inductively. ¢

Lemma 3.2.5. If A and A’ be homotopically initial objects in a homotopical
category C, then A =~ A’, and moreover every morphism A — A’ in C is a weak
equivalence.

Proof. This is paragraph 38.5 in [DHKS].

Suppose, as in the definition, that we have endofunctors F, F’, G, G' on C
and natural transformations @ : F = G, a' : F' = G', such that F & AA,
F' & AA', G = id., and G’ & id,, and the morphisms a, : FA — GA and
'w i+ FA" — GA’ are both weak equivalences. Note that the previous lemma
implies G and G’ are both homotopical functors, while a similar argument shows

(01

that F and F' sends all morphisms to weak equivalences.
Let f : A —» A’ be a morphism in C. By applying the 2-out-of-3 property
repeatedly in the following diagram,

FA " s GA A

A e |

A-vwaA’a—A,>GA’—MMN-A’

A
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we see that f is a weak equivalence if and only if a,, : FA" — G A’ is a weak
equivalence. Since «,, : F'A" — G'A’ is a weak equivalence, and GA’ S A
it follows that a,,, : FGA" — G'GA’ is a weak equivalence, and since G

is homotopical, so Ga,, : GFGA' - GG'GA’ is also a weak equivalence.

Similarly, @, : FA — GA is a weak equivalence, and A & FA' =~ G'FA’, so
agpa - FG'FA" — GG'FA' is a weak equivalence as well.
Now, by applying the 2-out-of-6 property to the diagram below,

FFFA 2 GF'FA' S5 GF'GA'

Fa}A,l Ga;A,l lGa’GA,

FG'FA' —— GG'FA' —— GG'GA’
G'ra’! GG'ayr

A

we may deduce that GG'a,, : GG'FA' - GG'GA' is a weak equivalence, and
hence that a,, : FA" - G A’ is a weak equivalence, as required. [ |

1 3.2.6. We will say that an object in a homotopical category C character-
ised by a homotopical universal property is homotopically unique if the full
subcategory spanned by such objects inside the homotopical category of objects
in C equipped with the relevant additional structure.

Proposition 3.2.7. Let C be a homotopically contractible category.
(1) Every morphism in C is a weak equivalence.
(i1) The unique functor Ho C — 1 is an equivalence of categories.

(i11) If C is a minimal homotopical category, then C — 1 is also an equivalence
of categories.

(iv) The opposite homotopical category C® and the homotopical functor cat-
egory [ D, C], (for any homotopical category D) are also homotopically
contractible.

(v) Everyobjectin C is both homotopically initial and homotopically terminal.
Proof. Obvious. (This is paragraph 37.6 in [DHKS].) ‘

Proposition 3.2.8. Let C be a homotopical category. If D is the full homotop-
ical subcategory of C spanned by the homotopically initial (or homotopically
terminal) objects, then D is homotopically contractible.
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Proof. This follows from lemma 3.2.5. [ |

REMARK 3.2.9. Even if C is a saturated homotopical category, an object that is
initial in Ho C need not be homotopically initial in C. Indeed, let C be the max-
imal homotopical category generated by a graph of the following form:

No object in C is homotopically initial, because the length of the shortest zigzag
connecting two objects cannot be bounded above; yet every object in Ho C is
initial. The same argument shows that C is not homotopically contractible, but
Ho C is certainly contractible.

Definition 3.2.10. Let F : C - D and G : C — & be two ordinary functors
between homotopical categories. A homotopical left Kan extension (resp. ho-
motopical right Kan extension) of G along F is a homotopically initial (resp.
homotopically terminal) object of the homotopical category (G | F™), (resp.
(F* | G),) described below:

* The objects are pairs (H, @) where H is a homotopical functor D — &£
and «a 1s a natural transformation of type G = H F (resp. HF = G).

* The morphisms (H',a') — (H, a) are those natural transformations f :
H' = H suchthat fF ea’ = a (resp. a « fF = a’).

* The weak equivalences are the natural weak equivalences.

REMARK 3.2.11. Note that any homotopical Kan extension of F : C — D along
G : C — €& has, by definition, an underlying homotopical functor H : D — £.

Corollary 3.2.12. Homotopical Kan extensions are homotopically unique, any
two homotopical left (resp. right) Kan extensions of G along F are naturally
weakly equivalent. [ ]

Definition 3.2.13. Let F : C - D and G : C — & be two ordinary functors
between homotopical categories, and let L : £ — F be a homotopical func-
tor. We say L preserves a homotopical left (resp. right) Kan extension (H, a)
of G along F if (LH, La) is a homotopical left (resp. right) Kan extension of
LF along G. If a homotopical Kan extension is preserved by all homotopical
functors, then it is said to be absolute.
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Quillen—Verdier derived functors

Prerequisites. §§ 3.1, A.4, A.1, A5

The fact that Ho : RelCat — Cat is a 2-functor means that relative functors
F : C — D descend to functors Ho F : HoC — Ho D in a very well-behaved
way. However, what can we say about ordinary (i.e. not necessarily relative)
functors C — D?

In this section, we follow [DHKS, §8§ 40—43]; however, we will use a weaker
definition of ‘deformation retract” and a stronger definition of ‘total derived func-

b

tor'.

Definition 3.3.1. Let C and D be relative categories, and let y. : C - Ho C and
vp - D — Ho D be the localising functors.

* A total left derived functor for an ordinary functor F : C — D is an
absolute right (!) Kan extensionof y,,F : C — HoDalongy. : C - HoC.

* A total right derived functor for an ordinary functor G : D — C is an
absolute left (!) Kan extension of y.G : D — Ho C along y;, : D — Ho D.

REMARK 3.3.2. The above definition is essentially due to Verdier [1963], but the
formulation using Kan extensions is due to Quillen [1967, Ch. I, § 4]. We deviate
from convention by demanding that the Kan extensions be absolute; this is in
order to make theorem 3.3.5 true.

REMARK 3.3.3. As with everything defined by a universal property, total derived
functors are unique up to unique isomorphism if they exist.

Definition 3.3.4. Let C and D be relative categories and let F 4 G : D — C be

an adjunction of ordinary categories. A derived adjunction for F - G consists
of

e a left derived functor (LF, «) for F,
* aright derived functor (RG, f) for G, and

* anadjunction LF 4 RG : HoD — Ho C withunit7 : idy, . = (RG)(LF)
and counit € : (LF)(RG) = idy, p,

such that (a, f) constitute a conjugate pair of natural transformations. We refer
to 77 as the derived unit and £ as the derived counit.
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Theorem 3.3.5. Let C and D be relative categories and let F 4 G : D — C
be an ordinary adjunction. If (LF, @) is a total left derived functor for F and
(RG, p) is a total right derived functor for G, then there exist unique natural
transformations ij : idy,. = (RG)(LF) and € : (LF)(RG) = idy,, making
LF 4 RG : HoD — HoC a derived adjunction for F - G with derived unit ]
and derived counit €.

Proof. Let n and € be the unit and counit of the adjunction F - G. First, we
prove that 77 and € are unique if they exist. Indeed, if they exist, then (a, §) is a
conjugate pair of natural transformations, so we must have the equations shown
below:

BF y.n=(RG)a «ijy, Eype (LF)p =ypeeaG

However, (RG)(LF), (RG)a) is a left Kan extension of (RG)y, F along y. and
(LF)(RG), (LF)p) 1s a right Kan extension of (LF)y.G along y,, so 77 and €
are uniquely determined as natural transformations by these equations.

Next, we prove that the natural transformations 7 and € defined above satisfy
the left and right triangle identities. Using naturality and the defining equations
for 77 and €, we obtain the following:

ae(E(LF) e (LF)nyc = aeLF)y. s (LF)iy.
= EypF « (LF)(RG)a « (LF)ijy,
= EypF o« (LF)BF « (LF)y:n
=ypeF e aGF o« (LF)y:n
=ypeF ey, Fnea
=yp(eF e Fn)ea
Since (LF, ) is a right Kan extension of F along ¥, this implies that 77 and €
satisfy the left triangle identity if # and € do. A formally dual calculation shows

that the same is true for the right triangle identity. Thus, we have the required
derived adjunction. [ |

Definition 3.3.6. Let C and D be relative categories. A left deformation retract
for an ordinary functor F : C — D is a triple (C°, O, p) where

* C° is a full subcategory of C with the induced relative subcategory struc-
ture,
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* Q is a pair of maps ob C — ob C and mor C — mor C (but not necessarily
functorial), and

* p assigns to each object X in C a weak equivalence py : OX — X,
and these data are required to satisfy the following axioms:
DR1. For all objects X in C, the object QX isin C°.

DR2. For all morphisms f : X — Y in C, we have p, e Qf = f o p,, i.e. the
diagram in C shown below commutes,

ox ™y x

o

QYP—Y>Y

and if f is a weak equivalence in C, then sois Q f.
DR3. The inclusion C° < C induces a fully faithful functor Ho C° — Ho C.

DR4. The restriction F

c- . C° = D is arelative functor.

An ordinary functor F : C — D is left deformable if there exists a left deform-
ation retract for F.

Dually, a right deformation retract for an ordinary functor G : D — Cis a
triple (D°, R, i) where

* D is a full subcategory of D with the induced relative subcategory struc-
ture,

* Risapairof maps ob D — ob D and mor D — mor D (but not necessarily
functorial), and

* i assigns to each object A in D a weak equivalence i, : A = RA,
and these data are required to satisfy the following axioms:
DR1. For all objects A in D, the object RA is in D°.
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DR2.

DRa3.

DR4.

For all morphisms g : A — B in D, we have Rgei, = ige g, i.e. the
diagram in D shown below commutes,

and if g is a weak equivalence in D, then so is Rg.
The inclusion D° < D induces a fully faithful functor Ho D° — Ho D.

The restriction G|, : D° — C is a relative functor.

An ordinary functor G : D — C is right deformable if there exists a weak right
deformation retract for G.

REMARK 3.3.7. Every relative functor is both left deformable and right deform-

able, with trivial left and right deformation retracts.

REMARK 3.3.8. Given any weak left (resp. right) deformation retract (C°, Q, p)
(resp. (D°, R, i)), the canonical functor Ho C° — Ho C (resp. HoD° — Ho D) is
not only fully faithful but also essentially surjective on objects, so the categories
Ho C° and Ho C (resp. Ho D° and Ho D) are equivalent.

Proposition 3.3.9. Let C and D be relative categories, and let (C°,Q, p) be a
left deformation retract for F : C — D.

(1) If Q is functorial, then the composite FQ : C — D is a relative functor.

(ii) If C; is the full subcategory of C spanned by the objects X such that the
morphism Fpy : FOX — FX is weak equivalence in D, then C° C C;.

(iii) If moreover weq D has the 2-out-of-3 property in D, then (C;, 0, p) is
also a left deformation retract for F.

Dually, let (D°, R, i) be a right deformation retract for G : D — C.

(") If Q is functorial, then the composite GR : D — C is a relative functor.

(ii") If Dg, is the full subcategory of D spanned by the objects A such that the
morphism Gi, : GA — GRA is weak equivalence in C, then D° C D,.
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(iii") If moreover weq C has the 2-out-of-3 property in C, then (DZ;, R, i) is also
a right deformation retract for F.

Proof. (1). Immediate from the definitions.

(ii). Let X be an object in C°. By definition, QX is also an object in C°, and
F|. is a relative functor, so Fpy : FOX — FX is a weak equivalence in C.

(iii). Let X and Y be objects in C;. and let /' : X — Y be a weak equivalence in
C. Consider the following commutative diagram in D:

FOX 2, Fx

ros| Pf

FQY —— FY

FQf is a weak equivalence in D by claim (i), and both Fp, and Fp, are weak
equivalences by the definition of C7,, so using the 2-out-of-3 property of weq D,
we may deduce that F f is a weak equivalence in D too. Thus, F

c; is arelative
functor, as required for (C; 0, p) to be a left deformation retract for F. [ |

Proposition 3.3.10. Let C and D be relative categories, and let y. : C — HoC
and y, : D — Ho D be the respective localising functors.

e If (C°,Q,p) is a weak left deformation retract for an ordinary functor
F : C = D, then there exist a right Kan extension (LF,a) of ypF along
ve such that (LF)y, = ypFQ and a = ypFp. (In particular, yp,FQ is
functorial even if Q is not.)

e If (D°, R,i) is a weak right deformation retract for an ordinary functor
G : D — C, then there exist a left Kan extension (RG, f) of y.G along
vp such that RG)y, = y.GR and p = y.Gi. (In particular, y,GR is
functorial even if R is not.)

Proof. The two claims are formally dual; we will prove the first version.

To simplify notation, we may assume without loss of generality that D is a
minimal saturated relative category and that y,, = id,,. Henceforth, we write y
instead of y,.. First, observe that yQ is functorial (even if Q is not) because each
yYPx : YOX — yX is an isomorphism, so (using axioms DR1 and DR3) there is
a unique functor Q : HoC — Ho C° such that Oy = yQ. Let y° : C° — HoC®
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be the localising functor for C°. Since F
we must have F|.. = Fy° for a unique functor F : Ho C° — D. We may then
define L F to be the functor FQ. We define a : (LF)y = F by takingay = Fpy;
by axiom DR2, this is indeed a natural transformation.

It remains to be shown that (L F, ) is a right Kan extension of F : C - D
alongy : C - HoC. Let H : HoC — D be a functor and let ¢ : Hy = F be
any natural transformation. By restricting along the inclusion C° — C, we obtain
a natural transformation @|.. : H|y,c-7° = F|c, so there is a unique natural
c- (by the 2-dimensional

¢~ 1s arelative functor (by axiom DR4),

transformation @ : H |y, = F such that ¢y° = ¢
universal property of Ho C). Since yp is a natural isomorphism, there is then a
unique natural transformation ¢ : H = LF such that ¢,y e Hypy = @,.0x
for all objects X in C. We then have a « ¢y = @, and @ is the unique such nat-
ural transformation because the canonical functor Ho C° — Ho C is essentially
surjective on objects. [ |

Definition 3.3.11. Let B,C, D, £ be relative categories. Given a composable
pair of ordinary functors F : C - D and G : D — €&, a lax left deformation
retract for (G, F) consists of

¢ a left deformation retract (C ° 0%, pco) for F, and
¢ a left deformation retract (D°, QDO, pDo) for G,

such that (C°, o<, pco) is also a left deformation retract for GF as well. A
strong left deformation retract for (G, F) is a lax left deformation retract as
above such that F sends objects in C° to objects in D°. We say a composable
pair of functors is laxly left deformable (resp. strongly left deformable) if it
admits a lax left deformation (resp. strong left deformation).

Dually, given a composable pair of ordinary functors FF : C — Band G :
D — C, an oplax right deformation retract for (F, G) consists of

* aright deformation retract (C ° RE, ico) for F, and
* aright deformation retract (D°, RY, iDo) for G,

such that (D°, RDO, iDo) is a right deformation retract for GF as well. A strong
right deformation retract for (F, G) is an oplax right deformation retract as
above such that G sends objects in D° to objects in C°. We say a composable
pair of functors is oplaxly right deformable (resp. strongly left deformable) if
it admits an oplax right deformation (resp. strong right deformation).
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Lemma 3.3.12.

e Let (C°, Qco,pco) be a left deformation retract for F : C — D and let
(D°, QDO,pDO) be a left deformation retract for G : D — E. If F maps
objects in C° to objects in D°, then (C°, o<, pco) is a left deformation
retract for GF : C — &.

Dually:

e Let (C°, RE, ico) be a right deformation retract for F : C — B and let
(D°, R”, iDo) be a right deformation retract for G : D — C. If G maps
objects in D° to objects in C°, then (D°, or’, iDo) is a right deformation
retract for FG : D — B.

Proof. Our hypotheses imply that the restriction GF|.. : C° — £ is a relative
functor, so (C°, O, p") satisfies the conditions required to be a left deformation
retract for GF : C — €. [ |

Theorem 3.3.13. Let C, D, and & be relative categories, and let y. : C — HoC,
vp: D — HoD, andy. : £ — Ho & be the respective localising functors.

(1) Let F : C — D be an ordinary functor. If (C°, Q, p) is any left deformation
retract for F, then F has a total left derived functor (LF,a) such that
(LF)y. =ypFQand a = ypFp.

(ii) Let F, F' : C — D be a parallel pair of ordinary functors. If (LF,a) and
(LF',a') are total left derived functors for F and F' (respectively), then
for any natural transformation @ : F = F', there exists a unique natural
transformation L : LF = LF' such that a' « (Lo)y, = yp@ * a.

(iii) Moreover, if (C°, Q, p) is a left deformation retract for both F and F', then
Lo)ye = rpeO.

(iv) Let F : C - Dand G : D — & be ordinary functors between re-
lative categories. If (LF, aF), (LG, aG), and (L(GF), (xGF) are total
left derived functors for F, G, and GF (respectively), then there is a
unique natural transformation p; p . (LG)LF) = L(GF) such that
a®F o HGrYe = a®F o (LG)ar.

(v) If (G, F) is moreover a strongly left deformable composable pair, then the
canonical comparison pg i . (LG)(LF) = L(GF) is an isomorphism.
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Dually:

(i") Let G : D — C be an ordinary functor. If (D°, R, i) is any right deform-
ation retract for G, then G has a total right derived functor (RG, f) such
that (RG)yp = y.GR and f = y.Gi.

(ii") Let G,G' : D — C be a parallel pair of ordinary functors. If (RG, B) and
(RG', B") are total right derived functors for G and G' (respectively), then
for any natural transformation v : G' = G, there exists a unique natural
transformation Ry : RG" = RG such that (Ry)yp e f' = ey yp.

(iii") Moreover, if (D°, R,i) is a right deformation retract for both G and G’,
then (Ry)y, = y-w R

(iv') Let F : C - Band G : D — C be ordinary functors between rel-
ative categories. If (RF, ﬁF), (RG, ﬁG), and (R(FG),ﬁFG) are total
right derived functors for F, G, and FG (respectively), then there is a
unique natural transformation 6, ; : R(FG) = (RF)(RG) such that
8rrp* B¢ = RF)B« p'G.

(v") If (F, G) is moreover a strongly right deformable composable pair, then
the canonical comparison 8. ; : R(FG) = (RF)(RG) is an isomorphism.

Proof. (i). By proposition 3.3.10, the functor y,F : C — Ho D has a right Kan
extension along y. : C - HoC, say (LF,a), characterised by the announced
equations. We must verify that (LF, a) is an absolute right Kan extension, i.e.
that (H(LF), Ha) is a right Kan extension for any functor H : HoD — &
whatsoever.

It is clear that (C°, Q, p) is also a left deformation retract for Hy,F : C — &,
so the cited proposition yields a right Kan extension (L', a’) of Hy,F along
Yc- There is then a unique natural transformation ¢ : H(LF) = L’ such that
a’ » y. = Ha, i.e. the following diagram commutes for all objects X in C:

H(LF)y X 2 L'y.X

H “xl la;(

Hy,FX ——— Hy,FX

However, if X isin C°, then a; and a;z are isomorphisms, and so ®,,x must be an
isomorphism as well. Since the canonical functor Ho C° — Ho C is essentially
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surjective on objects, ¢ : H(LF) = L’ must be a natural isomorphism. In
particular, (H(LLF), Ha) is indeed a right Kan extension.

(ii). Noting that y,@ea is a natural transformation (L F)y, = y,F’, the universal
property of (LF’, a’) yields a unique natural transformation Le : LF = LF’
such that y,@ e a = a’ « (L@)y,., as required.

(ii1). We must have
YoFpe L)y, =vp@evpF ' p=ypFpey,00

as required.

(iv). Since a” F « (LG)a" is a natural transformation (LG)(LF)y. = y,GF, the
universal property of (L(GF ), ) yields the required natural transformation
U r o (LG)LF) = L(GF).

(v). Let (€°,Q%,p") and (D°,Q™, p”") constitute a strong left deformation
retract for (G, F), and let (LF,a"), (LG,a%), (L(GF),a®") be the total left
derived functors for F and G, respectively, as constructed in claim (i). Then,
a®F e WG rYe = a®F « (LG)a"

=7¢Gp” F +y,GQ” Fp“

=7,GFp~ «y.Gp” FQ“
so we must have Ws py. = veGp? FQ; but y,GpP" FQO® is a natural iso-
morphism because F sends objects in C° to objects in D° and G preserves weak

equivalences in D°, so we deduce that p; - is also a natural isomorphism (using
the fact that y. : C — Ho C is bijective on objects). [ |

Corollary 3.3.14. Let C and D be relative categories.

 If F : C — D is a relative functor, then (Ho F,1d) is a total left derived
functor for F.

* If G : D — C is a relative functor, then (Ho G, 1d) is a total right derived
functor for G.

Proof. The two claims are formally dual; we will prove the first version.

By remark 3.3.7, the trivial right deformation retract is a right deforma-
tion retract for F : C — D. Thus, HoF : HoC — HoD together with
id : (Ho F)y, = y,F constitute a total left derived functor for F. [ |
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Definition 3.3.15. The 2-category of small left deformation retracts is defined
as follows:

« The objects are pairs (C,C°, Q<", p° ) where C is a small relative category
and (C°, o<, pco) is a left deformation retract for id : C - C.

* A 1-morphism F : (C, C°, Qco,pco) — (D, D, QDO,pDO) is an ordinary
functor F : C = D, such that (C °, QCO, pco) is a left deformation retract
for F, and F sends objects in C° to objects in D°.

e The 2-morphisms are ordinary natural transformations.

* All compositions and identities are inherited from 2-category of small cat-
egories.

We write Def for this 2-category, and we write LDefFun for its hom-sets.
The 2-category of small right deformation retracts is defined dually:

* The objects are pairs (D, D°, RV i ) where D is a small relative category
and (D°, RY, iDo) is a right deformation retract for id : D — D.

* A 1-morphism G : (D, D°,RD°,iD°) - (c, C°,RC°,1’C°) is an ordinary
functor G : D — C, such that (D°, RDO, iDo) is a right deformation retract
for G, and G sends objects in D° to objects in C°.

* The 2-morphisms are ordinary natural transformations.

* All compositions and identities are inherited from 2-category of small cat-
egories.

We write RDef for this 2-category, and we write RDefFun for its hom-sets.

REMARK 3.3.16. The duality principle for deformation retracts can be formalised
as follows: there is a 2-functor Def* — RDef that sends (C, C°, o<, pco) to
its opposite (C, (C°), (QCO)OP, ( pCO)OP), and it has an evident strict inverse
RDef® — {Def. Note that these two 2-functors reverse the direction of 2-
morphisms but preserve the direction of 1-morphisms!
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Corollary 3.3.17. There are two pseudofunctors, L and R, where:

* L is a pseudofunctor 8Def — Cat that sends an object (C, Ce, QCO, pco)
to the homotopy category Ho C, a 1-morphism F : (C, c°, 0%, pco) -
(D, D, QDO, pDo) to its total left derived functor LF : HoC — HoD,
and a 2-morphism @ : F = F' to the derived natural transformation
Lo : LF = LF’, and L preserves identity 1-morphisms strictly.

* Ris a pseudofunctor RDef — Cat that sends an object (D, D°, R”’, iDO)
to the homotopy category Ho C, a 1-morphism G : (D, D°, R, iDo) -
(C, C°, RCO, ico) to its total right derived functor RG : HoD — HoC,
and a 2-morphism v : G' = G to the derived natural transformation
Ry : RG' = RG, and R preserves identity 1-morphisms strictly.

* L and R are compatible with the duality principle, in the sense that the
following diagrams commute (strictly):

2Def® 5 Gat® RDef —R° 5 Gate®
(_)OPJ/ J/(_)OP (_)opl J(_)op
RDef — Cat XDef — Cat

Proof. The main claims follow from theorem 3.3.13; the only thing left to check
is that the collection of 2-isomorphisms p and & satisfy the coherence laws for
pseudofunctors; that is, we should show that the following diagrams commute:

(LH)pg, f

(LH)LG)LF) —— (LH)L(GF)

”H,G(LF)\L lFH,GF

L(HG)(LF) — L(HGF)

R(FGH) —" _ (RF)R(GH)

sFG,HJ/ l(RF)‘SG,H

R(FG)(RH) Y (RF)(RG)(RH)

However, using the explicit formulae for p and & in the proof of the theorem, it
is easy to see that these diagrams do indeed commute. [ |
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Definition 3.3.18. A deformable adjunction between two relative categories
is an ordinary adjunction where the left adjoint is left deformable and the right
adjoint is right deformable.

Theorem 3.3.19. Let C and D be relative categories and let F 4 G : D — C

be an adjunction of ordinary categories, with unit n : id, = GF and counit
e: FG = idy.

(1) If F 4 G : D — C is a deformable adjunction, then it admits a derived
adjunction.

(ii) Let F' 4 G' : D' — C’ be another adjunction, with unit n' and counit €',
andlet H : C' - C and K : D' — D be relative functors. If

* (C°, Q,p) is a left deformation retract for F,

o (C'°,Q',p") is a left deformation retract for F',

* H sends objects in C'° to objects in C°,

* (D°, R,i) is a right deformation retract for G,

e (D'°,R,i") is a right deformation retract for G', and

* K sends objects in D'° to objects in D°,

then for any conjugate pair of natural transformations,
¢: FH => KF' v : HG = GK
the derived natural transformations
Lo : (LF)Ho H) > (Ho K)(LF') Ry : (Ho K)(RG") = (RG)(Ho K)
also constitute a conjugate pair.

(iii) Let F' 4 G' : D' — D be another adjunction, with unit 5’ and counit €'.
If (F', F) is strongly left deformable and (G, G") is strongly right deform-
able, then the three derived adjunctions

LF ARG :HoD - HoC
LF ARG :HoD' — HoD
L(F'F)4R(GG'):HoD' - HoC
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make (/.l rr a0 G,) a conjugate pair of natural transformations, i.e.

(86,6 L(F'F)) «ii" = (RGORG )y 1) « RG) (LF) o 7f
£" o (up pR(GG")) = & « (LF)ERG") o (LF)LF" )64 )

where ij" and " are the unit and counit for L(F' F) 4 R(GG").
Proof. (i). We appeal to theorems 3.3.5 and 3.3.13.

(i1). Recall the following characterisations of L and Ry :

ypKF'p" s (L@)yer = yp@ e ypFpH
RY)yp 2 ycHG'i' = y:GiK o yoy

We wish to show that these equations hold:

(1) £(Ho K) « (LF)(Ry) = (Ho K)&" » (Lp)(RG")
(2) (RG)(Le) « 7(Ho H) = (Ry)(LF") « (Ho H)7’

By proposition A.1.2, it suffices to show that equation (1) is satisfied, and since
the canonical functor Ho D’° — Ho D’ is essentially surjective on objects, equa-
tion (1) holds if and only if the following equation holds for all A in D'°:

(3) éYDKA o (LF)(RW)yD,A = (HO K)&_J},D’A o (L(p)yC,G/R/A

We observe that G’i;i : G'A - G'R’A is a weak equivalence in C’ (because

!

(D'°, R',i") is a right deformation retract for G"), so y.HG"i'; is invertible, and
we must have

Ry), i = rcGigzorewie (reHG'i';)™
and hence,
LF)Ry), i =rpFOGiy;°y,FOw;° (y, FOHG' ;)™

therefore:

€, KA° (LF)(RW)yD/A = Yp€xi° YpFPgi°rpFQw;° (VDFQHG/"/A)_I
=YpExi° VpFWievrpFPuciae (VDFQHG’i/A)_l
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On the other hand,

_ L
€, i=Tp€i° v F Peie (YD/F/Q/G/Z’A)

and so,
(HoK)é', 4o (L), cra
=ypKe' 3o ypKF pgiao (rpKF'Q'G'i’y) ™ o L), rr i
= ypKe' 1o ypKF Pz o (L), g i° (rpFOQHG i)™
= YDKEIA °YpPg i° YpFPrGA° (7DFQHG/i/A)_l

but e, ; o Fy; = Ke'; o ¢ ; by hypothesis, so equation (3) indeed holds.
(1i1). Suppose

e (C°, Q,p)is aleft deformation retract for F,

e (C'°,Q',p') is aleft deformation retract for F’,

* F sends objects in C° to objects in C’°,

* (D°, R,i) is a right deformation retract for G,

e (D'°, R',i") is aright deformation retract for G’, and

* G’ sends objects in D'° to objects in D°,

and recall that the comparison isomorphisms are characterised by the following
equations:

”F’,FYC = yD’F’p/FQ 6G,G’yD’ = ycGiG/R’
Thus, (((RG)RG") e gy 1) « (RG)iF'(LF) « 77) 7. expands to
Y¢GRG'R'F'p'FQ
«7(GRG'I"F'Q'FQ « GRy'Q'FQ) + (y.GRp' FQ) ™'
*1e(GiFQ +nQ) + (ycp) ™
and a straightforward calculation then shows
((85: ° Hpr r) « RGO (LF) « ) e
=¥.GiG'R'F'FQ +y.(GG'i'"F'FQ « GyFQ Q) (}/Cp)_l

but the RHS is precisely the definition of ((8;/L(F'F))«7")y.. The dual
calculation proves the other equation. [ |

I59



III. HOMOTOPICAL CATEGORIES

Corollary 3.3.20. Let C,C’, D, D’ be relative categories, let F 4 G : D — C
and F' 4 G' : D' — C' be two adjunctions of ordinary categories, and let
H :C' - Cand K : D' - D be homotopical functors. Suppose we have a
conjugate pair of natural transformations as in the diagrams below:

c "¢ D XD
(L) F’l %, JF G’l Y lc (R)
D T> D C’ T) C

Assume the following hypotheses:

* (C°, Q,p) is a left deformation retract for F.

e (C'°,Q',p") is a left deformation retract for F'.
* H sends objects in C'° to objects in C°.

* (D°, R,i) is a right deformation retract for G.

e (D'°,R',i") is a right deformation retract for G'.
» K sends objects in D'° to objects in D°.

Then, considering the derived natural transformations Lo and Re:

HoC' %5 Hoc HoD' X5 HoD
L) LF/l A/L(p JLF RG’l RW/V lRG (R")
HoD W} HoD Ho C W} Ho C

 If diagram (R) satisfies the left Beck—Chevalley condition, then so does
(R).

» If diagram (L) satisfies the right Beck—Chevalley condition, then so does
(L").

Proof. The theorem says that L and Ry constitute a conjugate pair of natural
transformations, and by theorem 3.3.13 it is clear that L (resp. Ry ) is a natural
isomorphism if ¢ (resp. y) is a natural isomorphism. [ |

160



3.3. Quillen—Verdier derived functors

Proposition 3.3.21. Let B,C, D, £ be relative categories.

e Let F:C — Dand G : D — & be functors and suppose (G, F) is laxly
left deformable. If the canonical comparison pg y : (LG)(LF) = L(GF)
is a natural isomorphism and £ is a saturated homotopical category, then
(G, F) is a left deformable composable pair.

Dually:

e let F : C > Band G : D — C be functors and suppose (F,G) is
oplaxly right deformable. If the canonical comparison 8 ; : R(FG) =
(RF)(RG) is a natural isomorphism and C is a saturated homotopical
category, then (F, G) is a left deformable composable pair.

Proof. Let (C °, QCO, pco) and (D°, QDO, pDo) constitute a lax left deformation
retract for (G, F). By theorem 3.3.13, we may assume without loss of generality
that (LF)y. = yp,FQO, LG)yp = y.GO”", and pg rye = y.Gp” FO . Our
hypothesis says yg - is a natural isomorphism and £ is a saturated homotopical
category, so the morphisms Gp?OQCQ L GOPFQ“X = GFQ“ X are weak
equivalences, for all objects X in C.

Now, let X be an object in C°. The following diagram commutes,

D°

o o ~ Gp °x o ~
GOV FO® X "X GFQ“ X

GOP" Fp l lGpr?

GQ”'FX ———— GFX

Grrx

and since (C°, o<, pco) is a left deformation retract for both F and G F, it fol-

lows that the downward-pointing arrows in the above diagrams are weak equival-
. . . Do

ences in &; so using the 2-out-of-3 property of weq £ and the fact that Gp e X

is a weak equivalence, we deduce that Gp?; is a weak equivalence in €. Thus,
recalling proposition 3.3.9, we obtain a left deformation retract (D, or’, pDo)
for G such that F sends every object in C° to an object in D¢, and so (G, F) is
indeed strongly left deformable. [ |

Corollary 3.3.22. Let C, D, and & be relative categories, and let

FAF :D-C G 1G" : - D
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be adjunctions of ordinary categories. If C and & are saturated homotopical
categories, then the following are equivalent:

) (G!, F,) is strongly left deformable and (F*, G") is strongly right deform-
able.

(i1) (G!, F!) is laxly left deformable and (F*, G*) is strongly right deformable.

(ii1) (G!, F!) is strongly left deformable and (F*,G") is oplaxly right deform-
able.

Proof. Theorem 3.3.19 says ( Hg, F» 0 F*,G*) is a conjugate pair of natural trans-
formations, and the pasting lemma (A.1.8) implies yg p is a natural isomorph-
ism if and only if 8. ;. is a natural isomorphism, so the équivalence of the three
statements follows from the proposition above. [ |

Proposition 3.3.23. Let C and D be two relative categories, let F 4G : D — C
be an adjunction of ordinary categories with unit n and counit g, let (C°, Q, p) be
a left deformation retract for F, and let (D°, R, i) be a right deformation retract
for G. Consider the following statements:

() For all objects X in C° and all objects B in D°, if FX — B is a weak
equivalence in D, then its right adjoint transpose X — GB is a weak
equivalence in C.

(i) For all objects X in C, The morphism Gipgy o fgy : OX — GRFQOX is
a weak equivalence in C.

(ii1) The derived unit 1 : idy, » = (RG)(LF) is a natural isomorphism.

(i) For all objects X in C° and all objects B in D°, if X — GB is a weak
equivalence in C, then its left adjoint transpose FX — B is a weak equi-
valence in D.

(ii") For all objects B in D, the morphism € gz Fporp : FOGRB = RBisa
weak equivalence in D.

(iii") The derived counit € : (LF)(RG) = idy, p is a natural isomorphism.

We have the implications (1) = (i) = (iii), if weq C has the 2-out-of-3 property,
then (ii) = (1); and if C is a saturated homotopical category, then (iii) = (ii).
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Dually, (i") = (ii") = (iii’); if weq D has the 2-out-of-3 property, then (ii') =
(i"); and if D is a saturated homotopical category, then (iii") = (ii’).

Proof. (1) = (ii). We have a weak equivalenceipyy : FOX — RFQX,and QX
is an object in C°, so by the hypothesis, its right adjoint transpose Giryx ° flpx
is also a weak equivalence.

(i1) = (111). The derived unit is given by 77y, = y(GiFQ ¢ nQ) » (ycp)_1 , which
is certainly a natural isomorphism if Gi .,y ° 1,y 18 @ weak equivalence for all
X.

(ii) = (i). Assume weq C has the 2-out-of-3 property. Given X in C°, the diagram
below commutes,

0X ", GFOX 2% GRFQX

pxl lGRF Px

X — yGFX —3 GRFX
nx Gipy

but the top row and the two vertical arrows are weak equivalences in C, so the
bottom row must be a weak equivalence as well, by the 2-out-of-3 property.

Letg : FX — Bbe a weak equivalence in D, and let f = Gg o n; be its
right adjoint transpose in C. We know G|,. : D° — C is a relative functor, so
GRg : GRF X — GRB is a weak equivalence in C; but

Gigof =GigoGgong =GRgo (Gipgony)

and we know Gi : GB — GRB is a weak equivalence in C, so by the 2-out-of-3
property again, f must be a weak equivalence in C.

(ii1) = (i1). Now assume C is a saturated homotopical category. If 7 is a natural
isomorphism, then each y.(GiFQ « Q) must also be a natural isomorphism, and
so each Gipgy ° 1y 1s @ weak equivalence, by the saturation hypothesis. |l

Corollary 3.3.24. With notation as above, suppose the Quillen equivalence
condition is satisfied:

e Forall objects X in C° and all objects B in D°, a morphism FX — Bisa
weak equivalence in D if and only if its right adjoint transpose X — GB
is a weak equivalence in C.

Then the derived adjunction is an adjoint equivalence of categories. [ |
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DHKS derived functors

Prerequisites. §§ 3.1, 3.2, 3.3.

Notice that in theorem 3.3.13, we constructed derived functors by restricting
to a relatively equivalent full subcategory on which the functor respects weak
equivalences. This suggests that, by strengthening the definition of ‘deformation
retract’, we may be able to construct derived functors without first passing to the
homotopy category.

In this section we follow [DHKS, Ch. VII].

Definition 3.4.1. Let C and D be relative categories. A functorial left deform-
ation retract for an ordinary functor F : C — D is a triple (C°, Q, p) where

* C° is a full subcategory of C with the induced relative subcategory struc-
ture,

e O :C — C is arelative functor, and
* p:Q = id. is a natural weak equivalence,
and these data are required to have the following properties:

¢ The restriction F

co - C° = D is arelative functor.
* For all objects X in C, the object QX is in C°.

An ordinary functor F : C — D is functorially left deformable if there exists
a functorial left deformation retract for F.

Dually, a functorial right deformation retract for an ordinary functor G :
D — Cis atriple (D°, R, i) where

* D° is a full subcategory of D with the induced relative subcategory struc-
ture,

e R: D — D is arelative functor, and
* i :1d, = R s a natural weak equivalence,
and these data are required to have the following properties:

¢ The restriction G

po - D° = C is arelative functor.

* For all objects A in D, the object RA is in D°.
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An ordinary functor G : D — C is functorially right deformable if there exists
a functorial right deformation retract for G.

REMARK 3.4.2. Every relative functor is both functorially left deformable and
functorially right deformable, with trivial functorial left and right deformation
retracts.

REMARK 3.4.3. The definition above is the one found in [DHKS, § 40] under the
name ‘deformation retract’; they do not consider the non-functorial version.

Lemma 3.4.4. Let C and D be relative categories.

e If(C°, Q,p) is a functorial left deformation retract for an ordinary functor
F :C — D, then (C°, Q, p) is also a left deformation retract for F.

o If (D°, R,i) is a functorial right deformation retract for an ordinary func-
tor G : D — C, then (D°, R,i) is also a right deformation retract for
G.

Proof. The two claims are formally dual; we will prove the first version.

It is clear that axioms DR1, DR2, and DR4 are satisfied, so we need only
check axiom DR3. For this, we simply observe that the inclusion C° < C and
the relative functor Q : C — C° (together with the natural weak equivalence
p : O = id;) constitute a relative equivalence of relative categories; thus, pro-
position 3.1.27 implies the canonical functor Ho C° — Ho C is fully faithful, as
required. [ |

Proposition 3.4.5. Let C and D be relative categories.

* Let Q : C = C be a relative functor, let p : Q = id, be a natural weak
equivalence, and let C° be the full subcategory of C spanned by the image
of Q. If weq D has the 2-out-of-3 property in D and F : C - Dis a
functor such that FQ is a relative functor and FqQ : FOQ = FQ isa
natural weak equivalence, then (C°, Q, p) is a functorial left deformation
retract for F.

Dually:

e Let R : D — D be a relative functor, let i : id;, = R be a natural weak
equivalence, and let D° be the full subcategory of D spanned by the image
of R. If weq C has the 2-out-of-3 property in C and G : D — C is a functor
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such that GR is a relative functor and GiR : GR = GRR is a natural
weak equivalence, then (D°, R, i) is a functorial right deformation retract
for G.

Proof. Let f : QX — QY be a weak equivalence in C°. By naturality, the
following diagram commutes:

FOOX 2L FOQY

F ngl lF Poy

FOX ——— FQY

We know FQf, Fpyy, and Fp,, are weak equivalences in D, so using the 2-
out-of-3 property of weq D, we deduce that F f is also a weak equivalence in D.
Thus F|.. is a relative functor, as required. [ |

Definition 3.4.6. Let C and D be homotopical categories. A homotopical left
approximation for an ordinary functor F : C — D is a homotopical right (!)
Kan extension of F along id.. Dually, a homotopical right approximation for
an ordinary functor G : D — C is a homotopical left (!) Kan extension of G
along id,,.

REMARK 3.4.7. More explicitly, a homotopical left approximation for F : C - D
is a homotopically terminal object in the homotopical category ([C ,D], | F )h
described below:

* The objects are pairs (K, «) where K is a homotopical functor C — D and
a is a natural transformation of type K = F.

* The morphisms (K',a’) — (K, @) are those natural transformations y :
K' = Ksuchthata ey = ’.

* The weak equivalences are the natural weak equivalences.

Dually, a homotopical right approximation for G : D — C is a homotopically
initial object in the homotopical category (F | [D,C],),. By corollary 3.2.12,
homotopical approximations are homotopically unique.

We have the following special case:
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Proposition 3.4.8. Let Q be a homotopical endofunctor on a homotopical cat-
egory C and let p : Q = id. be a natural transformation. The following are
equivalent:

(1) (Q,p) is a homotopical left approximation for id..
(i1) (C, Q, p) is a functorial left deformation retract for id.

Dually, let R be a homotopical endofunctor on a homotopical category D, and
leti:idy = R be a natural transformation. The following are equivalent:

(i") (R, i) is a homotopical right approximation for id,.
(ii") (D, R,i) is a functorial right deformation retract for id,.

Proof. (1) = (i1). If (Q, p) is a homotopical left approximation for id., then there
must exist a commutative diagram of the form below,

id, 0, < 0, b 4 o
idl Pll le lﬂ

where all the arrows in the top row are natural weak equivalences. Using 2-out-
of-3 property, we deduce (by induction) that p,, p,, ..., p are also natural weak
equivalences; thus (C, Q, p) is indeed a functorial left deformation retract for id..

(i) = (1). If (C,Q, p) is a functorial left deformation retract for id., then p :
Q = id. is a natural weak equivalence; but (idc, ididc) is a terminal object in
([C ,Cly 1 idc)h, so by proposition 3.2.2, (Q, p) must be a homotopically terminal
object. [ |

Definition 3.4.9. Let F, F’ : C — D be ordinary functors between homotopical
categories, and let @ : F = F’ be a natural transformation. We define the
homotopical category ([min 2,[C, D]h]h l (p)h as follows:

* The objects are tuples (H, H',a,a’,8) where H and H' are homotopical
functors C — D, a and &’ are natural transformations of type H = F and
H' = F' (respectively), and @ : H = H' is a natural transformation such
that pea = a' ¢ 6.
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* The morphisms (H, H',a,a’,0) - (K,K',p,p’, y) are pairs ({,{’) of
natural transformations, where { : H = K and {' : H' = K', such that
yol=("e0,pel=a,and ' o (' =a'.

» The weak equivalences are those (£, ") where both { and ¢’ are natural
weak equivalences.

A homotopical left approximation for ¢ is a homotopically terminal object
(LF,LF',5,8',Lg)in ([min2,[C, D], | @), such that (LF,§) is a homotop-
ical left approximation for F and (LF’', ") is a homotopical left approximation
for F'.

Dually, let G,G’ : D — C be ordinary functors between homotopical cat-
egories, and let w : G’ = G be a natural transformation. We define the homo-
topical category (l// l [min 2,[D, C]h]h) , as follows:

* The objects are tuples (H, H', a,a’, 0) where H and H' are homotopical
functors D — C, a and &’ are natural transformations of type G = H and
G' = H' (respectively),and § : H' = H is a natural transformation such
thataey =0 ea’'.

* The morphisms (K,K', 5,8, y) - (H,H',a,a’,0) are pairs ({,{’) of
natural transformations, where { : K = H and ¢’ : K' = H’, such that
Loey=0el',lef=a,and{ e p =a'.

» The weak equivalences are those (£, ") where both { and ¢’ are natural

weak equivalences.

A homotopical right approximation for y is a homotopically initial object
(RG,RG',5,8',Ry) in (w | [min2,[D,C},],), such that (RG,8) is a homo-
topical right approximation for G and (RG’, §") is a homotopical right approx-
imation for G'.

Theorem 3.4.10. Let C and D be homotopical categories.

(1) Let F : C = D be an ordinary functor. If (C°,Q, p) is a functorial left
deformation retract for F, then (FQ, Fp) is a homotopical absolute right
Kan extension of F along id,..

(ii) Let F, F' : C = D be a parallel pair of ordinary functors. If (C°,Q, p)is a
functorial left deformation retract for both F and F', then for any natural
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transformation ¢ : F = F', (FQ, F'Q, Fp, F'p, Q) is a homotopical
left approximation for .

(i) Let F : C - Dand G : D — & be ordinary functors between homo-
topical categories. If (G, F) is strongly left deformable, then, for any ho-
motopical left approximation ((I]_F ), 6F ) for F and any homotopical left
approximation ((I]_G), 6G) for G, ((I]_G)([I_F), 6% 5F) is a homotopical
left approximation for G F.

Dually:

(i") Let G : D — C be an ordinary functor. If (D°, R,i) is a functorial right
deformation retract for F, then (GR, Gi) is a homotopical absolute left
Kan extension of G along id,.

(ii") Let G,G' : D — C be a parallel pair of ordinary functors. If (D°, R, i) is a
functorial right deformation retract for both G and G', then for any natural
transformation v : G' = G, (GR,G'R,Gi,G'i,yR) is a homotopical
right approximation for y.

(iii") Let F : C - Band G : D — C be ordinary functors between homo-
topical categories. If (F,G) is strongly right deformable, then, for any
homotopical right approximation ((RF ), 6F ) for F and any homotopical
right approximation (([RG), 5G) for G, (([RF)(RG), 6F o 5G) is a homo-
topical right approximation for FG.

Proof. (1). Let H : D — £ and K : C — & be any two homotopical functors,
andleta : K = H F be any natural transformation. Then, we have the following
commutative diagram of natural transformations,

K+X kK02, HFQ
|
HF

and, for any other homotopical functor K’ : C — £ and natural transformation
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v : K' = K, for a’ = a ey, the diagram

K'p

K’ K'0-"%, HFO

also commutes; thus, (H FQ, H Fp) is indeed a homotopically terminal object
in ([C,€],L HF),.

(ii). Suppose (H, H', a,a’,0) is an object in ([min2,[C,D};], | @), . The dia-
gram below commutes,

H' «'0
aQ
\L a’
«  FQ—|—>F'Q

and (Hp, H'p) is a weak equivalence, so (FQ, F'Q, Fp, F'p, Q) is indeed a
homotopically terminal object in ( [min 2,[C, D]h] N l (p) o

(ii1). Let (C °.0%, pco) and (D°, o, pDo) be functorial left deformation re-
tracts for F and G respectively, and suppose F maps objects in C° to objects
in D°. To begin, observe that Gp? FQ®" : GQP" FQ® = GFQC is a natural
weak equivalence; and, as established above, both st QCo (LF )QCO = F QCo
and SGQD° : (ILG)QDO => GQDO are natural weak equivalences, so their hori-
zontal composite (6GQC°) ° (5F QDO) is also a natural weak equivalence. We
also know that (C°, Q%" p“’) is a functorial left deformation retract for GF, so
(GFQ',GFp) is a homotopical left approximation for GF. Now, noting that
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the following diagram commutes,

(LG)Q” (LF)Q® w GO FOY ﬂ) GFQY
(€GP )o(W P >l (GP™)o(Fp™ >l lGF”CO
(LG)(LF) > GF GF

5%.5F

we conclude that ((LG)(LF),8% < 6") and (GFQ®,GFp“") are weakly equi-
valentin ([C, €], | GF),, and so ((LG)(LF), 8 « ") is also a homotopical left
approximation for G F, by proposition 3.2.2. [ |

REMARK 3.4.11. Unlike the situation we had with total derived functors, the as-
signment F — FQ (resp. G — GR) is not a lax (resp. oplax) 2-functor, because
we do not have a natural transformation id. = QO (resp. R = id,).

Corollary 3.4.12. Let C and D be homotopical categories, and let y. : C —
Ho C and y;, : D — Ho D be the respective localising functors.

e If F : C = D is a left deformable functor and (LF, 6) is any homotopical
left approximation for F, then (HO(I]_F ), 71)5) is a total left derived functor
for F.

* IfG : D — Cisaright deformable functor and (RG, 6) is any homotopical
right approximation for G, then (HO(RG), ycé) is a total right derived
functor for G.

Proof. Combine theorems 3.3.13 and 3.4.10. [ |

Three-arrow calculi

Prerequisites. §§ 3.1, A.4.
In this section, we follow [DHKS, § 36] and [Thomas, 2011].

Definition 3.5.1. Let C be a relative category, let W = weq C be the subcategory
of weak equivalences in C, and let U" and V be subcategories of W. We say C
admits a three-arrow calculus for C with respect to (U, V) if the following
conditions are satisfied:

Al. For each weak equivalence w in C, there exist u in U and v in V such
that w = vou.
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A2. Given a diagram of the form ¥ <Y 3 ZincCwithuin U, there exists
a diagram of the form ¥ %, 7 < Z such that
-_ g’ oy = u/ o g,
- u'isin U, and

— given any diagram of the form ¥ = T < Z such that you = zo g,
there exists a (not necessarily unique) morphism 7 — Z making
the diagram below commute:

L

R

. . f 5 . . . .
A3. Given a diagram of the form X — Y < Y in C with v in PV, there exists
v’ r
a diagram of the form X & X 5 ¥ such that
- f o =vo g/’
- 0v'isin Y, and
— given any diagram of the form X < S5 > Y such that fex=voy,
there exists a (not necessarily unique) morphism § — X making
the diagram below commute:

X

~

Y

A uni-fractionable category is a relative category C together with a pair of
subcategories (1", V) such that weq C has the 2-out-of-3 property in C and C
admits a three-arrow calculus with respect to (U, V).
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REMARK 3.5.2. Note that axiom A1 implies that ob U" = ob ¥V = ob C; in partic-
ular, every identity morphism in C is also in V" and V.

REMARK 3.5.3. Consider diagrams of the following forms,

f’:/ \iz X/X\fY
N N

where u,u’ are in U" and v, v’ are in V. Under the assumption that W has the
2-out-of-3 property in C, the morphism g is in W if and only if g’ is in W, and

the morphism f is in W if and only if f” is in W.

Definition 3.5.4. Let C be a relative category, let W = weq C be the subcategory
of weak equivalences in C, and let U” and V be subcategories of W. A functorial
three-arrow calculus for C with respect to (U”, V) consists of the following data:

FA1l.

FA2.

FA3.

A functorial factorisation system on W with left class contained in mor U°
and right class contained in mor V.

A functor from the full subcategory of [{e « e — e}, C] spanned by
those diagrams of the form Y bl Y g Z, where u is in U, to the cat-
egory [{® — e « e}, (], such that each diagram ¥ £y S Zissentto
a diagram of the form Y g—; V4 i Z,where g’ cu=u"og,u' isin U,
and ' is an isomorphism if u is.

A functor from the full subcategory of [{e — e «— e}, C] spanned by

. f v~ ..
those diagrams of the form X — Y « Y, where v is in V, to the cat-

egory [{e < e — e} (], such that each diagram X L Y < ¥ is sent to

!/ ’

1% ~ ~ . .
a diagram of the form X « X = Y, where f o0 = vog', v isin P,
and v’ is an isomorphism if v is.

If such data exist, then we say C admits a functorial three-arrow calculus with
respect to (U°, V).
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REMARK 3.5.5. If mor U is closed under pushout in C, then we may take push-
outs to construct datum FA2; similarly, if mor V is closed under pullback in C,
then we may take pullbacks to construct datum FA3.

REMARK 3.5.6. A relative category C admits a (functorial) three-arrow calculus
with respect to (U", V) if and only if the opposite relative category C°® admits a
(functorial) three-arrow calculus with respect to (V, U").

Proposition 3.5.7. Let C be a relative category and let U" and V be subcategor-
ies of W = weq C (itself considered as a subcategory of C). If C admits a func-
torial three-arrow calculus with respect to (U°, V), then C admits a three-arrow
calculus with respect to (U°, V).

Proof. Obviously, having datum FA1 implies axiom Al is satisfied. Now sup-
pose we have a commutative square of the form below in C,

N —— ~
’ﬂ(T'"<>

~l

where u is in U". The datum FA2 then gives us the following commutative dia-
gram,

and w : T — T is an isomorphism, thus, there exists a morphism Z > T
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making the diagram below commute:

This shows that axiom A2 is satisfied, and the dual argument proves axiom A3.

Proposition 3.5.8. Let A and C be relative categories. If C admits a functorial
three-arrow calculus, and either

* weq C has the 2-out-of-3 property in C, or
* A is a minimal relative category,

then the relative functor category [ A, Cl,, admits a functorial three-arrow calcu-
lus constructed componentwise from C.

Proof. Let (U, V) be a functorial three-arrow calculus for C. It is clear that,
when A is a minimal relative category, all the data constituting a three-arrow
calculus for C may be lifted componentwise to define a three-arrow calculus for
[A, ],

In general, we must check that [ A, C], is closed under the various compon-
entwise constructions. However, if f : A — B is a weak equivalence in A and
0 : X = Y is a natural weak equivalence of relative functors X,Y : A — M,
and ye@ is the componentwise (1", V)-factorisation of 6, then the diagram below
commutes,

XA s 7zA- Y s vA

Xfl Zfl Yf

XB > Z B > Y B
D] 14

and so by the 2-out-of-3 property of weqC, Z f is also a weak equivalence in
C, thus Z : A — M is a relative functor. Similarly, one uses the 2-out-of-3
property of weqC to ensure that the componentwise constructions satisfy the
conditions to be data FA2 and FA3 for a functorial three-arrow calculus. [ |
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Theorem 3.5.9 (Fundamental theorem of three-arrow calculi). Let C be a rel-
ative category such that weq C has the 2-out-of-3 property in C. If C admits a
three-arrow calculus with respect to (U", V), then:

(1) Every morphism in Ho C can be represented by a zigzag in C of the form
below,

X+t XLy vy

whereuisin U and visin V.

(i) Two such zigzags represent the same morphism in Ho C if and only if there
exists a commutative diagram in C of the form

v o f % u
X 4 X Y < Y
AN AN
Uy Uy
U3 /3 u3
X < ° > 0 <& Y
w wy
~N A
X Z Py NP Y
) Ug AN f4 ’ N ) Uy
uy L)
ya N/ \ A/ ya
Xe——X — ¥V Y
v f u

where u,u,, usy,u, are in U', vy, 0,, 05,0, are in ¥V, and w,, w, are weak
equivalences in C.

Proof. For the functorial case, see paragraph 36.3 in [DHKS]; for the general
case, see Lemma 4.9 and Theorem 5.13 in [Thomas, 2011]. O

Proposition 3.5.10. If C is a homotopical category that admits a three-arrow
calculus, then C is a saturated homotopical category.

Proof. Suppose C admits a three-arrow calculus with respect to (U7, V). Let
f : X — Y be a morphism in C whose image in Ho C is an isomorphism, with
inverse represented by the following zigzag,

Y27V Xt X
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where u is in U" and v is in V. Then, by axioms A2 and A3, there exist v’ in V,
f'inC,u" in U’, and f" in C such that the diagrams below commute,

f! I

)

P

N =
By ¢——
"<><=—"<

S

— —
f f/!

and by theorem 3.5.9, we have commutative diagrams in C of the following form,

e e e T e e et
X < ° > o< X Y ° > o< Y
X < . . X Y . . Y
Xe——X gof,>X< — X Y Y e Y < Y

where all leftward- and upward-pointing arrows are weak equivalences in C. We
may then deduce that every arrow appearing in the above diagrams are in weq C
by iteratively applying the 2-out-of-3 property of weq C. In particular, g f' and
f" o g are weak equivalences in C, so the 2-out-of-6 property of weq C implies
that /', f”, g are all in weq C. We then conclude that f is in weq C, by using the
2-out-of-3 property again. [ |
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— IV —

MODEL CATEGORIES

In [1967], Quillen introduced the notion of a ‘closed model category’ (but we
shall say simply ‘model category’) for homotopy theory, so as to formalise the
similarities between the homotopy theory of spaces and homological algebra.
The idea was that, to do homotopy theory, one only really needs to know which
morphisms are cofibrations, which are weak equivalences, and which are fibra-
tions.

4.1 Basics
Prerequisites. §§ 3.1, 3.5, A.3, A.4.

Definition 4.1.1. A model structure on a category M is a triple (C, W, F) of
subensembles of mor M satisfying the following axioms:!/

CM2. W has the 2-out-of-3 property.
CM3. C, W, and F are closed under retracts.
CM4. Given a commutative diagram

A
B

—

~

—

[1] This presentation is due to Quillen [1969].
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where i is in C and p is in F, if at least one of i or p is also in W, then
there exists a morphism B — X making both of the evident triangles
commute.

CMS. Any morphism f in M may be factored in two ways:

— f=peiwhereiisinCN W and pisin F, and
— f=qej,wherejisinCandgisin WNF.

A model category is a locally small category M that is equipped with a
model structure and satisfies the additional axiom below:

CM1. M has finite limits and finite colimits.

A derivable category is a locally small category M that is equipped with a
model structure and satisfies the additional axiom below:

DCO0. M has an initial object 0 and a terminal object 1.

DC1. M has pushouts along morphisms in C N W, and pullbacks along morph-
isms in W N F; i.e. given diagrams in M of the form below,

A
B

ifi : A - Bisin CN W, then the diagram on the left can be completed to
a pushout square; and if p : X — Y isin W N F, then the diagram on the

— v A’

X
l”
Y —— Y

right can be completed to a pullback square.

Given a model structure (C, W, F) on a category M with an initial object O
and a terminal object 1,

* a weak equivalence is a morphism in W,
* a cofibration is a morphism in C,
* afibration is a morphism in F,

* atrivial cofibration (or acyclic cofibration) is a morphism in CN W, and
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a trivial fibration (or acyclic fibration) is a morphism in W N F;

a cofibrant object is an object X such that the unique morphism 0 — X
1s a cofibration,

a fibrant object is an object X such that the unique morphism X — 1 is
a fibration, and

a cofibrant—fibrant object is an object that is both cofibrant and fibrant.

REMARK 4.1.2. Itis possible to give an equivalent definition of ‘cofibrant object’
(resp. ‘fibrant object’) without referring to O (resp. 1), but the theory does not
work as well in that case.

Definition 4.1.3. A DHK model category is a model category satisfying the
following variants of CM1 and CM5:

CM1*. M is complete and cocomplete.

CMS5*, The (Cn W, F) and (C, W n F)-factorisations can be chosen functori-
ally in the sense of definition A.3.22.

REMARK 4.1.4. Hovey [1999] and Hirschhorn [2003] attribute the stronger defin-
ition of ‘model category’ to Dwyer, Hirschhorn and Kan [DHK], hence the name
‘DHK model category’; of course, this is the definition used in the cited works,
as well as in [DHKS]. Note also that the definition in [Hovey, 1999] includes the
functorial factorisations as a structure instead of a property. On the other hand,
[DS] and [GJ] use Quillen’s 1969 definition essentially verbatim.

Example 4.1.5. Let M be any category. The trivial model structure on M is
defined by the following data:

* The weak equivalences are the isomorphisms.
* Every morphism is both a cofibration and a fibration.

It is straightforward to directly verify that the axioms are satisfied in this case.
Notice that if M is complete and cocomplete, then the trivial model structure
even makes M into a DHK model category.
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Example 4.1.6. The mono—epi model structure on Set is defined by the fol-
lowing data:

* Every morphism is a weak equivalence.
* The cofibrations are the injective maps.
* The fibrations are the surjective maps.

The key observation is that Set admits a mono—epi weak factorisation system;”!
in fact, we can even choose the mono—epi factorisations functorially: for ex-
ample, given amap f : X — Y, we may take the cograph factorisation X —
XUOY — Y, where X - X LY is the coproduct insertion and X 1Y — Y is
the map (f,1idy ).

REMARK 4.1.7. Let M be a category. Then, (C, W, F) is a model structure on
M if and only if (F°P, W, CP) is a model structure on M°P.

Lemma 4.1.8. Let M be a category with a pair of weak factorisation systems
(C',F)and (C, F'"). Define the following subensemble of mor C:

W={q-jljeC.,qeF'}
i cnwgcc cw.
(i) IfC' CC,then F CFandCnW =C".
Dually:
i) WNnFCF Ccw.
(") If F" CF,thenC' CCand WNF =F'.

Proof. (i). If j : X — Y isin C’, then j is also in W, because id, is in F; thus
C' CW. Now, suppose i : X — Z isin C N W; then there mustbe j : X - Y
inC'and g :Y — Z in F’ such that i = ¢ o j, and so we have the commutative
diagram shown below:

X Y

Z—)Z

!

— not to be confused with the epi—-mono orthogonal factorisation system!
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Since i [1] q, i must be a retract of j; hence, by proposition A.3.12, i is in C’, and
therefore CNW C C'.

(ii). If we know C' C C, then F' C F by proposition A.3.3,and C' € C NW, so
from claim (i) it follows that C' = Cn'W. [ |

Theorem 4.1.9. Let M be a category and let C, W, F be subclasses of mor M.
Assuming M has either pushouts along morphisms in C N'W or pullbacks along
morphisms in W N F, the following are equivalent:

(1) (C, W, F) is a model structure for M.

(i1) W has the 2-out-of-3 property in M, and both (C N W, F) and (C, W N F)
are weak factorisation systems for M.

Proof. (1) = (ii). Axiom CMS5 says that (C N W, F)- and (C, W N F) factorisa-
tions exist, and axiom CM4 says we have the following inclusions:

CC2WnrF) WwnFccl
FC(Cnwd cCnwcblr

Axiom CM3 implies each one of C, F, CN W, WNF is closed under retracts, so
we may apply proposition A.3.14 to deduce that both (C, W N F)and (C N W, F)
are indeed weak factorisation systems.

(i1) = (1). We may deduce from proposition A.3.12 that C and F are closed under
retracts, and it remains to be shown that W is closed under retracts. The two
cases are formally dual; we will assume that M has pushouts along morphisms
mCnNnWw.

Let w: X — Z be a morphism in W, and consider a commutative diagram
of the form below:
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Choose a (C N W, F) factorisation for w’, say w’' = p' o j’, withj' : X" - Y’ in
CnWandp' :Y' — Z'in F. Construct the following commutative diagram,

X/ Sx ) X rx X/

~

170
Y -2 5y 2y’
S I
2 ——Z— 27

where the top left square is a pushout square, veu = w, and ry o 5, = id,.
Since C N W is closed under pushouts, u is also in C N W, and by the 2-out-of-3
property, v is in W. Thus, p’ is in F and is a retract of v:

lll

Using the 2-out-of-3 property again, choose a (C N W, W N F)-factorisation of
v,say v = qej. Since j [/] p’, there exists a morphism r such that 7> j = r, and

p'er=r,oq. Putting s = jos,, weobtainres =ryes, =idy; thus p’ is a
retract of ¢ and must therefore be in F N W. Hence, w’ =p' o j isin W.

Corollary 4.1.10. Let M be a derivable category.

* Pushouts of trivial cofibrations along any morphism in M exist, and any
such is a trivial cofibration.

* Pullbacks of trivial fibrations along any morphism in M exist, and any
such is a trivial fibration.

Proof. Apply proposition A.3.12. [ |

REMARK 4.1.11. May and Ponto [2012, Ch. 14] define ‘model category’ to mean
a complete and cocomplete locally small category M equipped with a triple of
classes (C, W, F) satistfying condition (ii) of the above proposition; if the two
weak factorisation systems can be extended to a pair of functorial factorisation
systems, then this is a DHK model category.
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Lemma 4.1.12. Let M be a category with an initial object and a terminal object.
For any model structure on M:

* Every trivial fibration with cofibrant codomain is a split epimorphism.
* Every trivial cofibration with fibrant domain is a split monomorphism.

Proof. The two claims are formally dual; we will prove the first version.
Let p : X — Y be a trivial fibration, and suppose Y is cofibrant. Consider
the following commutative diagram in M:

|

By axiom CM4, p : X — Y has the right lifting property with respect to the
unique morphism 0 — Y, so there exists a morphism s : ¥ — X such that
pes =1id,. This shows that p : X — Y is a split epimorphism. [ |

—

—_—
id

Lemma 4.1.13. Let M be a category equipped with a model structure and let A
be an object in M.

(1) The slice category M, , (resp. 4/ M) admits a slice model structure, where
a morphism in M, (resp. A/ M) is a weak equivalence, cofibration, or
fibration if it is so in M.

(i1) The slice category M, (resp. 4/ M), equipped with the slice model struc-
ture, is a derivable category if M is a derivable category.

(ii1) The slice category M, (resp. A/ M), equipped with the slice model struc-
ture, is a model category if M is a model category.

Proof. The two halves of each claim are formally dual; we will prove the ver-
sions for M, ,.

(1). Use lemmas 3.1.6 and A.3.11.

(i1). Itis easy to check that M, has an initial object if M does, and M, , always
has a terminal object. It is well known that the projection functor M, — M
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preserves and reflects pullbacks and pushouts, so pushouts along trivial cofibra-
tions (resp. pullbacks along trivial fibrations) exist in M, if pushouts along
trivial cofibrations (resp. pullbacks along trivial fibrations) exist in M.

(iii). The argument above implies that M, has finite limits and colimits if M
does. B

Lemma 4.1.14. Let (M,. | iel ) be a sequence of categories equipped with
model structures.

(i) The product category M = [],,
where a morphism in M is a weak equivalence, cofibration, or fibration if

M, admits a product model structure,

each component is so.

(i) M, equipped with the product model structure, is a derivable category if
each M, is a derivable category.

(111) M, equipped with the product model structure, is a model category if each
M, is a model category.

Proof. Everything can be checked componentwise. ¢
Definition 4.1.15. Let X be an object in a derivable category M.

* A cofibrant replacement for X is a pair (X, p) where X is a cofibrant
object in M and p is a weak equivalence X — X.

* A fibrant replacement for X is a pair (X ,i ) where X is a fibrant object
in M and i is a weak equivalence X — X.

* A fibrant cofibrant replacement for X is a cofibrant replacement (X, p)
where p : X — X is a trivial fibration.

* A cofibrant fibrant replacement for X is a fibrant replacement (X, i)
where i : X — X is a trivial cofibration.

Definition 4.1.16. Let M be a derivable category.

* A cofibrant replacement functor for M is a pair (Q, p), where Q is an
endofunctor on M and p is a natural transformation Q = id,, such that,
for every object X in M, (QX ,D X) is a cofibrant replacement for X.
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* A fibrant replacement functor for M is a pair (R, i), where R is an en-
dofunctor on M and i is a natural transformation id,, = R such that, for
every object X in M, (RX, iy) is a fibrant replacement for X.

* A fibrant cofibrant replacement functor for M is a pair (Q, p), where O
is an endofunctor on M and p is a natural transformation Q = id,, such
that, for every object X in M, (QX ,D X) is a fibrant cofibrant replacement
for X.

* A cofibrant fibrant replacement functor for M is a pair (R, i), where R
is an endofunctor on M and i is a natural transformation id,; = R such
that, for every object X in M, (RX L X) is a cofibrant fibrant replacement
for X.

REMARK 4.1.17. Note that a fibrant cofibrant replacement for X is precisely a
cofibrant replacement for X that is fibrant as an object in My, and a cofibrant
fibrant replacement for X is precisely a fibrant replacement for X that is cofibrant
as an object in */M.

Moreover, if X is fibrant and (X, p) is a fibrant cofibrant replacement for X,
then X is both fibrant and cofibrant in M, and if X is cofibrant and (X L ) isa
cofibrant fibrant replacement for X, then X is both cofibrant and fibrant in M.

Proposition 4.1.18.
(1) Anyobjectin aderivable category has both a fibrant cofibrant replacement
and a cofibrant fibrant replacement.

(i1)) Any DHK model category has both a fibrant cofibrant replacement functor
and a cofibrant fibrant replacement functor.

Proof. (i). Apply axiom CMS to the unique morphisms 0 — X and X — 1.

(i1). Apply axiom CM5* to the unique natural transformations AO = id,, and
id,, => Al. [ |

It should go without saying that any two cofibrant or fibrant replacements for
a fixed object are weakly equivalent; however, more is true:

Lemma 4.1.19. Let X be an object in a derivable category M.

* Any two cofibrant replacements for X are weakly equivalent as objects in
the slice model category M .
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* Any two fibrant replacements for X are weakly equivalent as objects in
the slice model category */ M.

Proof. The two claims are formally dual; we will prove the first version.

Let (X , p) be a fibrant cofibrant replacement for X; such exist, by proposi-
tion 4.1.18. Let (X ’, p’) be any cofibrant replacement for X. Then, the unique
morphism 0 — X' has the left lifting property with respectto p : X — X, so
there exists a morphism f : X’ — X such that po f = p’. The 2-out-of-3 prop-
erty of weak equivalences implies any such f : X’ — X is a weak equivalence,
so we may deduce that every cofibrant replacement for X is weakly equivalent
to (X,p) as objects in M. [ |

In the presence of functorial cofibrant and fibrant replacements, we can say
something stronger still:

Proposition 4.1.20. Let X be an object in a derivable category M.

* If M has a cofibrant replacement functor, then the full subcategory of the
slice category M . spanned by the cofibrant replacements for X is homo-
topically contractible.

e If M has a fibrant replacement functor, then the full subcategory of the
slice category */ M spanned by the fibrant replacements for X is homo-
topically contractible.

Proof. The two claims are formally dual; we will prove the first version.
Let (Q, p) be a cofibrant replacement functor for M. Then, for each cofibrant
replacement (X, q) for X, we have the following commutative diagram in M:

X 0% %, 0x

A

Thus, the constant functor at (QX , pX) is naturally weakly equivalent to the

identity functor of the category of cofibrant replacements for X, and we may then
apply proposition 3.1.31 to deduce that it is homotopically contractible. [ |

REMARK 4.1.21. In other words, cofibrant replacements (resp. fibrant replace-
ments) are homotopically unique in a model category with functorial cofibrant
replacements (resp. functorial fibrant replacements).
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Proposition 4.1.22. Let M be a derivable category, let (C, W, F) be the model
structure on M, and let N be a full subcategory of M.

() If N is homotopically replete in M, then the data
(C nmor N, W nmor N, F n mor N')

constitute a model structure on N

(i) If N additionally has an initial object and a terminal object, then N is a
derivable category when equipped with the above model structure.

Proof. (i). Lemma 3.1.7 implies that axiom CM2 is satisfied. Since N is a
full subcategory of M, the data (C N mor N', W n mor N, F n mor N') satisfy
axioms CM3 and CM4 because (C, W, F) do. Finally, for axiom CMS5, we appeal
to the hypothesis that N is homotopically replete.

(i1). We must show that pushouts along trivial cofibrations and pullbacks along
trivial fibrations exist in . For this, simply apply corollary 4.1.10 to the hypo-
thesis that V' is homotopically replete and full. [ |

Definition 4.1.23. The Quillen homotopy category (or, more simply, homo-
topy category) of a derivable category M is the category Ho M obtained by
freely inverting the weak equivalences in M, as in definition A.4.9.

Definition 4.1.24. A saturated derivable category is a derivable category that
is saturated as a category with weak equivalences.

Theorem 4.1.25. Let M be a derivable category and lety : M — Ho M be the
localising functor.

(1) Let U and V be the classes of trivial cofibrations and trivial fibrations in

M, respectively. Then M admits a three-arrow calculus with respect to
(U, V), which is functorial if M satisfies axiom CM5*.

(ii) Let X andY be objects in M, letv: X — X and v’ : X — X' be trivial
fibrations, letu : Y — Yandu Y — Y' be trivial cofibrations, and let
f:X—>Yand f' : X' > Y' be morphisms in M. Then,

y@) e y(f)ey) ! =y ey(f) ey
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if and only if there exists a commutative diagram in M of the form below,

AN

X X1 sy y

Uy L)
U3 f3 u3
X < . > ® < Y
wy wy
X < . > ® < Y
U4 A f4 AN Uy
u L)
~ A
X¢—X ——Y «——Y
v f u

where uy,u,, us,u, are trivial cofibrations, v,, v,, U5, v, are trivial fibra-
tions, and w,,w, are weak equivalences. In any such diagram, u, is a
split monomorphism if X is cofibrant, and v, is a split epimorphism if Y’
is fibrant.

(ii1)) M is a saturated derivable category if and only if the weak equivalences
in M have the 2-out-of-6 property.

(iv) If X is a cofibrant object in M and Y is a fibrant object in M, then the
hom-set map M(X,Y) - HoM(y X, yY) is surjective.

(v) Ho M is a locally small category.

Proof. (1). Axioms CM2 and CMS5 imply axiom Al is satisfied, and axioms
A2 and A3 follow from the above claims; that we get a functorial three-arrow
calculus under axiom CM5* is an obvious consequence of the universal property
of pushouts and pullbacks.

(i1). This is a special case of the fundamental theorem of three-arrow calculi
(3.5.9), plus lemma 4.1.12.

(ii1). Apply proposition 3.5.10 and lemma A.4.14.
(iv). Consider a zigzag of the following form in M,
f/

X +—— X' s Y +———Y
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where u : Y — Y’ is a trivial cofibration and v : X' — X is a trivial fibration.
Let f = y(u)™ o y(f') o y(v)~! be the corresponding morphism in Ho M; note
that the fundamental theorem of three-arrow calculi says that every morphism
yX — yY in Ho M is of this form. Suppose X is cofibrant and Y is fibrant.
Then lemma 4.1.12 says u is a split monomorphism and v is a split epimorphism,
sochooser: Y — Yands : X - X' suchthat reu = idy and ve s = idy.
Since y(u) and y(v) are isomorphisms in Ho M, we must have y (1)~ = y(r) and
y()™! = y(s). Hence, taking f = ro f’' o 5, we have f = y(f), as required.

(v). By proposition 4.1.18, every object in M is weakly equivalent to both a
cofibrant object and a fibrant object, so we may deduce that Ho M is locally
small from claim (iii). [ |

Corollary 4.1.26. Let M be a derivable category. For any two objects X and Y
in M, every morphism X — Y in Ho M can be represented by a zigzag of the
following form,

X2 X s Y« Y

where (X , p) is any cofibrant replacement for X and (f/, i ) is any fibrant re-
placement for Y. [ |

Lemma 4.1.27. Let M be a derivable category.

o Let M be the full subcategory of cofibrant objects in M. Every morphism
X — Y in Ho M, can be represented by a zigzag in M of the form below,

f

X s Y 1 — Y

where (f’, i) is any cofibrant fibrant replacement for Y .

* Let M; be the full subcategory of fibrant objects in M. Every morphism
X = Y in Ho M, can be represented by a zigzag in M of the form below,

/

X2t X s Y

where (X , p) is any fibrant cofibrant replacement for X.

Proof. The two claims are formally dual; we will prove the first version.
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Let y : M, — HoM, be the localising functor. To begin, let us show
that every morphism yX — yY in Ho M_ admits a factorisation of the form
y(w)' o y(g), where u : Y — Y is a trivial cofibration (with Y not necessarily
fibrant). It is clear that every morphism f : yX — yY in Ho M, is represented
by some zigzag in M_ where the backward arrows are weak equivalences, i.e.
that f = y(wn)_l ° y(fn) 0o y(wl)_1 ° y(fl) for some morphisms f, ..., f,
and some weak equivalences w;, ..., w, in M_. Axioms CM2 and CMS5 imply
that every weak equivalence in M, factors as a trivial fibration followed by a
trivial cofibration in M, so we may as well assume that each w; is either a
trivial cofibration or a trivial fibration.

Lemma 4.1.12 says trivial fibrations in M with cofibrant codomain are split
epimorphisms, so we can replace any backward-pointing trivial cofibration in
the zigzag with a forward-pointing arrow. Thus, we can assume without loss of
generality that each w; is a trivial cofibration. On the other hand, axiom DCI
implies that pushouts along trivial cofibrations exist in M, and theorem 4.1.9
and proposition A.3.12 imply that the class of trivial cofibrations in M is closed
under pushouts, so given any trivial cofibration w : Z — X in M, and any
morphism k : Z — Y in M_, there exist a trivial cofibrationu : ¥ — Y’ in
M, and a morphism g : X — Y’ such that u e k = g o w. We may then deduce
(by induction) that every morphism y X — yY in Ho M, is indeed of the form
y(w)~' o y(g), where u : Y — Y is a trivial cofibration.

Finally, suppose (Y, i ) is any cofibrant fibrant replacement for Y. Since u :
Y — Y’ is a trivial cofibration and Y is fibrant, there is a morphism A : Y’ — Y
such that hou = i. Thus, taking f = heg, we have y(u) ™' o y(g) = y(i)) "' o y(f),
as required. [ |

Proposition 4.1.28. Let M be a derivable category.

* Let M be the full subcategory of cofibrant objects in M. The canonical
functor Ho M, — Ho M induced by the inclusion M, < M is fully
faithful and essentially surjective on objects.

* Let M; be the full subcategory of fibrant objects in M. The canonical
functor Ho M; — Ho M induced by the inclusion M; < M is fully
faithful and essentially surjective on objects.

Proof. The two claims are formally dual; we will prove the first version.
It is clear that proposition 4.1.18 implies the functor Ho M, — Ho M is
essentially surjective on objects; it remains to be shown that the functor is fully
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faithful. Consider the full subcategory M ; spanned by the cofibrant—fibrant
objects in M. By restricting the localising functors, we obtain the following
commutative diagram,

Mcf — Mcf

L

HoM, —— HoM

where M — Ho M_ and M — Ho M are essentially surjective on objects.
Theorem 4.1.25 implies M — Ho M is a full functor, so Ho M, — Ho M
must also be full.

Now, consider a parallel pair of morphisms in Ho M. Lemma 4.1.27 says
they can be represented by zigzags of the following form,

f

X s Y« Y

XL sy y

where (Y, i ) is any cofibrant fibrant replacement for Y. Suppose the two morph-
isms are equal in Ho M. Then, there must be a commutative diagram in M of
the form below,

id f A i
X < X > Y < Y
AN AN
U1 Uy
v f3 u
X2 o se¢ Y
wy wy
~N hd
X < ° > @ < Y
U4 AN f4 AN Uy
uy U
~
X +—— X > Y +— Y
id f’ i

where u,, u,, u;, u, are trivial cofibrations, v,, v,, U5, v, are trivial fibrations, and
w,, w, are weak equivalences. Since X is cofibrant, there exists a morphism s
in M such that v, e s = id, so we obtain the following commutative diagram in
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M.,:

d S 5
X+—X s Y «+———Y
AN AN
id Uy

f3es u
X+ x B2 e By
wyes wy
~N hd
X < ° > @ £ Y
Uy AN f4 AN Uy
u U
N
X +— X s Y — Y
id f’ i

Noting that axiom CM2 implies w, o s is a weak equivalence in M_, we may
then deduce that the two zigzags also represent the same morphism in Ho M..
This [ |

Left and right homotopy
Prerequisites. § 4.1.
Definition 4.2.1. Let X be an object in a model category M.

* A cylinder object for X is a quadruple (Cyl(X )i, g, p), where Cyl(X)
is an object in M, p : Cyl(X) — X is a weak equivalence, and i, and i,
are sections of p such that the morphism (iy,i,) : X + X = Cyl(X)isa
cofibration.

* A path object for X is a quadruple (Path(X), i, Do Dy ) , where Path(X) is
an objectin M, i : X — Path(X) is a weak equivalence, and p, and p, are
retractions of i such that the morphism (p,, p;) : Path(X) - X X X isa
fibration.

REMARK 4.2.2. Let (Cyl(X), iy, i}, p) be a cylinder object for X. By definition,
peiy,=pei, =1dy, and p is a weak equivalence, so by the 2-out-of-3 property,
ip and i; must also be weak equivalences X — Cyl(X).

Dually, if (Path(X ), 1, Pos pl) is a path object for X, then p, and p, must be
weak equivalences Path(X) — X.
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Proposition 4.2.3. Let X be an object in a model category M.

* There exists a cylinder object (Cyl(X), igs il,p) for X, where the morph-
ism p : Cyl(X) — X is a trivial fibration.

* There exists a path object (Path(X ), i, Pos pl) for X, where the morphism
i : X — Path(X) is a trivial cofibration.

Proof. Use axioms CM1 and CMS5. [ |

Definition 4.2.4. Let f,, f; : X — Y be a parallel pair of morphisms in a
model category M, let (Cyl(X )sigs i, p) be a cylinder object for X, and let
(Path(Y), i,po,pl) be a path object for Y.

* A left homotopy from f, to f; with respect to (Cyl(X), iy, iy, p) is a
morphism H : Cyl(X) — Y such that H o iy = fyand H o i, = f,.

* A right homotopy from f, to f, with respect to (Path(Y), i, Do pl) isa
morphism H : X — Path(Y') such that pyo H = fand p, e H = f.

* We say f, and f, are left homotopic if there exists a left homotopy from
fo to f, with respect to some cylinder object for X.

* We say f, and f, are right homotopic if there exists a right homotopy
from f, to f, with respect to some path object for Y.

REMARK 4.2.5. If f,, and f,| are either left homotopic or right homotopic, then
they must represent the same morphism in Ho M. For definiteness, let us write
y : M — Ho M for the localising functor, and suppose H : Cyl(X) — Y is
a left homotopy from f,, to f,. Since i, and i, are both sections of the weak
equivalence p : Cyl(X) — X, we must have yi, = (yp) ! = yij;but fo = H o
and f;, = H o i, soindeed y f, = yf,. This is one of the reasons for calling
Ho M the homotopy category of M.

However, it is not quite true that y f, = y f, if and only if £ and f, are either
left homotopic or right homotopic; this only happens in special cases. In general,
being left/right homotopic fails to even be an equivalence relation.

Definition 4.2.6. Let f : X — Y be a morphism in a model category M.

* A left homotopy left inverse for f is a morphism g : Y — X in M such
that g o f and id, are left homotopic.
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* A right homotopy right inverse for f is a morphism 2 : Y — X in M
such that f o A and id, are right homotopic.

* A right homotopy left inverse for f is a morphism g : ¥ — X in M
such that g o f and id are right homotopic.

* A left homotopy right inverse for f is a morphism 2 : ¥ — X in M
such that f o 4 and id, are left homotopic.

A homotopy equivalence in M is a pair (f, g) such that g (resp. f) is both a left
homotopy left inverse and a right homotopy right inverse for f (resp. g). Two
morphisms f: X - Yand g : Y — X in M are mutual homotopy inverses
when (f, g) constitute a homotopy equivalence in M.

REMARK 4.2.7.Let f : X - Y and g : Y — X be morphisms in a model
category.

* g is a left homotopy left inverse for f if and only if f is a left homotopy
right inverse for g.

* gisaright homotopy left inverse for f if and only if f is a right homotopy
left inverse for g.

However, note that the dual of ‘left homotopy left inverse’ is ‘right homotopy
right inverse’, and the dual of ‘right homotopy left inverse’ is ‘left homotopy
right inverse’!

Lemma 4.2.8. Let f,,, | : X = Y be a parallel pair of morphisms in a model
category, and suppose f, and f, are either left or right homotopic. Then, f, is
a weak equivalence if and only if f, is a weak equivalence.

Proof. Assume f,, and f, are left homotopic; the other case is formally dual.
So, there exist a cylinder object (Cyl(X )sigsiys p) for X and a morphism H :
Cyl(X) — Y such that H oiy, = f,and H i, = f,. Suppose f|, is a weak equi-
valence. By remark 4.2.2, i, is a weak equivalence, so the 2-out-of-3 property
implies H is also a weak equivalence; but i, is a weak equivalence as well, so
J, must be a weak equivalence too. A symmetrical argument proves that f; is a
weak equivalence if f is. [ |
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Lemma 4.2.9. Let f : X — Y and g : Y — X be morphisms in a model
category M.

(1) If g o f is either left or right homotopic to 1dy, and [ o g is either left or
right homotopic to idy, then (f, g) is an equivalence in M (in the sense of
definition 3.1.17).

(ii) If there exist morphisms g, h : Y — X such that g » f is either left or right
homotopic to idy and f o h is either left or right homotopic to idy, then
(the image of) f is an isomorphism in Ho M.

Proof. Obvious, given remark 4.2.5. ¢

Lemma 4.2.10. Let f,, f, : X = Y be a parallel pair of morphisms in a model
category M.

(1) Given any cylinder object (Cyl(X), iy, il,p) for X, foep:Cyl(X) =Y
is a left homotopy from f to itself.

(1) If H : Cyl(X) = Y is a left homotopy from f to f| with respect to a cyl-
inder object (Cyl(X), igs il,p) for X, then the same H is a left homotopy
from f| to f, for the cylinder object (Cyl(X), i, io,p).

Dually:

(i") Given any path object (Path(Y), i,po,pl)for Y,iefy,: X = Path(Y)isa
right homotopy from f to itself.

(ii") If H : X — Path(Y) is a right homotopy from f, to f, with respect to a
path object (Path(Y), i, Dy Dy ) forY, then the same H is a right homotopy
from f| to f, for the path object (Path(Y), i,pi, po).

Proof. Obvious. ¢
Lemma 4.2.11. Let M be a model category.

o If (Cyl(X), igs 01, p) is a cylinder object for a cofibrant object in M, then
the insertions iy, i, : X — Cyl(X) are trivial cofibrations, and Cyl(X) is
a cofibrant object in M.

o If (Path(Y), i, Do, p]) is a path object for a fibrant object in M, then the
projections py, p; 1 Y — Path(Y) are trivial fibrations, and Path(X) is a
fibrant object in M.
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Proof. See Lemmas 1.5 and 1.7 in [GJ], or Lemma 7.3.6 in [Hirschhorn, 2003].
]

Lemma 4.2.12. Let X be a cofibrant object in a model category M. Given
two cylinder objects for X, say (Cyl(X)’, i ii,p’) and (Cyl(X)”, iq, ii’,p”),
there exists a third cylinder object (Cyl(X )sigs i, p) such that the diagram below
commutes,

X X

14
1

i/ i X i i

Cyl(X)’ Cyl(X)”

— Cyl(X) <
p/ pl p//
X

and the diamond is a pushout diagram.

Dually, if Y is a fibrant object in M, and we have two path objects for Y,
say (Path(Y)’, i', Dy pi) and (Path(Y)”, i",py, pi’), then there exists a third path
object (Path(Y), i, Do pl) such that the diagram below commutes,

N

Path(Y)

[ NN

Path(Y)’ Path(Y)”

k//;: \if\\\g Y’k///;;/ :;\\ﬂ

and the diamond is a pullback diagram.

Y

Proof. See Lemmas 1.5 and 1.7 in [GJ, Ch. II], or Lemma 7.4.2 in [Hirschhorn,
2003]. ]

Corollary 4.2.13. Let f, f1,f, : X — Y be three parallel morphisms in a
model category M.

(1) If f, and f, are left homotopic, and f, and f, are left homotopic, then f,
and f, are also left homotopic.
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(1) If f, and f, are right homotopic, and f| and f, are right homotopic, then
fo and f, are also right homotopic. |

Lemma 4.2.14. Let f,, f; : X = Y be a parallel pair of morphisms in a model
category M.

(1) If X is cofibrant, and f,, and f, are left homotopic, given any path object
(Path(Y), i,po,pl) for Y, there is a right homotopy H : X — Path(Y)
from fto f.

(1) IfY isfibrant, and f,and f, are right homotopic, given any cylinder object
(Cyl(X), igs il,p) for X, there is a left homotopy H : Cyl(X) — Y from
foto fi.

Proof. See Proposition 1.8 in [GJ, Ch. II], or Proposition 7.4.7 in [Hirschhorn,
2003]. O

Proposition 4.2.15. Let X and Y be objects in a model category M.

(1) If X is cofibrant, then being left homotopic is an equivalence relation on
the hom-set M(X,Y).

(1) If Y is fibrant, then being right homotopic is an equivalence relation on
the hom-set M(X,Y).

(ii1) If X is cofibrant and Y is fibrant, then these two equivalence relations on
M(X,Y) coincide.

Proof. Use the preceding lemmas. [ ]

Lemma 4.2.16. Let f,, f, : X = Y be a parallel pair of morphisms in a model
category M.

(1) If f, and f| are right homotopic and g : W — X is any morphism in M,
then f, o g and f| o g are also right homotopic.

(1) If f, and f, are left homotopic and g : Y — Z is any morphism in M,
then g o f,, and g o f, are also left homotopic.

Proof. Obvious. ¢

199



IV. MODEL CATEGORIES

Corollary 4.2.17. Let M be a model category, and let M be the full subcat-
egory spanned by the cofibrant—fibrant objects. Then the equivalence relation
induced by homotopy is a congruence on M, in particular, there exist a loc-
ally small category M,, and a full functor M — M’ with these properties:

* The objects of M, are those of M.
* The hom-set M (X,Y) is M(X,Y) modulo homotopy.

* The functor M — M, sends each morphism in M to its homotopy
class. [ |

The next result is a version of Whitehead’s theorem; however, this is a purely
formal consequence of the model category axioms and has no real content, unlike
the original theorem.

Proposition 4.2.18. Let X and Y be cofibrant—fibrant objects in a model cat-

egory M. If f : X — Y is a weak equivalence, then f has a homotopy inverse
in M.

Proof. See Theorem 1.10 in [GJ, Ch. II], or Theorem 7.5.10 in [Hirschhorn,
2003]. Ol

Lemma 4.2.19. Let f,, f; : X = Y be a parallel pair of morphisms in a model
category M.

e If g : W — X is a morphism with a right homotopy right inverse in M,
then f,o g and f|° g are right homotopic if and only if f,, and f, are right
homotopic.

e Ifg : Y — Z is a morphism with a left homotopy left inverse in M,
then g o f, and g o f, are left homotopic if and only if f,, and f, are left
homotopic.

Proof. This follows immediately from the definitions and lemma 4.2.16. [ |

Corollary 4.2.20. Let W, X,Y, Z be cofibrant—fibrant objects in a model cat-
egory M, and let f,, f, : X = Y be a parallel pair of morphisms.

e Ifg : W — X is a weak equivalence such that f, o g and f, - g are
homotopic, then f,, and f, are homotopic.
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e Ifg : Y — Z is a weak equivalence such that g o f, and g o f, are
homotopic, then f, and f, are homotopic.

Proof. Apply proposition 4.2.18 in conjunction with the above lemma. [ |

The homotopy category
Prerequisites. §§ 4.1, 4.2, A.4.

Theorem 4.3.1. Let M be a model category and let y : M — Ho M be the
localising functor.

(1) Ho M is equivalent to the locally small category M, defined in corol-
lary 4.2.17, and M is a saturated homotopical category.

(1) If X and Y are cofibrant—fibrant objects in M, then the hom-set map
M(X,Y) - HoM(X,Y) induced by y is surjective; and moreover for
any parallel pair f, f, : X = Y in M, we have y f, = y f, if and only if
fo and f, are homotopic.

Proof. (1). This is Theorem 1.11 in [GJ, Ch. II], or Proposition 5.8 in [DS].
(i1). Implied by claim (i). [l

Corollary 4.3.2. Let f : X — Y be a morphism in a model category M. If
f has a quasi-inverse in M (in the sense of definition 3.1.17), then f is a weak
equivalence in M.

Proof. If f has a quasi-inverse in M, then (the image of) f is an isomorph-
ism in Ho M; but M is a saturated homotopical category, so f must be a weak
equivalence in M. [ |

Corollary 4.3.3. Let M be a model category and let y : M — Ho M be the
localising functor.

(1) For any parallel pair f,, f; : X = Y in M, if X is cofibrant and Y is
fibrant, we have y f, = y f, if and only if f, and f| are homotopic.

(i1) The full subcategory M ; of cofibrant—fibrant objects in M has the White-
head property (in the sense of definition 3.1.21).
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Proof. (1). As noted in remark 4.2.5, if f,, f; : X — Y are homotopic, then
we must have y f,, = y f,. Conversely, suppose y f, = v f, with X cofibrant and
Y fibrant. Let (RX,i’) be a cofibrant fibrant replacement for X and (QY, p’)
be a fibrant cofibrant replacement for Y. Then, there exists morphisms f(;, f 1’ :
RX — QY suchthat f, = p'o fjei"and f; = p' o f{ ei'. Since i’ : X - RX
and p’ : QY — Y are weak equivalences, we must have y f; = y f| in Ho M.
The theorem then implies f; and f| are homotopic; thus f, and f, are also
homotopic, by lemmas 4.2.14 and 4.2.16.

(i1). Apply theorem 3.1.22 in conjunction with lemma 4.2.9 and the above co-
rollary. |

Corollary 4.3.4. Let f : X — Y be a morphism between two cofibrant objects
in a derivable category M. If M is a saturated homotopical category, then the
following are equivalent:

(1) The morphism f : X — Y is a weak equivalence in M.

(i1) The hom-set map map HoM(f,Z) : HoOM(Y,Z) - HoM(X, Z) is a
bijection for all cofibrant—fibrant objects Z in M.

(iii) The hom-set map M, (f,Z) : M, (Y, Z) - M, (X, Z) is a bijection for
all cofibrant—fibrant objects Z in M, where M, (Y, Z) (resp. M (X, Z))
denotes the set of all morphisms Y — Z (resp. X — Z) in M modulo
homotopy.

Proof. (1) = (ii). Every weak equivalence in M becomes an isomorphism in
Ho M, so in particular Ho M(f, Z) : HoM(Y, Z) - Ho M(X, Z) must be a
bijection.

(i1) < (iii). The previous corollary implies that the vertical arrows in the follow-
ing commutative diagram are bijections,

MY, Z) 2252 My (X, 2)

l l

Ho M(Y, Z) =7 Ho M(X, Z)

and so M, (f, Z) is a bijection if and only if Ho M(f, Z) is a bijection.
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(i1) = (1). Suppose ()2 ,i x) is a cofibrant fibrant replacement for X and (Y, iy)
is a cofibrant fibrant replacement for Y. Then, (by axiom CM4) there exists a
morphism f : X — ¥ making the diagram below commute,

~

VAN

S

Y

;.
%
—

)
=~

ﬁ
s
and by the 2-out-of-3 property, f is a weak equivalence if and only if £ is a weak

equivalence. On the other hand, the following diagram also commutes,

HoM(, 2)" S0 M (. 2)

HoM(iy,Z)l lHOM(iX,Z)
Ho M(Y, Z)I-W)HO M(X, Z)

and so Ho M(f, Z) is a bijection if and only if Ho M(f, Z) is a bijection; but
X and Y are both cofibrant—fibrant objects, so if Ho M(f, Z) is a bijection for
all cofibrant—fibrant objects Z, then f must be a weak equivalence (because M
is a saturated homotopical category). [ |

Proposition 4.3.5 (Joyal). Let M and M’ be two model categories with the
same underlying category. If cofibrations in M are cofibrations in M' and vice
versa, then the following are equivalent:

(i) Every weak equivalence in M is a weak equivalence in M'.
(ii) Every fibrant object in M’ is a fibrant object in M.
(iii) Every cofibrant—fibrant object in M’ is a cofibrant—fibrant object in M.

(iv) Every weak equivalence between cofibrant objects in M is a weak equi-
valence between cofibrant objects in M'.

Proof. This result is due to Joyal [2010].

(i) = (ii). Since every trivial cofibration in M is a trivial cofibration in M’,
theorem 4.1.9 (plus the definition of weak factorisation system) implies every
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fibration in M is a fibration in M in particular, every fibrant object in M’ is a
fibrant object in M.

(i1) = (i11). Obvious.

(iii)) = (iv). Let f : X — Y be a weak equivalence between cofibrant objects
in M. X and Y are also cofibrant objects in M, and by proposition 4.2.3, we
may choose cylinder objects for X and Y in M that are also cylinder objects
in M, since the trivial fibrations in M and M’ are the same. Now, if Z is a
cofibrant—fibrant object in M, then it is also a a cofibrant—fibrant object in M,
and so by lemma 4.2.10, we deduce that the homotopy relation on morphisms
X — Z (resp. Y — Z)in M agrees with the homotopy relation on morphisms
X — Z (resp. Y — Z)in M'. Thus, applying corollary 4.3.4, we conclude that
f X - Y is also a weak equivalence in M.

(iv) = (). Let f : X — Y be a weak equivalence in M, let (X, py) be a
fibrant cofibrant replacement for X in M, and let (Y, py ) be a fibrant cofibrant
replacement for Y in M. There exists a morphism f : X — Y making the
following diagram commute,

—

S

Px Y

<—
%%%1

>

f

and by the 2-out-of-3 property, f : X — Y is a weak equivalence between cofi-
brant objects in M. The hypothesis says f is also a weak equivalence between
cofibrant objects in M, and p, and p, are trivial cofibrations in M’, so we
conclude that f : X — Y is a weak equivalence in M’ as well. [ |

Theorem 4.3.6 (Determination principle). A model structure on a category with

finite limits and colimits is uniquely determined by any one of the following sets
of data:

(1) The cofibrations and the weak equivalences.
(i1) The cofibrations and the trivial cofibrations.

(iii) The cofibrations and the fibrant objects.
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(iv) The cofibrations and the cofibrant—fibrant objects.
(v) The cofibrations and the weak equivalences between cofibrant objects.
(vi) The cofibrations and the fibrations.

(vii) The trivial cofibrations and the trivial fibrations.

(i") The fibrations and the weak equivalences.
(ii") The fibrations and the trivial fibrations.
(iii") The fibrations and the cofibrant objects.
(iv") The fibrations and the cofibrant—fibrant objects.

(V") The fibrations and the weak equivalences between fibrant objects.

Proof. (i) and (i1). By theorem 4.1.9, the fibrations are precisely the morphisms
with the right lifting property with respect to every trivial cofibration.

(1i1), (iv), and (v). Apply Joyal’s result (proposition 4.3.5) and reduce to case (1).

(vi). The trivial cofibrations are precisely the morphisms with the left lifting
property with respect to all fibrations, and the trivial fibrations are precisely the
morphisms with the right lifting property with respect to all cofibrations, so this
reduces to case (vii).

(vil). Axioms CM2 and CMS imply that every weak equivalence is of the form
p e i where i is a trivial cofibration and p is a trivial fibration. Thus, the trivial
cofibrations and the trivial fibrations together determine the weak equivalences.
On the other hand, the trivial cofibrations determine the fibrations, and the trivial
fibrations determine the cofibrations, thus the entire model structure is determ-
ined. [ |

Quillen functors

Prerequisites. §§ 3.1, 3.3, 3.4, 4.1, A.5.

Definition 4.4.1.
* A left Quillen functor is a functor between derivable categories that has
a right adjoint and preserves cofibrations and trivial cofibrations.
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* A right Quillen functor is a functor between derivable categories that has
a left adjoint and preserves fibrations and trivial fibrations.

* A Quillen adjunction is an adjunction
FAG: M->N
where F is a left Quillen functor and G is a right Quillen functor.

* A Quillen equivalence is a Quillen adjunction as above satisfying this
additional condition:

— Given a cofibrant object A in N and fibrant object Y in M, a morph-
ism FA — Y is a weak equivalence in M if and only if its right
adjoint transpose A — GY is a weak equivalence in N

Proposition 4.4.2. Let F 4 G : M — N be an adjunction between categories
with model structures. The following are equivalent:

(1) F preserves cofibrations and trivial cofibrations.
(11) G preserves fibrations and trivial fibrations.
(iii) F preserves cofibrations and G preserves fibrations.
(iv) F preserves trivial cofibrations and G preserves trivial fibrations.

(v) (Assuming M and N are derivable categories.) F - G is a Quillen
adjunction.

Proof. Use proposition A.3.20. [ ]

REMARK 4.4.3. A functor between categories with model structures that pre-
serves both trivial cofibrations and trivial fibrations must also preserve weak
equivalences, since axioms CM2 and CM5 together imply that a morphism is
a weak equivalence if and only if it is of the form pei where i is a trivial cofibra-
tion and p is a trivial fibration. In particular, a functor that is both left and right
Quillen must be homotopical.

Proposition 4.4.4.
(1) A left Quillen functor preserves cofibrant objects, and a right Quillen func-
tor preserves fibrant objects.
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(i1) The composite of two Quillen adjunctions is also a Quillen adjunction.

(iii)) The composite of two Quillen equivalences is also a Quillen equivalence.
Proof. Obvious. ¢

Lemma 4.4.5 (Kenneth S. Brown). Let M be a model category and let C be a
category with weak equivalences.

* Let M, be the full subcategory of cofibrant objects in M. If F : M, — C
sends trivial cofibrations in M to weak equivalences in C, then F also
sends weak equivalences in M to weak equivalences in C.

» Let M; be the full subcategory of fibrant objects in M. If F : M; = C
sends trivial fibrations in M to weak equivalences in C, then F also sends
weak equivalences in M, to weak equivalences in C.

Proof. See Lemma 9.9 in [DS], Lemma 7.7.1 in [Hirschhorn, 2003], or Lemma
14.5 in [DHKS]. ]

Corollary 4.4.6. Let F 4 G : M — N be a Quillen adjunction.

e If A and B are cofibrant objects in N and f : A — B is a weak equival-
ence in N, then F f is a weak equivalence in M.

* If X and Y are fibrant objects in M and g : X — Y is a weak equivalence
in M, then Gg is a weak equivalence in N'. [ |

The usual proof of the Ken Brown’s lemma uses binary coproducts (or binary
products, as the case may be), so it cannot be used in the case where the domain is
merely a derivable category. Nonetheless, we can prove something very similar:

Proposition 4.4.7. Let M be a derivable category and let C be a category with
weak equivalences. If weq C is closed under retracts or has the 2-out-of-6 prop-
erty in C, then:

o Let M be the full subcategory of cofibrant objects in M. If F : M — C
sends trivial cofibrations in M to weak equivalences in C, then F also
sends weak equivalences in M to weak equivalences in C.

* Let M, be the full subcategory of fibrant objects in M. If F : M — C
sends trivial fibrations in M, to weak equivalences in C, then F also sends
weak equivalences in M; to weak equivalences in C.
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Proof. The two claims are formally dual; we will prove the first version.

Axioms CM2 and CMS5 imply that every weak equivalence in M can be
factored as a trivial cofibration followed by a trivial fibration, so it is enough
to show that F sends trivial fibrations in M, to weak equivalences in C. Let
p : X — Y be a trivial fibration in M. Y is cofibrant, so lemma 4.1.12 says
p: X — Y hasasections : Y — X. Since p is an isomorphism in Ho M, the
composite s o p must be equal to id, in Ho M. Thus, by theorem 4.1.25, there
is a commutative diagram in M of the form below,

id Sop id
X< X s X S X

AN AN
Uy Uy
U3 h; us
X < ° > @ < X
wy Wy
A ~
X Z ° NP X
) U4 AN h4 ’ AN ) Uy
iy U
X X — X — X
id id id

where u,, u,, u;, u, are trivial cofibrations, v,, v,, 5, v, are trivial fibrations, and
w,, w, are weak equivalences. Since X is cofibrant, there exists a morphism s,

in M such that v, os, = id,. We then obtain the following commutative diagram
in C:

F(so A i
FX 9 px P px T Fx
id Fu,
: F(hses F
FX <4 Fx (“)>.< 5 FXx
F(wos)) Fuw,
FX < ° > @ < FX
FU4 AN Fh4 AN Fu4
Fuy Fu,
FX <+ FX ——FX<+——FX
id id id

Note that Fu,, Fu,, Fu,, Fu, are weak equivalences, because F sends trivial
cofibrations in M to weak equivalences in C. We may then deduce that every
arrow in the diagram is a weak equivalence by repeated applying the 2-out-of-3
property of weak equivalences in C; in particular, F(s o p) is a weak equivalence
in C.
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Now, observe that p : X — Y is a retract of s o p:

o oy i

X
pl sop lp
Y

Y > X >

s P

Thus, if weq C is closed under retracts, then Fp is a weak equivalence in C.
Similarly, noting that both F(pes) = idg, and F(s » p) are weak equival-

ences in C, if weqC has the 2-out-of-6 property, then p must also be a weak

equivalence in C. [ |

Proposition 4.4.8 (Dugger). Let F - G be an adjunction between DHK model
categories. The following are equivalent:

(1) F 4 G is a Quillen adjunction.

(i1) F preserves cofibrations between cofibrant objects and all trivial cofibra-
tions.

(ii1) G preserves fibrations between fibrant objects and all trivial fibrations.

Proof. See Proposition 8.5.4 in [Hirschhorn, 2003], or Corollary A.2 in [Dugger,
2001b]. [

Definition 4.4.9. Let M be a derivable category.

* A left Quillen deformation retract (resp. functorial left Quillen de-
formation retract) for M is a left deformation retract for id , ; of the form
(MC, o, p) where M_, is the full subcategory of cofibrant objects in M.

* A right Quillen deformation retract (resp. functorial right Quillen de-
formation retract) for M is a right deformation retract for id,, of the
form (Mf, R,i ) where M, is the full subcategory of fibrant objects in M.

Lemma 4.4.10. Let M be a derivable category.
* Left Quillen deformation retracts for M exist.
* Right Quillen deformation retracts for M exist.
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Proof. The two claims are formally dual; we will prove the first version.

For each object X in M, choose a fibrant cofibrant replacement (QX ,D X);
such exist by proposition 4.1.18. Then, for each morphism f : X — Y in
M, axiom CM4 implies there exists a morphism Q f : QX — QY making the
diagram commute,

ox X x

or1 lf
~

QY —— Y

because py, : QY — Y is atrivial fibration and Q X is cofibrant; note that axiom
CM2 implies Q f is a weak equivalence if (and only if!) f is. Thus, axioms
DR1-2 are satisfied. For axiom DR3, we refer to proposition 4.1.28. Finally, we
simply need to observe that axiom DR4 is trivial. [ |

Lemma 4.4.11. Let M be a derivable category.

. (MC, Q,p) is a functorial left Quillen deformation for M if and only if
(Q, p) is a cofibrant replacement functor for M.

. (Mf, R, i) is a functorial left Quillen deformation for M if and only if
(R, i) is a cofibrant replacement functor for M.

Proof. Obvious. ¢

Theorem 4.4.12. Let M be a derivable category, let C be a relative category,
and let y,, : M — HoM and y. : C — HoC be the respective localising
functors. Suppose weq C is closed under retracts or has the 2-out-of-6 property
inC. If F : M — C is a functor that sends trivial cofibrations in M to weak
equivalences in C, then:

(1) Any left Quillen deformation retract for M is a left deformation retract for
F; in particular, a total left derived functor for F exists.

(1) If M has a cofibrant replacement functor, then F is functorially left de-
formable and has a homotopical left approximation.

(ii1) If (LF, @) is any total left derived functor for F, then the extension counit
component ay : (LF)y, X — y.FX is an isomorphism for all cofibrant
objects X in M.
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Dually, if F : M — C is a functor that sends trivial fibrations in M to weak
equivalences in C, then:

(i") Any right Quillen deformation retract for M is a right deformation retract
for F; in particular, a total right derived functor for F exists.

(ii") If M has a fibrant replacement functor, then F is functorially right de-
formable and has a homotopical right approximation.

(iii") If (RF, B) is any total right derived functor for F, then the extension counit
component fy : (RG)y X — y-FX is an isomorphism for all fibrant
objects X in M.

Proof. (i). Let (M., Q, p) be a left Quillen deformation retract for M. Propos-
ition 4.4.7 implies that F' sends weak equivalences in M, to weak equivalences
inC, so (MC, 0, p) is indeed a left deformation retract for C. We may then apply
theorem 3.3.13 to obtain a total left derived functor.

(i1). By the same argument, if (Q, p) is a cofibrant replacement functor for M,
then (MC, 0, p) is a functorial left deformation retract for F. We then appeal to
theorem 3.4.10.

(i11). The extension counit has the required property because, for all cofibrant
objects X in M, the morphism Fp, : FOX — FX is a weak equivalence in C;
but this is precisely the component of the extension counit at X. [ |

Theorem 4.4.13. Let F 4 G : M — N be a Quillen adjunction.

(i) Any left Quillen deformation retract for N is a left deformation retract for
F; dually, any right Quillen deformation retract for M is a right deform-
ation retract for G.

(11) F 4 G is a deformable adjunction; in particular, a derived adjunction
exists.

(i) If F A G is a Quillen equivalence, then the derived adjunction
LF ARG :HoM — Ho N

is an adjoint equivalence of categories; and if M and N are saturated
derivable categories, then the converse is true.
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Proof. (1). Since weak equivalences in derivable categories are closed under
retracts (by axiom CM3), we may use theorem 4.4.12.

(i1). That F - G is a derivable adjunction follows immediately; then apply
theorem 3.3.19 for the existence of the derived adjunction.

(iii). This is a special case of proposition 3.3.23. [ ]
Proposition 4.4.14. Let £, M, and N be derivable categories.

e IfF : N - Mand G : M — L are left Quillen functors, then the
composite (LG)(LLF) is (the functor part of) a total left derived functor for
GF.

e IfF : N - Pand G : M — N are right Quillen functors, then the
composite (RF)(RG) is (the functor part of) a total right derived functor
for FG.

Assuming M, N, and L have fibrant and cofibrant replacement functors:

e IfF: N - Mand G : M — L are left Quillen functors, then the com-
posite (LG)(ILF) is (the functor part of) a homotopical left approximation
for GF.

e IfF: N = Pand G : M — N are right Quillen functors, then the
composite (RF)(RG) is (the functor part of) a homotopical right approx-
imation for FG.

Proof. Use theorems 3.3.13, 3.4.10, and 4.4.12 with proposition 4.4.4. [ |

Definition 4.4.15. Let A be a small category and let M be a category equipped
with a model structure.

* The injective model structure on the functor category [A, M] is a model
structure such that a morphism in [A, M] is a cofibration (resp. weak equi-
valence) if and only if all its components are cofibrations (resp. weak equi-
valences) in M.

* The projective model structure on the functor category [A, M] is a model
structure such that a morphism in [A, M] is a fibration (resp. weak equi-
valence) if and only if all its components are fibrations (resp. weak equi-
valences) in M.
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REMARK 4.4.16. The injective (resp. projective) model structure on [A, M] is
unique if it exists, by theorem 4.1.9.

Proposition 4.4.17. Let M be a derivable category, let A be a small category,
and let A : M — [A, M] be the functor that sends an object X in M to the
constant functor AX : A - M with value X.

o If M has colimits for diagrams of shape A, then A : M — [A, M] is
a right Quillen functor with respect to the projective model structure on
[A, M] if it exists.

o If M has limits for diagrams of shape A, then A : M — [A, M] is a left
Quillen functor with respect to the injective model structure on [A, M] if
it exists.

Proof. A certainly preserves fibrations (resp. cofibrations) and weak equival-
ences with respect to the projective (resp. injective) model structure, so by pro-
position 4.4.2, li_rr)lA = A (resp. A 4 l(iLnA) is a Quillen adjunction.”! [ ]

Proposition 4.4.18. Let M be a category and let I be a set.

(1) The functor category [I, M] admits a model structure that is simultan-
eously an injective model structure and a projective model structure.

(1) If M is a derivable category (resp. saturated derivable category, model
category), then [1, M] equipped with the above model structure is a de-
rivable category (resp. saturated derivable category, model category).

(ii1) If M is a derivable category and has products and coproducts for families
of objects indexed by I, then A : M — [I, M] is both a left Quillen
functor and a right Quilen functor.

(iv) If M is amodel category, then the canonical exponential comparison func-
tor Ho[I, M] — [I,Ho M] is an isomorphism of categories.

Proof. (1). If we declare the cofibrations (resp. weak equivalences, fibrations)
in [1, M] to be precisely the morphisms that are cofibrations (resp. weak equi-
valences, fibrations) componentwise, then the axioms CM2-5 may be verified
componentwise as well.

Recall proposition 0.1.12.
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(i1). Axioms DCO, DCI1, and CM1 can be verified componentwise. If M is
saturated, then we can use lemma 3.1.11 to deduce that [1, M] is also saturated.

(ii1). Apply proposition 4.4.17.

(iv). Use theorem 4.3.1 and the fact that the congruence of homotopy is com-
ponentwise in [1, M]. H

Corollary 4.4.19. Let M be a saturated derivable category and let I be a set.

o If M has products for families of objects indexed by I, then the product of
an I-indexed family of weak equivalences between fibrant objects is also
a weak equivalence between fibrant objects.

o If M has coproducts for families of objects indexed by I, then the co-
product of an I-indexed family of weak equivalences between cofibrant
objects is also a weak equivalence between cofibrant objects.

Proof. Apply proposition 4.4.7 to the previous proposition. [ ]

Proposition 4.4.20. Let M be a derivable category and let A be a small cat-
egory.

* If M has coproducts for families of size < |mor A|, then the evaluation
functors [A, M] — M are right Quillen functors with respect to the in-
Jjective model structure on [A, M] (if it exists).

o If M has products for families of size < |mor A|, then the evaluation func-
tors [A, M] — M are left Quillen functors with respect to the projective
model structure on [A, M] (if it exists).

Proof. The two claims are formally dual; we will prove the first version.

Let A be an object in A and let A™ : [A, M] — M be the functor F — FA.
It is not hard to check that A* has a left adjoint A, : M — [A, M], namely the
functor X — A(A, —) ® X. Since the class of cofibrations and the class of trivial
cofibrations are both closed under coproducts, we see that A, : M — [A, M]
is a left Quillen functor with respect to the injective model structure. Thus, by
proposition 4.4.2, A* : [A, M] — M is a right Quillen functor. [ |

Corollary 4.4.21. Let M be a derivable category and let A be a small category.
Suppose the injective and projective model structures on [A, M] both exist. If
M has both coproducts and products for families of size < |mor A|, then:
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4.5. Reedy diagrams

» Every fibration (resp. trivial fibration) in the injective model structure on
[A, M] is a fibration (resp. trivial fibration) in the projective model struc-
ture.

» Every cofibration (resp. trivial cofibration) in the projective model struc-
ture on [A, M] is a cofibration (resp. trivial cofibration) in the injective
model structure.

* The trivial adjunction
id—id: [A, M] = [A, M]

is a Quillen equivalence between the injective and projective model struc-
tures. [ |

Reedy diagrams
Prerequisites. §$ 4.1, 4.4

Definition 4.5.1. A direct category is a category C equipped with a function
deg : obC — Nsuchthat,if f : A - BisamorphisminC, thendeg A < deg B,
with equality if and only if f = id, = idg. Dually, an inverse category is a
category C equipped with a function deg : ob C — N such that, if f : A - Bis
amorphismin C, thendeg A > deg B, with equality ifand only if f = id, = id,.

REMARK 4.5.2. The degree function for a direct or inverse category is not de-
termined by the underlying category: for example, if deg is a degree function
for C, then so is A — 1 + deg A. However, the partial order induced by deg
is determined by the underlying category of a direct (resp. inverse) category:
deg A < deg B if and only if there exists a morphism A — B (resp. B - A) in
C; note that this relation is indeed antisymmetric because the only morphisms
that do not change the degree are identity morphisms.

Definition 4.5.3. A Reedy category is a category C equipped with two subcat-
egories, the direct subcategory C_, and the inverse subcategory C__, such that
the following conditions are satisfied:

e obC=0bC_ =o0bC,_.
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* There exists a function deg : obC — N such that (C_,,deg) is a direct
category and (C_,deg) is an inverse category.

* Every morphism in C admits a unique factorisation of the form sod, where
disinC_and sisinC_,.

A Reedy diagram in a category M is a functor C — M, where C is a Reedy
category.

REMARK 4.5.4. Any direct (resp. inverse) category is a Reedy category in a trivial
way: take the whole category as the direct (resp. inverse) subcategory, and take
disc ob C as the inverse (resp. direct) subcategory.

Example 4.5.5. The simplex category A is a Reedy category, where the direct
subcategory consists of all injective maps, and the inverse subcategory consists
of all surjective maps; note that the unique factorisation condition is implied by
theorem 1.1.4.

REMARK 4.5.6. The opposite of any Reedy category is automatically a Reedy
category, after exchanging the direct and inverse subcategories.

Definition 4.5.7. Let A be an object in a Reedy category C.

« The latching category of C at A, denoted by (C_, | A), is the largest full
subcategory of the slice category (C_> l A) that does not contain the object
id, : A— A.

« The matching category of C at A, denoted by 0(A | C_), is the largest
full subcategory of the slice category (A l C(_) that does not contain the
objectid, : A — A.

REMARK 4.5.8. If C is a Reedy category whose direct (resp. inverse) subcategory
is discrete, then all its latching (resp. matching) categories are empty.

Definition 4.5.9. Let M be a category with limits and colimits for all finite (resp.
small) diagrams, and let X : C — M be a finite (resp. small) Reedy diagram.

* The latching object of X at A, denoted by L ,(X), is the colimit of the
diagram 0(C_, | A) — M obtained by composing X : C — M and the
projection 0(C_, | A) — C.
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* The matching object of X at A, denoted by M ,(X), is the limit of the
diagram d(A l C(_) — M obtained by composing X : C — M and the
projection 0(A | C_) — C.

* The latching morphism of X at A is the morphism L ,(X) — X A induced
by the inclusion 9(C_, | A) & (C_ | A).

* The matching morphism of X at A is the morphism XA — M ,(X) in-
duced by the inclusion d(A | C_) & (A C_).

REMARK 4.5.10. The latching object L ,(X) is functorial in A (as A varies in
the direct subcategory), and the matching object M ,(X) is functorial in A (as A
varies in the inverse subcategory). Of course, it goes without saying that L ,(X)
and M ,(X) are both functorial in X (as X varies in [C, M]).

Definition 4.5.11. Let M be a category with limits and colimits for all finite
(resp. small) diagrams, and let ¢ : X = Y be a natural transformation between
two finite (resp. small) Reedy diagrams X,Y : C — M.

* The relative latching morphism X A U*+*) L ,(Y) — Y A is the unique
morphism in M making the diagram below commute,

LX) —22 5 L,)

| |

XA — XAUMPOL ()

where the arrows L ,(X) - XAandL ,(Y) — Y A are the latching morph-
isms and the square is a pushout square.

* The relative matching morphism XA — M, (X)Xy )Y A is the unique
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morphism in M making the diagram below commute,

l |

M, (X) W) M, ()

where the arrows XA — M, (X) and YA — M,(Y) are the latching
morphisms and the square is a pullback square.

REMARK 4.5.12. If the direct subcategory of C is discrete, then L , (X ) is an initial
object in M for all A and X, so the relative latching morphism of a natural
transformation ¢ : X = Y at any object A in C is (isomorphic to) ¢, : XA —
Y A itself.

Dually, if the inverse subcategory of C is discrete, then M ,(X) is a terminal
object in M for all A and X, so the relative matching morphism of a natural
transformation ¢ : X = Y at any object A in C is (isomorphic to) ¢, : XA —
Y A itself.

Definition 4.5.13. Let M be a model category, let C be a finite (resp. small)
Reedy category, and assume M has limits and colimits for all finite (resp. small)
diagrams.

* A Reedy weak equivalence in [C, M] is a natural transformation such
that all its components are weak equivalences in M.

* A Reedy cofibration in [C, M] is a natural transformation such that all
its relative latching morphisms are cofibrations in M.

* A Reedy fibration in [C, M] is a natural transformation such that all its
relative matching morphisms are fibrations in M.

Proposition 4.5.14. With notation as in the definition:

e If p : X = Y is a Reedy cofibration (resp. trivial Reedy cofibration) in
[C, M], then, for each object A in C, the morphisms L ,(p) : L ,(X) —
L,Y)and @, : XA — Y A are cofibrations (resp trivial cofibrations).

218



TODO: Check if
this requires func-
torial factorisa-
tion. Surely not!

TODO: Check if
this requires func-
torial factorisa-
tion. Surely not!

4.5. Reedy diagrams

e Ifp : X = Y isa Reedy fibration (resp. trivial Reedy fibration) in [C, M],
then, for each object A in C, the morphisms M ,(¢) : M ,(X) = M,(Y)
and @, : XA — Y A are fibrations (resp trivial fibrations).

Proof. See Propositions 15.3.11 and 15.3.14 in [Hirschhorn, 2003]. O
Proposition 4.5.15. With notation as in the definition:

* A Reedy cofibration in [C, M] is a Reedy weak equivalence if and only if
all its relative latching morphisms are trivial cofibrations in M.

* A Reedy fibration in [C, M] is a Reedy weak equivalence if and only if all
its relative matching morphisms are trivial fibrations in M.

Proof. See Theorem 15.3.15 in [Hirschhorn, 2003]. O

Proposition 4.5.16. Let M be a model category, let C be a finite (resp. small)
Reedy category, and assume M has limits and colimits for all finite (resp. small)
diagrams.

* [fthe injective model structure on [C, M] exists, then the trivial adjunction
id—id : [C, M] = [C, M]

is a Quillen equivalence between the injective model structure and the
Reedy model structure.

e [f the projective model structure on [C, M] exists, then the trivial adjunc-
tion
id-id: [C,M] - [C, M]

is a Quillen equivalence between the the Reedy model structure and the
projective model structure.

Proof. This is an immediate consequence of proposition 4.5.14. [ ]

Lemma 4.5.17. Let M be a model category, let C be a finite (resp. small) Reedy
category, and assume M has limits and colimits for all finite (resp. small) dia-
grams.

e A diagram X : C — M is Reedy cofibrant if and only if every latching
morphism of X is a cofibration in M.
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* A diagram X : C — M is Reedy fibrant if and only if every matching
morphism of X is a fibration in M.

Proof. Let 0 be an initial object in M and let 1 be a terminal object in M. Itis
a standard fact that AO is an initial object in [C, M] and A1 is a terminal object
in [C, M], so the claims follow from the observation that the latching morphism
L ,(A0) — 0 and the matching morphism 1 — M (A1) are isomorphisms for all
objects A in C. [ |

Lemma 4.5.18. With notation as in the previous lemma:

e If X : C - M is a Reedy cofibrant diagram, then, for every object A in
C, the object X A and the latching object L ,(X) are cofibrant objects in
M.

e If X : C - M is a Reedy fibrant diagram, then, for every object A in C,
the object X A and the matching object M ,(X) are fibrant objects in M.

Proof. Apply proposition 4.5.14. [ |

Theorem 4.5.19. With notation as in the definition, the announced weak equi-
valences, cofibrations, and fibrations constitute a model structure on [C, M],
called the Reedy model structure; moreover, if M is a DHK model category,
then so is [C, M] when equipped with the Reedy model structure.

Proof. See Theorem 5.2.5 in [Hovey, 1999], or Theorem 15.3.4 in [Hirschhorn,
2003]. O

Corollary 4.5.20. Let M be a model category, let C be a finite (resp. small)
Reedy category, and assume M has limits and colimits for all finite (resp. small)
diagrams.

* [f the direct subcategory of C is discrete, then the Reedy model structure
on [C, M] is the injective model structure.

 [fthe inverse subcategory of C is discrete, then the Reedy model structure
on [C, M] is the projective model structure.

Proof. This follows from the theorem and remark 4.5.12. [ ]
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Definition 4.5.21. Let C be a Reedy category.

* C has cofibrant constants if, for every object A in C, the latching category
0(C_, l A) has at most one connected component.

* C has fibrant constants if, for every object A in C, the matching category
a(A l C(_) has at most one connected component.

Example 4.5.22. Let C be a Reedy category.

* If the direct subcategory of C is discrete, then C has cofibrant constants.
(In fact, every latching category is empty.)

* If the inverse subcategory of C is discrete, then C has fibrant constants. (In
fact, every matching category is empty.)

Proposition 4.5.23. Let M be a model category, let C be a finite (resp. small)
Reedy category, and assume M has limits and colimits for all finite (resp. small)
diagrams.

e If C has cofibrant constants, then the functor A : M — [C, M] is a left
Quillen functor.

e If C has fibrant constants, then the functor A : M — [C, M] is a right
Quillen functor.

Proof. The two claims are formally dual; we will prove the second version.

If the matching category c)(A l Q_) is empty, then the matching object of
AX at A is a terminal object in M, so the relative matching morphism of A f at
A 1s isomorphic to f : X — Y in this case.

On the other hand, if the matching category d(A l C(_) of C has only one
connected component, then the matching morphism X — M ,(AX) must be an
isomorphism, so the relative matching morphism of A f at A is an isomorphism,
hence a (trivial) fibration in particular.

We now conclude that, for any fibration f : X — Y in M, every relative
matching morphism of Af : AX — AY is a fibration. Clearly, the functor
A : M — [C, M] preserves weak equivalences, so this completes the proof that
A is a right Quillen functor. [ |
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Theorem 4.5.24 (Hirschhorn). Let C be a small Reedy category.
(1) C has cofibrant constants.

(1) A : M — [C, M] is a left Quillen functor for all DHK model categories
M.

(ii1) For every cofibrant object X in any DHK model category M, the constant
diagram AX : C — M is Reedy cofibrant.

Dually, the following are equivalent:
(i") C has fibrant constants.

(ii") A : M — [C, M] is a right Quillen functor for all DHK model categories
M.

(iii") For every fibrant object X in any DHK model category M, the constant
diagram AX : C - M is Reedy fibrant.

Proof. (1) = (ii). This is the content of the earlier proposition.
(i1) = (ui1). Left Quillen functors preserve cofibrant objects.

(iii) = (i). Take M to be Set equipped with the mono—epi model structure,* and
consider the constant diagram A1. Since 1 is a cofibrant object in M, A1 must be
a Reedy cofibrant object in [C, M]. It is not hard to see that the latching object
L ,(Al) is the set of connected components of the latching category a(C_) l A) ,
so by lemma 4.5.17, O(C_, l A) has at most one connected component. [ |

Corollary 4.5.25. Let M be a DHK model category and let C be a small Reedy
category.

o If C has fibrant constants, then the adjunction li_r)nC H4HA: M - [C,M]
is deformable.

o [fC has cofibrant constants, then the adjunction A - l(iLnC [CM] - M
is deformable.

Proof. Apply theorem 4.4.13 to the above result. [ |

See example 4.1.6.

222



4.5. Reedy diagrams

For the remainder of this section, we follow [Barwick, 2007] and discuss the
functoriality of the Reedy model structure.

Definition 4.5.26. Let C and D be Reedy categories. A morphism of Reedy
categories C — D is a functor F : C — D that sends every morphism in C_, to
D_, and every morphism in C_ to D_, or equivalently, a commutative diagram
of functors of the form below:

C_,—W D_,
c—L D
C_ —>D

Lemma 4.5.27. Let F : C — D be a morphism of Reedy categories. If D is any
object in D, then:

» Thereis a unique Reedy category structure on the comma category (F | D)
making the projection (F | D) — C a morphism of Reedy categories.

* Thereis a unique Reedy category structure on the comma category (D | F)
making the projection (D | F) — C a morphism of Reedy categories.

Proof. Obvious. ¢

While it is true that any functor F : C — D induces a homotopical functor
F* : [D, M] - [C, M], even if F is a morphism of Reedy categories, F* need
not be either a left Quillen functor or a right Quillen functor. Instead, we must
consider the following:

Definition 4.5.28. Let C and D be Reedy categories.

* A left fibration of Reedy categories is a morphism F : C — D such that,
for any object D in D, the comma category (F | D) has fibrant constants.

* A right fibration of Reedy categories is a morphism F : C — D such
that, for any object D in D, the comma category (D | F) has cofibrant
constants.
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REMARK 4.5.29. A Reedy category C has fibrant (resp. cofibrant) constants if and
only if the unique morphism C — 1 is a left (resp. right) fibration.

REMARK 4.5.30. A morphism F : C — D of Reedy categories is a left (resp.
right) fibration if and only if F : C® — D is a right (resp. left) fibration.

Theorem 4.5.31 (Barwick). Let F : C — D be a morphism between small Reedy
categories. The following are equivalent:

(1) The morphism F : C — D is a left fibration of Reedy categories.

(ii) For every object D in D and every object (C, h) in (F | D), the matching
category 6( (C,h) | (F| D)<_) has at most one connected component.

(iii) The functor F* : [D, M] — [C, M] is a right Quillen functor for all DHK
model categories M.

Dually, the following are equivalent:
(i") The morphism F : C — D is a right fibration of Reedy categories.

(ii") For every object D in D and every object (C, h) in (D | F), the latching
category 0((D Il F)| (C, h)_)) has at most one connected component.

(iii") The functor F* : [D, M] — [C, M] is a left Quillen functor for all DHK
model categories M.

Proof. See Lemma 2.6 and Theorem 2.7 in [Barwick, 2007]. [ |

Virtual cofibrancy and fibrancy

Prerequisites. §§ 1.1, 3.1, 3.3, 4.1, 4.5, A.1, A.5.

In this section, we follow [DHKS, § 23]. As usual, for each natural number
n, let [n] denote the category {0 — --- — n} corresponding to the finite ordinal
{0, ..., n}, and let A be the category whose objects are the [#] and whose morph-
isms are functors.

Definition 4.6.1. The category of simplices of a (small) category C is the cat-
egory A(C) defined below:

* The objects are functors [n] — C.
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* The morphisms (f : [m] - C) — (g : [n] — C) are functors [m] — [n]
making the evident triangle commute (strictly).

» Composition and identities are the obvious ones.

We write 7, : A(C) — A for the evident projection functor that sends an object
[n] — C in A(C) to the object [n] in A.

1 4.6.2. To elucidate the above definition, it is helpful to introduce some
notation for the objects in A(C). It is not hard to see that a functor f : [n] - C
is the same thing as a string of n composable morphisms in C, e.g.

A, > A y A, —— A

n—1

. f
so let us write [A, = A, - A

n—

| £"> Anl for the corresponding object in A(C).
Since the projection 7, : A(C) — A is faithful, we may borrow the notation of
§ 1.1 and write e.g. &' : [AO] - [AO 4 All for the unique morphism whose
image under r, is 8' : [0] — [1].

Observe that, given a commutative triangle in C of the form below,

B
_
A p C
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we obtain the following commutative diagram in A(C):

[B]

A—»B B—)C

A—)B—»C

)A—»C(

Similar phenomena occur for longer strings of composable morphisms. Thus,
one may think of A(C) as being a kind of barycentric subdivision of C; notice
also that Mac Lane’s subdivision category C* occurs as a subcategory of A(C).

REMARK 4.6.3. There is an obvious natural isomorphism A(C) = A(C®P) such
that the following diagram of functors commutes,

A(C) —=— A(C*)

A —Qo A

but in general there is no isomorphism between A(C) and A(C)P.

Proposition 4.6.4. Let X be a simplicial set, and let A° : A — sSet be the
inclusion of the standard simplices.

(1) The comma category (A° | X) is a Reedy category, where the direct sub-
category consists of all face operators and the inverse subcategory consists
of all degeneracy operators.

(i) Moreover, (A® | X) has fibrant constants.
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Proof. (i). The evident projection (A®* | X) — A is a discrete right fibration, so
the Reedy category structure on A induces one on (A®* | X).

(i1). See Proposition 15.10.4 in [Hirschhorn, 2003]. ]

Corollary 4.6.5. The category A(C) of simplices of a (small) category C admits
a Reedy category structure with fibrant constants.

Proof. 1tis not hard to see that the category A(C) as defined above is isomorphic
to the comma category (A* | N(C)), where N(C) is the nerve of C. [ |

Corollary 4.6.6. If M is a DHK model category and C is a small category, then:

* The functor li_r)nA(C) : [A(C), M] = M sends Reedy weak equivalences

between Reedy-cofibrant diagrams to weak equivalences between cofi-
brant objects.

. 1 . op .
The functor l(glA(C)op : [A(C)P, M] — M sends Reedy weak equivalences

between Reedy-fibrant diagrams to weak equivalences between fibrant ob-
jects.

Proof. Apply Ken Brown’s lemma (4.4.5) and corollary 4.5.25. [ |
Lemma 4.6.7. Let F : C — D be a functor between (small) categories.

(1) A(F) : A(C) —» A(D) is a left fibration of Reedy categories.

(i) A(F) : A(C) — A(D) is a right fibration of Reedy categories.

Proof. (i). Let D, -+ D,] be an objectin A(D), let ([C, -+ C,,|, 1) be an object
in the comma category (A(F )l [DO Dn] ) We will show that the matching
category

o((|Co -~ Cul-h) L (AP LDy - D))

has at most one connected component.

First, note that the objects of this matching category are pairs (k, /), where k
isin A(C)_, k # idjc,...c,]> I 1s in A(D), and h = | - A(F)k. Let (0,0) be the
codegeneracy—coface factorisation of 7,/ in A.

¢ If ¢ = id;,,, then the matching category must be empty.

227



IV. MODEL CATEGORIES

e If o #1id,,,
obtain a terminal object in the matching category, so the matching category
is connected a fortiori.

then we may lift (o, 6) along the respective z, projections to

Thus, by theorem 4.5.31, A(F) : A(C) —» A(D) is a left fibration of Reedy
categories.

(i1). A similar argument shows that A(F) : A(C) — A(D) is a right fibration of
Reedy categories. [ |

Corollary 4.6.8. Let M be a DHK model category and let F : C — D be a
functor between small categories.

(1) The functor A(F)* : [A(D), M] = [A(C), M] is a right Quillen functor.
(ii) The functor A(F)* : [A(D), M] — [A(C), M] is a left Quillen functor.
Proof. Apply theorem 4.5.31. [ |

Definition 4.6.9. Let C be a (small) category and let A(C) be its category of
simplices.

* The left projection functor z; : A(C)® — C is the functor defined by
evaluating objects f : [n] — C in A(C) at the initial object in [n].

* The right projection functor 7, : A(C) — C is the functor defined by
evaluating objects f : [n] = C in A(C) at the terminal object in [n].

* A strong left equivalence in A(C) is a morphism such that the underlying
map in A preserves the initial object.

* A strong right equivalence in A(C) is a morphism such that the underly-
ing map in A preserves the terminal object.

* The class of weak left equivalences in A(C) is the smallest subcategory
that has the 2-out-of-6 property and contains all the strong left equival-
ences.

* The class of weak right equivalences in A(C) is the smallest subcategory
that has the 2-out-of-6 property and contains all the strong right equival-
ences.
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We write A(C), for the category of simplices of C regarded as a relative category
with weak equivalences the strong left equivalences, and we write A(C)y for the
category of simplices of C regarded as a relative category with weak equivalences
the strong right equivalences.

REMARK 4.6.10. The strong left (resp. right) equivalences in A(C) are closed un-
der composition, and the left (resp. right) projection to C sends strong left (resp.
right) equivalences to identity morphisms, so if we regard A(C) as a relative cat-
egory with weak equivalences the strong left (resp. right) equivalences, then the
left (resp. right) projection functor becomes a relative functor.

Unfortunately, the subcategory of strong left (resp. right) equivalences in
A(C) does not generally have the 2-out-of-6 property, or even the 2-out-of-3
property; one may rectify this by instead considering the class of weak left (resp.
right) equivalences. An example of a weak left equivalence that is not a strong

id
left equivalence is the morphism &° : lA - A] — [A]: this is a weak left

id
equivalence because ¢° : [A4] — [A - Al is a strong left equivalence and

8000 = id 4, but 8% is not a strong left equivalence because the underlying
cosimplicial operator in A sends 0 in [0] to 1 in [1].

REMARK 4.6.11. Itis not hard to see that A(—) is a functor Cat — Cat and that 7
(resp. mz) defines a natural transformation A(—)P = id¢,, (resp. A(=) = idcyy).

Lemma 4.6.12. Let F : C — D be a functor, let n; : A(C)*® — C be the left
projection functor, and let my : A(C) — C be the right projection functor. Then,
for any object D in D:

e The canonical comparison functor A(D | F))® — (D | F ﬂ'L) is an iso-
morphism.

* The canonical comparison functor A((F | D)) — (F g D) is an iso-
morphism.

Proof. The two claims are formally dual; we will prove the first version.
As always, the comma category (D | F) fits into a comma square,

(D|F) -5 C

| = |
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and the following diagram of functors commutes,

A((D | F))® 227 AC)

(DI|F) ——F——C

so the universal property of (D | F) gives us a canonical comparison functor
A((D ] F))® - (D | F nL), as claimed. It is not hard to check that the second
diagram is a pullback square, so the pasting lemma for comma squares implies
that the comparison functor is an isomorphism. [ ]

Proposition 4.6.13. Let M be a DHK model category and let F : C — D be a
functor between small categories.

 The functor Ran Fa - [A(C)®, M] — [D, M] sends Reedy weak equival-
ences between Reedy-fibrant diagrams to componentwise weak equival-
ences between componentwise fibrant diagrams.

* The functor Lan Frg [A(C), M] — [D, M] sends Reedy weak equival-
ences between Reedy-cofibrant diagrams to componentwise weak equival-
ences between componentwise cofibrant diagrams.

Proof. The two claims are formally dual; we will prove the second version.
Using the formula for Lan,  given by theorem A.5.15, we see that, for each
object D in D, the functor (Lan,, —)(D) : [A(C), M] — M is naturally iso-
morphic to the functor h_r)n : [(FnR l D)M] — M; but by lemma 4.6.12,
there is a canonical isomorphism (Fﬂ'R ! D) =~ A((F | D)), so (LanFﬁR —)(D)
is in turn naturally isomorphic to h_r)n - [A((F | D)), M] - M. The claim now
follows from corollary 4.6.6. [ |

Theorem 4.6.14. Let M be a DHK model category and let C be a small category.

* The adjunction shown below is deformable and satisfies the Quillen equi-
valence condition for homotopical categories:

m; 4 Ran, : [A(C){P, M], — [C, M]

* The adjunction shown below is deformable and satisfies the Quillen equi-
valence condition for homotopical categories:

Lan, =y :[C,M]— [A(C)g, M|,
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Proof. See Proposition 23.2 in [DHKS]. ]

Definition 4.6.15. Let M be a DHK model category and let C be a small cat-
egory.

* A virtually cofibrant diagram X : C — M is one for which there exists
a Reedy-cofibrant diagram X : A(C) - M such that X isin [A(C)g, M]h
and X = Lan, X.

* A virtually fibrant diagram Y : C — M is one for which there exists a
Reedy-fibrant diagram ¥ : A(C)°® — M such that Y is in [A(C)Ep , M]h
and Y = Ran, Y.

We write [C, M],, for the full subcategory of [C, M] spanned by the virtually
cofibrant diagrams, and we write [C, M],, for the full subcategory of [C, M]
spanned by the virtually fibrant diagrams.

Theorem 4.6.16. Let M be a DHK model category and let F : C — D be a
functor between small categories.

(1) The functor Lany, : [C, M] — [D, M] sends virtually cofibrant diagrams
to componentwise cofibrant diagrams and preserves componentwise weak
equivalences between such diagrams.

(i) If Lany) @ [A(C), M] — [A(D), M] moreover restricts to a functor
[A(C)R, M]h - [A([D)R,M]h, then Lany : [C, M] — [D, M] preserves

virtually cofibrant diagrams.

(iii) If (Q, p) is a cofibrant replacement functor for [A(C), M, then
([C, M],., Lan,rR °oQ oy, £ (Lan,zR opo ﬂl’;))

is a functorial left deformation retract for Lang, where € is the counit of
the adjunction Lan, — .
R

(iv) The adjunction shown below is deformable:

Lan, 4 F* : [D, M] - [C, M]

(v) Givenanotherfunctor G : D — E between small categories, (Lang, Lany )
is strongly left deformable.
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Dually:

(i") The functor Rang : [C, M] — [D, M] sends virtually fibrant diagrams
to componentwise fibrant diagrams and preserves componentwise weak
equivalences between such diagrams.

(ii") If Rany ) : [A(C)P, M] — [A(D)®, M] moreover restricts to a functor
[A(C)Ep, M]h - [A(ID)EP, M] o thenLang @ [C, M] - [D, M] preserves

virtually cofibrant diagrams.
(iii") If (R, i) is a fibrant replacement functor for [A(C)°P, M), then
([C’ M]Vf,Ran”L o Ro ﬂf, (RanﬂL ojo ﬂi) . ;1)

is a functorial right deformation retract for Rang, where n is the unit of
the adjunction nf 4 Ran__ .
L

(iv") The adjunction shown below is deformable:

F* 4 Ran : [C,M] — [D, M]

(v') Givenanother functor G : D — E between small categories, (Rang, Rany;)
is strongly right deformable.

Proof. (i). Let X be a Reedy-cofibrant diagram C — M that is in [A(C)y, M]h
andlet X = Lan, X. Thereis acanonical isomorphism Lan,, =LangeLan,,
so proposition 4.6.13 implies Lan, X is a componentwise cofibrant diagram
D - M.

Let Y be another Reedy-cofibrant diagram C — M that is in [A(C)R, M]h,
letY = Lan, Y, andlet ¢ : X = Y be a componentwise weak equivalence.
Proposition 3.3.23 applied to theorem 4.6.14 implies the adjunction unit com-
ponents X — 7 X and Y - npY are Reedy weak equivalences. Using axiom
CM2 and CMS5, factor Y — 7Y as atrivial cofibration 6 : ¥ — Z followed by a
trivial fibration Z — 7, Y'; then by axiom CM4 there exists a natural transform-
ation y : X = Z making the diagram in [A(C), M] shown below commute:

XY 7« % ¥
EE(X) W EE(Y) _ EK(Y)
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Since 7z (@) is a Reedy weak equivalence, it follows from axiom CM2 that y is
also a Reedy weak equivalence. Transposing across the adjunction Lan, — g,
we obtain a commutative diagram in [C, M],

~ Lan_ .y ~ Lan.. 0
Lan, X —— Lan, Z <——Lan, Y

to which we may then apply Lan, yielding the following commutative diagram
in [D, M]:

~ Lang.. v ~ Lang, 0

Lan;, X — Lang, Z <—— Lang, ¥

I

Lan, X T Lany Y == Lan;Y

Now, Lany, y : Lang, X — Lan Fry Z and Lan Fr 0 1 Lang, Y - Lan Fry z
are componentwise weak equivalences between componentwise cofibrant dia-
grams, by proposition 4.6.13, so we deduce that Lan ¢ is also a componentwise
weak equivalence between componentwise cofibrant diagrams as claimed, using
the 2-out-of-3 property of weak equivalences in M.

(i1). The following diagram of functors is commutative,

AC) 2, AD)

C———D

so there is a canonical natural isomorphism Lany o Lan, = Lan, o Lanyg,.
Corollary 4.6.8 implies Lany : [A(C), M] — [A(D), M] preserves Reedy-
cofibrant diagrams, so it follows from the hypothesis that the functor Lan, :
[C, M] — [D, M] preserves virtually cofibrant diagrams.

(iii). Having proved claim (i), it is now enough to show that the natural trans-
formation & » (Lan, opony) : Lan, o Q o my = idic , is a natural weak
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equivalence; but this is also a consequence of proposition 3.3.23 applied to the-
orem 4.6.14.

(iv). The functor F* is a homotopical functor, hence trivially right deformable,
and claim (iii) implies Lan. is left deformable.

(v). Since F* and G* are both homotopical functors, (F*, G*) is strongly right
deformable, and we may deduce from claim (i) that (LanG, Lan) is laxly left
deformable. Thus, by lemma 3.1.11, theorem 4.3.1, and corollary 3.3.22, the
composable pair (LanG, Lan F) is strongly left deformable. [ ]

Lemma 4.6.17. Let M be a DHK model category, let F : C — D be a functor
between small categories, and let D be an object in D.

* Given the following comma square,

A((F | D)) —— 1
A(P) A JD

A(C) ——D
the derived left Beck—Chevalley transformation

(L h—n>lA((FlD))> ° (HoA(P)") = (Ho D"« (L LanF@)

is a natural isomorphism.
Dually:

* Given the following comma square,

A(D | ) 225 A©)r

% s

> D

D

the derived right Beck—Chevalley transformation
) * (HoA(P)) = (Ho D*) » (RRany., )

(R lim
—A(DIF)

is a natural isomorphism.
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Proof. Lemma 4.6.7 says A(P) : A((F ] D)) — A(C) is a right fibration of
Reedy categories, so by theorem 4.5.31, A(P)* : [A((F | D)), M] = [A(C), M]
preserves Reedy-cofibrant diagrams. Proposition 7.1.19 implies that the left
Beck—Chevalley transformation h_r)n (FanD)(_A(P)) => (Lan Frg —)(D) is a nat-
ural isomorphism, hence by corollary 3.3.20, so too is its derived natural trans-
formation. [ |

Proposition 4.6.18. Let M be a DHK model category, let F : C — D be a
Jfunctor between small categories, and let D be an object in D.

* Given the following comma square,

{\

C
the derived left Beck—Chevalley transformation
<L h_n}(m)) > (Ho P*) = (Ho D*)» (L Lan,)

is a natural isomorphism.

Dually:

* Given the following comma square,

the derived right Beck—Chevalley transformation
(Rtim )< (HoP*) = (Ho D)« (RRan,)
is a natural isomorphism.
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Proof. Consider the following diagram, where the 2-cells are the respective left
Beck—Chevalley transformations:

[A©). M|, 5 [ACF L D). M|,

A(PY* A

[A(C), M] ——— [A((F | D)), M]

Lan,, / Lan,,

~ ~

[C, M| — S [(F | D), M]

Lanp / h_rn)

~ ~

(D, M] : > M

D*

The pasting lemma (A.1.8) implies that left Beck—Chevalley transformations
can be pasted together, and the preceding lemma says the derived left Beck—
Chevalley transformation

<L lim, ) > (HoA(P)") = (Ho D)« (LLan,, )
is a natural isomorphism; but theorem 4.6.14 says that the adjunctions

Lan, — 7j:[C, M] - [A(C)g, M],
Lan, — 7y : [(F | D), M] - [A(F | D))g. M|,

satisfy the Quillen equivalence condition, so the commutative diagram shown
below automatically satisfies the derived left Beck—Chevalley condition,

[C, M] —— [(F | D), M]

ok *
”Rl lﬁR

[AC)R. M], 5 [ACF L D)) M],

and therefore, by cancelling natural isomorphisms, we conclude that the derived
left Beck—Chevalley transformation

(Llim, . ) °(HoP") = (HoD")e (LLan,)
is a natural isomorphism, as claimed. [ |
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4.7. Framings and resolutions

Framings and resolutions

Prerequisites. §§ 1.1, 1.2, 1.3, 4.1, 4.2, 4.4, 4.5.

In homological algebra, one studies objects in categories without homotop-
ical structure by embedding them in one that does, in such a way that objects
in the original category become weakly equivalent to their presentations. The
notion of ‘resolution’ in the sense of Dwyer and Kan [1980] was invented for
similar reasons: though not every model category has a simplicial enrichment,
we can still replace objects with homotopically better-behaved simplicial (or co-
simplicial) ones. It is also useful to simultaneously discuss the closely related
notion of ‘framing’ introduced by Dwyer, Hirschhorn and Kan [DHK].

In this section, we follow [Hirschhorn, 2003, Ch. 16].

1 4.7.1. Recall that a simplicial object in a category is a diagram of shape
AP, and dually, a cosimplicial object is a diagram of shape A. Let us write
sM for the category of simplicial objects in M, and ¢ M for the category of
cosimplicial objects in M.

Proposition 4.7.2. Let M be a model category and let X be a finite simplicial
set.

e For all cosimplicial objects A® in M, there exists an object X % A in M
equipped with bijections

M(X x A, B) = sSet(X, M(A*, B))
that are natural in B.

* For all simplicial objects B, in M, there exists an object { X, B} in M
equipped with bijections

M(A, {X,B}) = sSet(X, M(A, B,))
that are natural in A.

Proof. The two claims are formally dual; we will prove the first version.
Applying the Yoneda lemma, we see that A’ x A must be (isomorphic to) A".
It is not hard to see that, if X : J — sSetis a diagram such that X j x A exists for
all j in J, then (h_r)nj:J Xj) * A must be (isomorphic to) h_r)nj:J (Xj * A) when
the latter exists; thus, the class of simplicial sets X for which X * A exists must
be closed under finite colimits (because M has colimits for finite diagrams). We
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may then use proposition 1.1.16 to deduce that X x A exists if X is a finite
simplicial set. H

REMARK 4.7.3. The same is true for a general simplicial set X when M has limits
and colimits for all small diagrams: see theorem A.6.10.

Corollary 4.7.4. Let M be a model category and let X be a finite simplicial set.

* For all cosimplicial objects A® in M, there exists a cosimplicial object
(X © A)* in M equipped with isomorphisms

M(X ©A)*,B) = [X, M(A®, B)]
that are natural in B.

» Forall simplicial objects B, in M, there exists a simplicial object (X th B),
in M equipped with isomorphisms

M(A, (X hA),)B = [X,M(A,B,)]
that are natural in A.

Proof. The two claims are formally dual; we will prove the first version.

It is clear that A" X X is a finite simplicial set for all » > 0 when X is a finite
simplicial set, so the objects (A" X X) x A exist in M. On the other hand, the
set of n-simplices of the RHS is precisely the hom-set sSet(A” X X, M(A®, B)),
so we may define (X © A)® by taking (X © A)" = (A" X X) x A. [ |

1 4.7.5. Since A is a Reedy category, theorem 4.5.19 says these categories
admit model structures in which the weak equivalences are degreewise, at least
when M has enough limits and colimits. In fact, finite limits and colimits are
enough, because the latching and matching categories of A at any object are
always finite. In this section, sM and ¢ M will always be equipped the Reedy
model structure.

Lemma 4.7.6. Let M be a model category.

* A morphism f : A* — B® in ¢cM is a Reedy cofibration (resp. trivial
Reedy cofibration) if and only if, for all n > 0, the morphism

(A" % A) U%*4 (0" % B) > A" x B

induced by the boundary inclusion 0A" — A’ is a cofibration (resp. trivial
cofibration) in M.
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* A morphism f : A, — B, in sM is a Reedy fibration (resp. trivial Reedy
fibration) if and only if, for all n > 0, the morphism

{A%, A} - {0A%, A} X(on,B) {4, B}

induced by the boundary inclusion 0A" — A" is a fibration (resp. trivial
fibration) in M.

Proof. It is not hard to check that the indicated morphisms are (isomorphic
to) the relevant relative matching or latching morphisms; for the trivial fibra-
tion/cofibration case, apply proposition 4.5.15. ¢

Corollary 4.7.7. Let M be a model category.

* A cosimplicial object B* in M is Reedy-cofibrant if and only if, for all
n > 0, the morphism
OA" % B—- A'"x B

induced by the boundary inclusion 0A" < A' is a cofibration in M.

* A simplicial object A, in M is Reedy-fibrant if and only if, for all n > 0,
the morphism

{A", A} = {0A", A}

induced by the boundary inclusion 0A" < A’ is a fibration in M. [ ]
Proposition 4.7.8. Let M be a model category.

* A cosimplicial object B* in M is Reedy-cofibrant if and only if, for all
monomorphisms i : Z — W between finite simplicial sets, the morphism

ixidg: Z*xB—> W % B
induced by i is a cofibration in M.

» A simplicial object A, in M is Reedy-fibrant if and only if, for all mono-
morphisms i : Z — W between finite simplicial sets, the morphism

{i, A} : {W,A} - {Z,A}
induced by i is a fibration in M.
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Proof. The two claims are formally dual; we will prove the first version.

It is not hard to see that the class of monomorphisms between finite simpli-
cial sets is the smallest class of morphisms between finite simplicial sets that
contains the boundary inclusions dA" < A" and is closed under composition,
pushouts, and retracts: simply take an appropriate cellular decomposition. The
class of cofibrations in M is closed under composition, pushouts, and retracts by
proposition A.3.12, so we may then apply corollary 4.7.7 to deduce that i x A :
Z x A - W % Ais a cofibration in M for any monomorphismi : Z — W
between finite simplicial sets and any Reedy-cofibrant cosimplicial object A°®.
Conversely, any such cosimplicial object must be Reedy-cofibrant. [ |

Lemma 4.7.9. Let M be a model category. There exist adjunctions of the form
below,

sk’ 4 (=) 4 cosk’ : M — eM
sk, 4 (=), - cosk, : M — sM

where (=)° : eM = M is the functor that sends a cosimplicial object A® to the
object A°, and dually, (=), : sSM — M is the functor that sends a simplicial
object A, to the object A,,.

Proof. 1t is straightforward to verify that the following formulae work,

sky(A), = A cosky(A), =[n]MA
sk’(4)" = [n] © A cosk’(A)" = A

where [n] M A is the (n + 1)-fold power of A, and [n] © A is the (n + 1)-fold
copower of A. [ |

Definition 4.7.10. Let A be an object in a model category M.

* A cosimplicial resolution of A is a Reedy-cofibrant replacement in ¢.M
for the cosimplicial object cosk®(A).

* A simplicial resolution of A is a Reedy-fibrant replacement in s.M for the
simplicial object sk,(A).

REMARK 4.7.11. Proposition 4.7.8 implies that the the above definition is equi-
valent to the original definition of ‘resolution’ given by Dwyer and Kan [1980].
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Proposition 4.7.12. Let M be a model category.

(1) Every object in M has both a cosimplicial resolution and a simplicial
resolution.

(1) If M is a DHK model category, then cosimplicial resolutions and simpli-
cial resolutions can both be chosen functorially.

Proof. This follows from proposition 4.1.18 and theorem 4.5.19. [ |
Proposition 4.7.13. Let A be an object in a DHK model category M.

* The full subcategory of the slice category ¢ M o4y Spanned by the co-
simplicial resolutions of A is homotopically contractible.?!

o The full subcategory of the slice category *““/s M spanned by the simpli-
cial resolutions of A is homotopically contractible.

Proof. This follows from proposition 4.1.20 and theorem 4.5.19. [ ]
Lemma 4.7.14. Let M be a model category.

* cosk, : M — sM is a right Quillen functor.

o sk’ : M — cM is a left Quillen functor.

Proof. The claims are formally dual; we will prove the first version.

By proposition 4.4.2, it is enough to show that (=), : SM — M preserves
cofibrations and trivial cofibrations. However, the latching category at [0] is
empty, soif f : A, — B, is a Reedy cofibration, then f,, : A, = B, must be a
cofibration in M. Since (—), preserves weak equivalences, it follows that (—),
preserves trivial cofibrations. [ |

Lemma 4.7.15. Let M be a model category.

 There is a unique natural transformation A : sk, = cosk, such that € , o
(AA)O on, = id, for all objects A in M, where n, : A — sk,(A), and
€, : cosky(A), = A are the components of the unit and counit of the
respective adjunctions.

See definition 3.1.30.
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s There is a unique natural transformation V : sk® = cosk® such that € , o
(VA)O on, = id, for all objects A in M, wheren, : A — sk°(A)° and
€, : cosk’(A)° — A are the components of the unit and counit of the
respective adjunctions.

Proof. The two claims are formally dual; we will prove the first version.

It is not hard to check that 7, is an isomorphism, so € 4 ° (A A)O is uniquely de-
termined. The universal property of cosk,(A) implies A , : sk,(A) — cosk,(A4)
is determined by its adjoint transpose € 4 o (A A)O : sko(A)y = A, s0 A, is also
uniquely determined. |

Definition 4.7.16. Let A be an object in a model category M.

* A cosimplicial frame on A is a pair (A*, p*), where A® is a cosimplicial
object in M, p* : A* — cosk’(A) is a Reedy weak equivalence with
p° . A’ = cosk®(A)° an isomorphism, and A® is Reedy-cofibrant if A is
cofibrant.

« A simplicial frame on A is a pair (4,,1,), where A, is a simplicial object
in M, i, : sky(A) — A, is a Reedy weak equivalence with i, : sky(A), —
A, an isomorphism, and A, is Reedy-fibrant if A is fibrant.

* Aleft frame on A is a tuple (A°®,i®, p*), where A* is a cosimplicial object
in M, p* : A* = cosk’(A) is a Reedy weak equivalence with p° : A° —
cosk?(A4)° an isomorphism, i* is a Reedy cofibration, and p®* - i®* =V ,.

* Arightframeon Aisatuple (fi,, iy, Do ) , where A, is a simplicial object in
M, i, : sky(A) — A, is a Reedy weak equivalence with i, : sky(4), — A,
an isomorphism, p, is a Reedy fibration, and p, o i, = A ,.

Proposition 4.7.17. Let A be an object in a model category M.

G If (ff’, i°, p') is a left frame on A, then (/i', p') is a cosimplicial frame on
A.

(11) If A is cofibrant, then every cosimplicial frame on A is a cosimplicial res-
olution of A.

(i) If (fi', p') is a cosimplicial resolution of A, then A® is (the underlying
cosimplicial object of) a cosimplicial frame on A°, and (AO, pO) is (iso-
morphic to) a cofibrant replacement for A.
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Dually:

iy If (fi., i.,p,) is a right frame on A, then (/i., i,) is a simplicial frame on
A.

(ii") If A is fibrant, then every simplicial frame on A is a simplicial resolution
of A.

Gii") If (A., i,) is a simplicial resolution of A, then A, is (the underlying sim-
plicial object of) a simplicial frame on Ao» and (fio, io) is (isomorphic to)
a fibrant replacement for A.

Proof. (i). Suppose (/i', i°, p’) is a left frame on A. Lemma 4.7.14 implies that
cosk’(A) is Reedy-cofibrant when A is cofibrant, so A® is Reedy-cofibrant when
A is cofibrant. Thus (A*, p*) is indeed a cosimplicial frame on A.

(i1). If A is cofibrant and (A“, p') is a cosimplicial frame on A, then A® is Reedy-
cofibrant, and hence (A°, p*) is a Reedy-cofibrant replacement for cosk’(A).

(iii). Let ¢* : A* — cosk?(A”) be the component of the adjunction unit at A°.
Since p°® : A® — cosk®(A) is a Reedy weak equivalence, the 2-out-of-3 property
of weak equivalences in M implies ¢° is also a Reedy weak equivalence. Now,
A® is Reedy-cofibrant by definition, it follows that (/I', q') is a cosimplicial
frame on A°.

Finally, we note that proposition 4.7.8 implies that A° is a cofibrant object in
M, and p° : A° > cosk’(A)" is a weak equivalence by definition, so (A°, p°) is
(isomorphic to) a cofibrant replacement for A. [ |

REMARK 4.7.18. The notions of ‘left frame’ and ‘right frame’ are originally due
to Hovey [1999, § 5.2], but he calls them ‘cosimplicial frame’ and ‘simplicial
frame’ and does not give a name to the weaker notion. It is explained in loc.
cit. that a left (resp. right) frame on A is a cosimplicial (resp. simplicial) frame
that is almost Reedy-cofibrant (resp. Reedy-fibrant), in the sense that all but one
its latching (resp. matching) morphisms are cofibrations (resp. fibrations). One
consequence of this is given in proposition 4.7.25.
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Definition 4.7.19. Let M be a model category.

* A left framing for M is a tuple (Q°*,i°, p*), where Q°* : M — eM isa
functor, i* : sk = Q° and p* : Q° = cosk’ are natural transformations,
and (Q°A, (i,)*, (p4)*) is aleft frame for all objects A in M.

* A right framing for M is a tuple (R,, i,,p,), where R, : M — sMisa
functor, i, : sk, = R, and p, : R, = cosk, are natural transformations,
and (R,A, (iA),, (pA),) is a right frame for all objects A in M.

A framed model category is a model category equipped with a left framing and
a right framing.

Theorem 4.7.20. Let M be a model category.

(1) On each object A in M, there exist a left frame (/i', i°, p’) and a right
frame (fi., i,,p.) such that p* : A* — cosk(A) is a trivial Reedy fibration
and i, : sky(A) = A, is a trivial Reedy cofibration.

(11) If M satisfies axiom CM5%*, then the left and right frames in (i) can be
chosen functorially; in particular, left and right framings for M exist.

Proof. See Theorem 5.2.8 in [Hovey, 1999]. ]
Theorem 4.7.21. Let A be an object in a DHK model category M.

* The nerve of the full subcategory of the slice category €M o4y Spanned
by the cosimplicial frames on A is weakly contractible.

* The nerve of the full subcategory of the slice category WA/s A spanned by
the simplicial frames on A is weakly contractible.

Proof. See Theorem 16.6.18 in [Hirschhorn, 2003]. ]
Proposition 4.7.22. Let M be a model category.

» If A is a cofibrant object in M and (fi', p') is a cosimplicial frame on A,
then the morphism
Al x A— N x A

induced by any horn inclusion A]. > A" is a trivial cofibration in M.
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 If B is a fibrant object in M and (fi‘., i.) is a simplicial frame on A, then
the morphism
{A, B} - {A},B}

induced by any horn inclusion A}, < A" is a trivial fibration in M.

Proof. The two claims are formally dual; we will prove the first version.

First, note that proposition 4.7.8 implies that A} % A — A'x Aisacofibration
in M. Since p® : A* — cosk’(A) is a Reedy weak equivalence, the 2-out-of-3
property of weak equivalences in M implies that the morphism A" x A — A’ x A
is a weak equivalence in M for all n > 0. It is clear that — x A preserves
finite colimits of finite simplicial sets, so we may then apply Proposition 3.6.8
in [Hovey, 1999]. O

Corollary 4.7.23. Let M be a model category and leti : Z — W be an anodyne
extension between finite simplicial sets.

» If A is a cofibrant object in M and (A’, p') is a cosimplicial frame on A,
then the morphism

i*xid;: ZxA—>W x A
induced by i : Z — W is a trivial cofibration in M.

* If B is a fibrant object in M and (ﬁ,, i,) is a simplicial frame on B, then
the morphism
(i.BY: {W.B) - {Z.B)
induced by i : Z — W is a trivial fibration in M.

Proof. The two claims are formally dual; we will prove the first version.

By proposition 1.3.10, the class of anodyne extensions between finite sim-
plicial sets is generated by the boundary inclusions under composition, push-
outs, and retracts. We already know that — * A sends horn inclusions to trivial
cofibrations in M, and it is clear that — x A preserves composition, pushouts,
and retracts, so theorem 4.1.9 and proposition A.3.12 imply that i xid ; is a trivial
cofibration in M. H

Cosimplicial frames and left frames (resp. simplicial frames and right frames)
should be regarded as higher cylinder objects (resp. higher path objects). We can
make this precise in two different ways:
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Proposition 4.7.24. Let M be a model category.

» If A is a cofibrant object in M and (A’, p') is a cosimplicial frame on A,
then (fil, 5t 8°, 60) is a cylinder object for A (and hence, isomorphic to
a cylinder object for A).

* If B is a fibrant object in M and (B,, i.) is a simplicial frame on B, then
(ﬁl, d,,d,, So) is a path object for B% (and hence, isomorphic to a path
object for B).

Proof. The two claims are formally dual; we will prove the first version.

It is not hard to see that the morphism ([51 , 50]) : A4+ A° - Alisisomorphic
to the morphism dA' * A — Al x A induced by dA! < Al, and the latter is a
cofibration by proposition 4.7.8. On the other hand, the morphism ¢° : A' — A°
is a retraction for 6' : A° — A', and proposition 4.7.22 implies the latter is
(isomorphic to) a trivial cofibration; thus, by the 2-out-of-3 property of weak
equivalences, 6 : A' - A° must be a weak equivalence. [ ]

Proposition 4.7.25. Let M be a model category.

o If (fi’, i',p') is a left frame on an object in M, then (/il, 5, 8°, 00> is a
cylinder object for A°.

o If (ﬁ,, i,,p,) is a right frame on an object in M, then (El, d,,d,, SO) is a
path object for Bo-

Proof. The two claims are formally dual; we will prove the first version.

It is not hard to see that the morphism (5',6°) : A°+A° — A'isisomorphic
to the relative latching morphism at [1] for i* : sk’(A) — A°®, and the latter is
a Reedy cofibration, so ([5 L 50)) is a cofibration in M. On the other hand, we
have the following commutative diagram,

- 1
Al —2 5 cosk(4)!

A° — cosk’(A)°
p

where p and p' are weak equivalences in M. Since ¢° : cosk’(A)! — cosk(A)°
is an isomorphism (and so a weak equivalence a fortiori), the 2-out-of-3 property
of weak equivalences implies ¢° : A' — A° is also a weak equivalence. ]
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Proposition 4.7.26. Let M be a model category and let X be a finite simplicial
set.

o If (/I', p') is a cosimplicial frame on a cofibrant object A in M, then the
cosimplicial object (X ) A)' is (the object part of) a cosimplicial frame
on X % A.

o If (E,, i ,) is a simplicial frame on a fibrant object B in M, then the simpli-
cial object (X M ]3’), is (the object part of) a simplicial frame on {X, ]§’}

Proof. The two claims are formally dual; we will prove the first version.

To show that the cosimplicial object (X O] /T)' is indeed (the object part of)
a cosimplicial frame on X * A, it suffices to verify that (X © A)*® is Reedy-
cofibrant and all its codegeneracy operators are weak equivalences: the latter
condition ensures that the counit component (X 0] A)‘ - cosko((X 0] A)O) is
a Reedy weak equivalence, and we know that (X ® /1)0 ~ X % A. By definition,
we have the following natural bijections:

M(Z *x (X©A),B) =sSet(Z, M((X ® A)*, B))
~ sSet(Z, [ X, M(A®, B)])
=~ sSet(Z x X, M(A*, B))
~ M((Z % X)x A, B)

Since i Xidy : Z X X — W X X is a monomorphism between finite simplicial
sets when i : Z — W is, we may then use proposition 4.7.8 to deduce that
(X © A)* is indeed Reedy-cofibrant.

It remains to be shown that the codegeneracy operators of (X 0] ff) ® are weak
equivalences. The cosimplicial identities and axiom CM2 implies it is enough to
show that each coface operator 5, : (X ® A)"™' — (X © A)" is a weak equival-
ence. Since the unique morphism A" — A’ is a (weak) homotopy equivalence,
we can use proposition 1.3.19 and the 2-out-of-3 property of weak homotopy
equivalences to deduce that, for each 62 : A" 5 A" the induced morphism
o' xid, : x X — A"x X is a weak homotopy equivalence. Proposition 1.3.16
then says that 6/ x id is an anodyne extension, so by corollary 4.7.23, the in-
duced morphism (A”'l X X ) * A — (A" X X) % A is a trivial cofibration in M.
Thus, every coface operator (X ® A)° — (X © A)" is a weak equivalence in
M. |
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Derived hom-spaces

Prerequisites. §§ 1.1, 1.3, 3.1, 3.3, 4.1, 4.4, 4.5, 4.7, A.4.

Given a cofibrant object A and a fibrant object B in a model category M,
there ought to be a space of morphisms A — B, at least well-defined up to weak
equivalence, such that the set of connected components is in natural bijection
with the hom-set Ho M(A, B), while homotopy classes of paths correspond to

homotopy classes of homotopies of morphisms A — B, and so on. For this, we
will use the notion of ‘frame’ introduced in the previous section.

Definition 4.8.1. Let M be a model category.

A cosimplicial frame in M is a cosimplicial object A* in M for which
there exist an object A and a morphism p° : A® > cosk’(A) such that
(fi‘, p') is a cosimplicial frame on A.

A simplicial frame in M is a simplicial object B, in M for which there
exist an object B and a morphism i, : sky(B) — B, such that (B,,i,) is a
simplicial frame on B.

A cosimplicial resolution in M is a cosimplicial object A® in M for which
there exist an object A and a morphism p° : A* - cosk®(A) such that
(A, p*) is a cosimplicial resolution on A.

A simplicial resolution in M is a simplicial object B, in M for which
there exist an object B and a morphism i, : sky(B) — B, such that (ﬁ,, i.)
is a simplicial resolution on B.

A weakly constant cosimplicial object in M is a cosimplicial object in
M such that every coface and codegeneracy operator is a weak equival-
ence in M.

A weakly constant simplicial object in M is a simplicial object in M
such that every face and degeneracy operator is a weak equivalence in M.

Proposition 4.8.2. Let M be a model category. Let A® be a cosimplicial object
in M and let p* : A* — coskO(AO) be the component of the adjunction unit at

A°.

@)
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(i) A°® is a cosimplicial resolution in M if and only if A® is a cosimplicial
frame in M and A° is cofibrant.

(ii1) A°® is a cosimplicial resolution in M if and only if (A®, p°®) is a cosimplicial
resolution of A°,

(iv) A®is a weakly constant cosimplicial object in M if and only if the morph-
ismp®:A® — coskO(AO) is a Reedy weak equivalence.

(v) A® is a cosimplicial resolution in M if and only if A® is Reedy-cofibrant
and weakly constant.

Dually, let B be a simplicial object in M and let i, : skO(BO) — B be the
component of the adjunction counit at B,

(i") B, is a simplicial frame in M if and only if (B,, i,) is a simplicial frame
on B,

(ii") B, is a simplicial resolution in M if and only if B, is a simplicial frame
in M and By, is fibrant.

(iii") B, is a simplicial resolution in M if and only if (B,, i,) is a simplicial
resolution of B,

(iv") B, is a weakly constant simplicial object in M if and only if the morphism
i, :sky (BO) — B, is a Reedy weak equivalence.

(v') B, is a simplicial resolution in M if and only if B, is Reedy-fibrant and
weakly constant.

Proof. These are straightforward consequences of the definitions and proposi-
tion 4.7.17. ¢

Lemma 4.8.3. Let M be a model category.

* Any cosimplicial resolution in M is a degreewise cofibrant cosimplicial

object in M.
* Any simplicial resolution in M is a degreewise fibrant simplicial object in
M.
Proof. This is a corollary of proposition 4.7.8. [ |
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Definition 4.8.4. Let M be a model category.

* The category of weakly constant cosimplicial objects in M is the full
subcategory ¢, M of ¢.M spanned by the weakly constant cosimplicial
objects. A weak equivalence (resp. cofibration, fibration) in ¢, M is a
Reedy weak equivalence (resp. cofibration, fibration).

* The category of weakly constant simplicial objects in M is the full sub-
category s,, M of sM spanned by the weakly constant simplicial objects.
A weak equivalence (resp. cofibration, fibration) in s, M is a Reedy
weak equivalence (resp. cofibration, fibration).

REMARK 4.8.5. Any cosimplicial (resp. simplicial) object that is weakly equival-
ent to a weakly constant cosimplicial (resp. simplicial) object must itself be a
weakly constant cosimplicial (resp. simplicial) object. Thus, ¢, M (resp. s,, M)
together with the inherited notions of ‘weak equivalence’, ‘cofibration’, and
‘fibration’ is a derivable category (by proposition 4.1.22).

Proposition 4.8.6. Let M be a model category.

* The following adjunction is an adjoint homotopical equivalence of homo-
topical categories:

(=)° 4 cosk’ : M — ¢, M
In particular, we have an adjoint equivalence of homotopy categories:

Ho (-)° 4 Hocosk’ : Ho M — Hoc, M

* The following adjunction is an adjoint homotopical equivalence of homo-
topical categories:
skg 4 (=) : Sy M = M

In particular, we have an adjoint equivalence of homotopy categories:

Ho sk, 4+ Ho(-), : Hos,M — Ho M

Proof. The two claims are formally dual; we will prove the first version.
First of all, we note that cosk’(A) is a weakly constant cosimplicial object
in M for every object A in M, so the adjunction in lemma 4.7.9 restricts to

250



4.8. Derived hom-spaces

an adjunction between M and ¢, M. It is clear that the adjunction counit is
a natural isomorphism, and proposition 4.8.2 says that the adjunction unit is a
natural weak equivalence, so we indeed have an adjoint homotopical equivalence
of homotopical categories. Finally, we apply proposition 3.1.29 to prove the
claim about homotopy categories. [ |

Corollary 4.8.7. Let M be a model category.

* A morphism f°* : A* - B® in ¢, M is a Reedy weak equivalence if and
only if the component f° : A’ — B° is a weak equivalence in M.

* A morphism f, : A, = B, in s, M is a Reedy weak equivalence if and
only if the component f : A, = B, is a weak equivalences in M. [ |

Definition 4.8.8. Let M be a model category.

* Let A® be a cosimplicial object in M and let B be an object in M. The left
hom-complex Hom (A, B) is the simplicial set defined by the formula
below:

(#Hom (A, B)), = M(A", B)

* Let A be an object in M and let B, be a simplicial object in M. The right
hom-complex Hom (A, B) is the simplicial set defined by the formula
below:

(#Hom,,(A, B)),, = M(A, B,,)

* Let A® be a cosimplicial object in M and let B, be a simplicial object in
M. The total hom-complex #Hom (A, B) is the simplicial set defined by
the formula below:

(Hom (A, B)), = M(A, By)

REMARK 4.8.9. Let M be a model category.

* For each pair (A, B) of objects in M, we have the following natural iso-
morphisms:

Horn,,(cosk’(A), B) = disc M(A, B)
Horm,, (A, sko(B)) = disc M(A, B)
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* For each cosimplicial object A®* in M and each object B in M, we have
the following natural isomorphism:

Hom,, (A, sko(B)) = Hom (A, B)

* For each object A in M and each simplicial object B, in M, we have the
following natural isomorphism:

Horn,(cosk’(A), B) = Hom (A, B)

This justifies our use of the same notation for left, right, and total hom-complexes.
Proposition 4.8.10. Let M be a model category.

* If A is a cofibrant object in M and (/I', p') is a cosimplicial frame on
A, then the functor Hom M(Zf, —) : M — sSet preserves limits, fibra-
tions, and trivial fibrations, and for all fibrant objects B, there is a natural
bijection between myHom, (/I, B) and Ho M(A, B).

* If B is a fibrant object in M and (f?,, i,) is a simplicial frame on B, then
the functor Hom M(—, B) : M — sSet preserves limits, fibrations, and

trivial fibrations, and for all cofibrant objects A, there is a natural bijection
between myHom,,, (A, fi‘) and Ho M(A, B).

Proof. The two claims are formally dual; we will prove the first version.

It is well-known that each M(ﬁ”, —) : M — Set preserves limits, so by
lemma 1.1.9, Hom M (A, —) : M — sSet preserves limits as well.

Let f : B — C be a fibration in M. To verify that Hom (A, f) is a Kan
fibration, it is enough to show that it has the right lifting property with respect
to the horn inclusions A} < A". Proposition 4.7.22 implies that f : B — C
has the right lifting property with respect to the morphisms A] x A-> A% A
induced by the horn inclusions, so by applying proposition A.3.20, we deduce
that Hom (A, f) is indeed a Kan fibration.

Now, suppose f : B — C is a trivial fibration in M. Then corollary 4.7.7
implies that f : B — C has the right lifting property with respect to the morph-
isms A" * A — A" % A induced by the boundary inclusions, so we may deduce
that Hom,, (/i, f ) is a trivial Kan fibration in this case.

Finally, recalling that p° : A° — cosk’(A4)° is an isomorphism, we get a nat-
ural morphism disc M(A, B) — Hom (A, B) for all objects B in M, and it is
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a bijection on vertices. Proposition 4.7.24 says that (/il, 5,69, 00) is a cylinder
object for A°, soif B is fibrant, we may apply lemma 4.2.14 and theorem 4.3.1 to
deduce that the connected components of Hom (A, B) are in natural bijection
with the homotopy classes of morphisms A — B. [ ]

Corollary 4.8.11. Let M be a model category. If A® is a cosimplicial resolution
in M, then:

(i) For each fibrant object B in M, the left hom-complex Hom,,,(A, B) is a
Kan complex.

(ii) The left hom-complex functor Hom (A, —) : M — sSet sends weak equi-
valences between fibrant objects in M to homotopy equivalences of Kan
complexes.

(iii) The total hom-complex functor Hom ,(A,—) : sM — sSet sends Reedy
weak equivalences between degreewise fibrant simplicial objects in M to
weak homotopy equivalences in sSet.

Dually, if B, is a simplicial resolution in M, then:

(i") For each cofibrant object A in M, the right hom-complex Hom (A, B) is
a Kan complex.

(ii") The right hom-complex functor Hom ,(—, B) : M — sSet sends weak
equivalences between cofibrant objects in M to homotopy equivalences of
Kan complexes.

(iii") The total hom-complex functor Hom,,(—, B) : (cM)® — sSet sends
Reedy weak equivalences between degreewise cofibrant cosimplicial ob-
jects in M to weak homotopy equivalences.

Proof. (1) and (i1). Apply proposition 4.8.2 and Ken Brown’s lemma (4.4.5) to
the previous proposition.

(iii). First, consider the functor M(A°®, —) : sM — ssSet that sends an object
B, in s M to the bisimplicial set defined by the formula below:

(M(A®,B,)),, = Hom,, (A, B,)

Thus, by claim (ii), M(A®, —) sends Reedy weak equivalences between degree-
wise fibrant simplicial objects in M to Reedy weak equivalences in ssSet. We
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may then use lemma 1.5.7 and theorem 1.5.9, we may deduce that the total hom-
complex functor has the required property. [ |

Corollary 4.8.12. Let M be a model category, let ¢, M be the full subcategory
of e M spanned by the cosimplicial resolutions, and let s. M be the full subcat-
egory of sM spanned by the simplicial resolutions. Then, the total hom-complex
functor Hom,, : (ch) P x s, M — sSet is a homotopical functor.

Proof. Apply lemma 4.8.3 to corollary 4.8.11. [ |
Proposition 4.8.13. Let M be a model category.

* If A® is a degreewise cofibrant weakly constant cosimplicial object in M,
then the functor Hom (A, —) : sM — sSet preserves weak equivalences
between simplicial resolutions.

» If B, is a degreewise fibrant weakly constant simplicial object in M, then
the functor Hom ,(—, B) : (cM)®P — sSet preserves weak equivalences
between cosimplicial resolutions.

Proof. The two claims are formally dual; we will prove the first version.

Let A® be a degreewise cofibrant weakly constant cosimplicial object in M
and let p* : A®* — coskO(AO) be the component of the adjunction unit. By
proposition 4.8.2, p* is a Reedy weak equivalence. Let f, : B, — C, be a
weak equivalence between simplicial resolutions. We then have the following
commutative diagram in sSet:

Hom (A, B) 2P0, 3fom , (cosk®(A°), B)

}[omM(A,f)J l}[amM(cosko(Ao),f)

Hom,,(A, C) o> Hom y(cosk” (A7), C)

Corollary 4.8.11 says that Hom ,(p, B) and Hom ,,(p,C) are weak homotopy
equivalences; but recalling lemma 4.8.3, we may then use remark 4.8.9 to de-
duce that Hom M(coskO(AO), f ) is a weak homotopy equivalence. Finally, we
apply the 2-out-of-3 property of weak homotopy equivalences to conclude that
Hom (A, f) itself is a weak homotopy equivalence. [ |
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Proposition 4.8.14. Let M be a model category. If A® is a cosimplicial resolu-
tion in M and B, is a simplicial resolution in M, then there is a natural diagram
of weak homotopy equivalences in sSet of the form below,

Hom (A, By) —— Hom (A, B) «—— Hom (A", B)

where Hom (A, BO) is the left hom-complex, Hom (AO, B) is the right hom-
complex, Hom,, (A, B) is the total hom-complex, the rightward arrow is the
morphism induced by the adjunction counit component i, : skO(BO) — B,, and

the leftward arrow is the morphism induced by the adjunction unit component
ptiAt > coskO(AO).

Proof. The two halves of the claim are formally dual; we will show that there is
a natural weak homotopy equivalence Hom (A, By) — Hom (A, B).

By proposition 4.8.2, B is a fibrant object in M and i, : skO(BO) — B, is
a Reedy weak equivalence. Lemma 4.8.3 says that each B,, is a fibrant object in
M, so i, is moreover a Reedy weak equivalence between degreewise fibrant ob-
jects. Thus, Hom (A, sky(B,)) — Hom,,(A, B) is a weak homotopy equival-
ence, by corollary 4.8.11. Since the total hom-complex Hom,, (A, skO(BO)) is
naturally isomorphic to the left hom-complex Hom (A, Bo) (by remark 4.8.9),
this is the required natural weak homotopy equivalence. [ |

Definition 4.8.15. Let A and B be objects in a model category M.

* A left homotopy function complex from A to B consists of the data
(A*,p*, B,i,Hom,,(A, B)), where (A®,p*) is a cosimplicial resolution
of A, (1§, i ) is a fibrant replacement for B, and Hom M(A, B) is the left
hom-complex.

* A right homotopy function complex from A to B consists of the data
(A, D, ]§,, i,, Hom M(“L B) ) where (A, p) is a cofibrant replacement for
A, (f}., i.) is a simplicial resolution of B, and Hom M(A, B) is the right
hom-complex.

* A two-sided homotopy function complex from A to B consists of the data
(/I', p°, l?., iy, Hom,, (fi, 1§‘) ), where (ff’, p') is a cosimplicial resolution
of A, (1§,, i) is a simplicial resolution of B, and Hom,, (A, E’) is the total
hom-complex.
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We will often abuse notation and say Hom M (/i, f?) is a (left, right, or two-sided)
homotopy function complex from A to B, omitting mention of the other data.

Note that the weak homotopy type of Hom M(fi, B ) depends only on the
isomorphism class of A and B in Ho M, by corollary 4.8.11.

Proposition 4.8.16. Let f : A — B be a morphism in a model category M.

e Let (fi, i A) and (ﬁ’, i B) be fibrant replacements for A and B, respectively,
and let f : A — B be any morphism in M making the diagram below
commute:

o ——
U:b(—)ﬁ:»

|

Ip
The morphism f : A — B is a weak equivalence in M if and only if the
induced morphism of left homotopy function complexes

Hom,, (C, f) : Hom,, (C, A) - Hom,,(C, B)
is a weak homotopy equivalence for all cosimplicial resolutions C*.

e Let (fi, D A) and (E, D B) be cofibrant replacements for A and B, respect-
ively, and let f : A — B be any morphism in M making the diagram

below commute:
Pa

l

S

]

&>

The morphism f : A — B is a weak equivalence in M if and only if the
induced morphism of right homotopy function complexes

Hom,,(f,C) : Hom,(B,C) - Hom,,(A,C)
is a weak homotopy equivalence for all simplicial resolutions C,.

Proof. The two claims are formally dual; we will prove the first version.
First, suppose f : A — B is a weak equivalence in M. Then, by axiom
CM2, f : A — Bis also a weak equivalence, so we may use corollary 4.8.11 to
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deduce that Hom,, (C, f ) is a weak homotopy equivalence for all cosimplicial
resolutions C*°.

Conversely, suppose Horm (C, f ) is a weak homotopy equivalence for all
cosimplicial resolutions C*. Proposition 4.8.10 then implies that the hom-set
map

Ho M(C°, f) : HoM(C°, A) - Ho M(C", B)
is a bijection for all cosimplicial resolutions C*; but theorem 4.7.20 implies every
cofibrant object in M occurs as C° for some cosimplicial resolution C*, so using
proposition 4.1.18, we deduce that f : A — B is an isomorphism in Ho M.
Theorem 4.3.1 then implies f : A — B must be an weak equivalence in M, and
therefore (using axiom CM2) f : A — Bitselfis a weak equivalencein M. [

Definition 4.8.17. Let M be a model category.

* A derived left hom-space functor for an object B in M is a functor
RHom, (-, B) : (Ho M)®? — HosSet equipped with natural isomorph-
isms

RHom,(A°, B) = Hom (A, B)

in Ho sSet, where A*® varies over the cosimplicial resolutions in M, (]3’, i )
varies over the fibrant replacements for B, and Hom M(A, B ) is the left
hom-complex.

* A derived right hom-space functor for an object A in M is a functor
RHom,,(A, —) : Ho M — Ho sSet equipped with natural isomorphisms

RHom,, (A, B)) = Hom,,(A, B)

in Ho sSet, where (A, p) varies over the cofibrant replacements for A, B,
varies over the simplicial resolutions in M, and Hom, (fi, B) is the right
hom-complex.

* A derived hom-space functor for M is a functor RHom,, : (Ho M) X
Ho M — Ho sSet equipped with natural isomorphisms

RHom,, (A°, B,) = Hom,,(A, B)

in HosSet, where A°® varies over the cosimplicial resolutions in M, B,
varies over the simplicial resolutions in M, and Hom,,(A, B) is the total
hom-complex.
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We will often refer to the object RHom (A, B) as a derived hom-space, omit-
ting mention of the other data.

The name ‘derived hom-space’ is justified by the following theorem.

Theorem 4.8.18. Let M be a model category, let (ch, o°, p') be a left Quillen
deformation retract for ¢, M, and let (er, R,,i .) be a right Quillen deforma-
tion retract for s, M.

@ ((e,M)® x8.M,0° X R,,(p*.i,)) is a right deformation retract for the
total hom-complex functor Hom  : (¢, M) x s, M — sSet.

(ii) Hom,, : (¢, M) X 8, M — sSet has a total right derived functor; fur-
thermore, if (ch, o°, p') and (er, R,, i.) are functorial deformation
retracts, then Hom ,, also has a homotopical right approximation.

(iii) The functor RHom ,,(cosk’(=), sky(=)) : (Ho M)® x Ho M — HosSet
is a derived hom-space functor for M.

Proof. (i). Recall that proposition 4.8.2 says every cofibrant weakly constant
cosimplicial object is a cosimplicial resolution, and every fibrant weakly constant
simplicial object is a simplicial resolution. Thus, a cofibrant replacement for
cosk’(A) is a cosimplicial resolution of A, and a fibrant replacement for sk,(B)
is a simplicial resolution of B. The claim then follows from corollary 4.8.12.

(i1). Apply theorems 3.3.13 and 3.4.10.
(ii1). This follows from claims (i) and (ii). [ |

Theorem 4.8.19. Let M be a model category. If B is a fibrant object in M,
then:

(i) The left hom-complex functor Hom, (=, B) : (¢, M)" — sSet sends
trivial cofibrations in ¢, M to weak homotopy equivalences in sSet.

(ii) The left hom-complex functor Hom ,,(—, B) : (cWM) P _ sSet admits a
total right derived functor.

(iii) The functor RHom ., (cosk’(=), B) : (Ho M)® — HosSet is a derived
left hom-space functor.
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Dually, if A is a cofibrant object in M, then:

(i") The right hom-complex functor Hom (A, —) : s, M — sSet sends trivial
fibrations in s, M to weak homotopy equivalences in sSet.

(ii") The right hom-complex functor Hom (A, —) : s, M — sSet admits a total
right derived functor.

(iii") The functor R}[omM(A, sko(—)) : HoM — HosSet is a derived right
hom-space functor.

Proof. (i). Let f* : A* — C°* be a trivial cofibration in ¢,M, and choose a
simplicial frame (f}., i .) on B. We then have a morphism of bisimplicial sets

M(f*,B,) : M(C*,B,) > M(A°",B,)

and sinceeach f" : A" — C"isatrivial cofibration in M (by proposition 4.5.14),
proposition 4.8.10 says that the components

M(f", B,) : M(C",B,) > M(A", B,)

are trivial Kan fibrations, hence weak homotopy equivalences a fortiori. Thus,
applying lemma 1.5.7 and theorem 1.5.9, we deduce that the morphism

Hom , (f, B) : Hom,, (C, B) — Hom,, (A, B)

is a weak homotopy equivalence. Finally, using proposition 4.8.14 and the 2-
out-of-3 property of weak homotopy equivalences, we conclude that the morph-
ism Hom ,(f, B) : Hom,,(C, B) — Hom,,(A, B) is indeed a weak homotopy
equivalence.

(i1). Remark 4.8.5 says ¢, M is a derivable category, so theorem 4.4.12 yields
the required total right derived functor.

(iii). The total derived functor theorem implies that R*Hom,, (coskO(A), B) is
naturally isomorphic to the weak homotopy type of Hom ,, (A, B) for any co-
fibrant replacement (A', p') for cosk’(A), and proposition 4.8.2 says any such
(A*,p*) is a cosimplicial resolution of A, so RHom ,,(cosk’(—), B) is indeed a
derived left hom-space functor. [ |
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Theorem 4.8.20. Let M be a model category, let ¢, M be the full subcategory of
cM spanned by the cosimplicial resolutions, and let s. M be the full subcategory
of sM spanned by the simplicial resolutions. If fs : M — [(¢, M), sSet] i
the functor defined by

hg(A) = Hom,,(A, B)

where Hom,,,(A, B) is the left hom-complex, then:

(i) A, sends fibrations (resp. trivial fibrations) in M to componentwise Kan
fibrations (resp. componentwise trivial Kan fibrations).

(ii) A, admits a total right derived functor.

(iii) For each cosimplicial resolution A* in M and each object B in M, Rfz(A)
is a derived hom-space RHom (AO, B).

Dually, if A" : M*® — [er, sSet]h is the functor defined by
A" (B) = Hom, (A, B)

where Hom ,,(A, B) is the right hom-complex, then:

(i") A® sends cofibrations (resp. trivial cofibrations) in M to componentwise
Kan fibrations (resp. componentwise trivial Kan fibrations).

(ii") A® admits a total right derived functor.

(iii") For each object A in M and each simplicial resolution B, in M, Rfz(A)
is a derived hom-space RHom (A, Bo).

Proof. (1). This is proposition 4.8.10; note that corollary 4.8.11 implies that
hig : (€M) — sSet is indeed a homotopical functor.

(i1). Since the weak equivalences in [(ch)Op , sSet]h are componentwise (by
definition), we may apply theorem 4.4.12.

(iii). The total derived functor theorem implies that R/ z(A) is isomorphic to the
weak homotopy type of the left hom-complex Horm \, (A, B), where (B, i) is any
fibrant replacement for B, so RAz(A) is a derived hom-space RHom M (AO, B )
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Combinatorial model categories
Prerequisites. §§ 0.2, 0.4, 4.1, A.3.

Definition 5.1.1. A cofibrantly-generated model category is a complete and
cocomplete model category M such that there exist a set 7 of cofibrations and
a set I’ of trivial cofibrations satisfying these conditions:

* (I, M) admits the small object argument, and cof ,, T is the class of all
cofibrations in M.

* (I’, M) admits the small object argument, and cof ,, I’ is the class of all
trivial cofibrations in M.

REMARK 5.1.2. By Quillen’s small object argument (0.4.11), any cofibrantly-
generated model category satisfies axiom CM5* and thus is a DHK model cat-

egory.

Theorem 5.1.3 (Kan’s recognition principle). Let M be a complete and cocom-
plete locally small category, let W be a subcategory of M containing all the
objects, and let T and T’ be subsets of mor M. Assume the following hypo-
theses:

* W is closed under retracts and has the 2-out-of-3 property in M.
e (I, M)and (1', M) both admit the small object argument.
s infM T CWNinM 1.
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* cof ,, I" S Wnecof, T
If, in addition, either

s infM T =WninM 1, or

* cof ,, ' =Wnecof , T.

then there exists a unique model structure on M such that cof ,, T is the class
of cofibrations, cof ,, 1’ is the class of trivial cofibrations, and W is the class of
weak equivalences.

Proof. See Theorem 11.3.1 in [Hirschhorn, 2003]. ]

Theorem 5.1.4 (Kan’s lifting theorem). Let M be a complete and cocomplete
locally small category, let N be a cofibrantly generated model category. Assume
the following hypotheses:

e FH4G: M — N isan adjunction of categories.
 J is a generating set of cofibrations in N
» J' is a generating set of trivial cofibrations in N'.

* (I, M)and(1', M) admit the small object argument, where T and 1" are
the following sets:

I=(Ff|f€J)
I'={Fflfed}
* G sends relative T'-cell complexes in M to weak equivalences in N'.
Then:

(1) Thereis a unique model structure on M with cof ,, T as the class of cofibra-
tions and cof ,, 1" as the class of trivial cofibrations.

(i) Amorphismg : A — Bin M is aweak equivalence in this model structure
if and only if Gg : GA — GB is a weak equivalence in N'.

(i) F 4 G : M — N is a Quillen adjunction with respect to this model
structure.
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5.2. Cisinski model categories

Proof. See Theorem 11.3.2 in [Hirschhorn, 2003]. ]

Theorem 5.1.5 (Existence of cofibrantly-generated projective model structures).
Let M be a cofibrantly-generated model category. If A is a small category, then
the projective model structure on [A, M] exists and is cofibrantly generated.

Proof. See Theorem 11.6.1 in [Hirschhorn, 2003]. ]

Definition 5.1.6. A combinatorial model category is a cofibrantly-generated
model category that is also a locally presentable category.

REMARK 5.1.7. Since locally presentable categories are automatically complete
and cocomplete,[l] in light of remark 0.4.9, to show that a locally presentable
model category M is a combinatorial model category, it is enough to verify that
there exist sets 7 and 7’ such that cof ,, T is the class of all cofibrations in M
and cof ,, T’ is the class of all trivial cofibrations in M.

Theorem 5.1.8 (Existence of combinatorial injective model structures). Let M
be a combinatorial model category. If A is a small category, then the injective
model structure on [A, M] exists and is combinatorial.

Proof. This theorem is due to Lurie; see [HTT, Proposition A.2.8.2]. ]

Cisinski model categories

Prerequisites. § 0.4, 4.1, 5.1, A.3.
In this section we follow [Cisinski, 2002] and [Cisinski, 2006, Ch. 1].

Definition 5.2.1. A Cisinski model category is a combinatorial model category
whose underlying category is a Grothendieck topos and whose cofibrations are
the monomorphisms.

REMARK 5.2.2. Grothendieck toposes are always locally presentable categories,
so we may replace ‘combinatorial’ with ‘cofibrantly-generated’ in the above
definition.

Example 5.2.3. The Kan—Quillen model structure on sSet makes it into a Cis-
inski model category.

See theorem 0.2.26.
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REMARK 5.2.4. In any topos, the unique morphism 0 — X is always a mono-
morphism; thus, in a Cisinski model category, every object is cofibrant.

Proposition 5.2.5. Let f : X — Y and g : Z — W be cofibrations in a Cisinski
model category M. Suppose the square in the diagram below is a pushout square
in M:

idyxg

XX Z s X X W

- |

YXZ —— (XXW)U™*? (Y x Z)

fxidy,

YXxW

(1) The unique morphism f[dg making the diagram commute is a cofibration.

(i) Assuming the class of trivial cofibrations in M is closed under binary
products, if either f or g is a trivial cofibration, then f [3 g is a trivial
cofibration.

Proof. (i). The claim is certainly true when M is a presheaf topos, and since the
associated sheaf functor preserves colimits and finite limits, the claim holds for
all sheaf toposes as well.

(i1). The two cases are symmetrical; we will assume f : X — Y is a trivial
cofibration. Clearly, f Xid, : XX Z = Y X Z and f Xidy, : X XW = Y XW
are monomorphisms, so the hypothesis implies they are trivial cofibrations. The
class of trivial cofibrations is closed under pushouts (by proposition A.3.12), SO
the morphism X X W — (X X W) UX*Z (Y x Z) is also a trivial cofibration.
The 2-out-of-3 property of weak equivalences then implies f[dg must be a weak
equivalence as well; hence, by claim (i), it is a trivial cofibration. [ |

1 5.2.6. We will now see how to build Cisinski model structures. Through-
out this section, M will be a Grothendieck topos, say M = Sh(C, J) for a small
category C equipped with a Grothendieck topology J.

Definition 5.2.7. A Cisinski cylinder functor for M is a quadruple (1,°,1', p)
where I : M — M is a functor, °,1' :id,, = I and p : I = id,, are natural

transformations, such that:
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. p.lozpollzididM_

* The induced morphism 1, = ([z())(, l;)) : XX — IX isamonomorphism
for every object X in M.

We will often abuse notation and simply say that I is a cylinder functor, with the
natural transformations 1°, 1!, and p understood.

REMARK 5.2.8. By symmetry, (1,:°,1', p) is a Cisinski cylinder functor if and
only if (I b0, p) is a Cisinski cylinder functor.

Definition 5.2.9. Let (I 01! p) be a Cisinski cylinder functor for M, and let
foo f1 + X = Y be a parallel pair of morphisms in M. An I-homeotopy in
M from f, to f, is a morphism H : IX — Y such that H o 15 = f, and
H - li( = f,. We say f, and f, are I-homotopic if there is a zigzag of I-
homotopies connecting f, to f;.

Proposition 5.2.10. Let (I 01 p) be a Cisinski cylinder functor for M, and
let fy, f1 : X = Y be a parallel pair of morphisms in M.

(1) For any morphism g :' Y — Z in M, if f, and f, are I-homotopic, then
soare go foand ge f.

(i1) For any morphism g : W — X in M, if f, and f, are I-homotopic, then
soare fyegand f e g.

Proof. Obvious. ¢

Definition 5.2.11. Let (I 00 p) be a Cisinski cylinder functor for M. The
1-homotopy category of M is the category Ho, M defined below:

* The objects of Ho, M are those of M.
* The hom-set Ho, M(X,Y) is M(X, Y) modulo homotopy.
* Composition and identities are inherited from M.

Definition 5.2.12. A Cisinski trivial fibration in M is a morphism that has the
right lifting property with respect to all monomorphisms.

Proposition 5.2.13. Let p : X — Y be a Cisinski trivial fibration in M.

(1) There exists a morphism s : Y — X such that po s = id,.
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(i) Forany such s :Y — X and any Cisinski cylinder functor (I, 0, p) for
M, there exists an I-homotopy from idy to s o p.

(ii1) The morphism p : X — Y becomes an isomorphism in Ho, M.

Proof. (i). The unique morphism 0 — Y is a monomorphism in any topos, so
the right lifting property of p : X — Y guarantees the existence of a section.

(i1). Consider the following commutative diagram in M:

idy,sop

xux! X

IXpo—,,X>Y

By definition, 1, : XIIX — I X is amonomorphism, so the right lifting property
of p: X — Y yields a morphism H : I X — X such that H o1, = (idy, s e p)
and pe H = po p,;in particular, H is an I-homotopy from idy to s e p.

(iii). Clearly, the morphisms p : X — Y and s : Y — X become mutual inverses
in Ho, M. H

1 5.2.14. Let Q be a subobject classifier for M and let T, L : 1 — Q be the
morphisms classifying the top and bottom subobjects of 1, respectively. Then
the following diagram is a pullback square by definition,

|

so the induced morphism (T,L1) : 111 — Q is a monomorphism. Since

—

b =
_'

e

1

monomorphisms are stable under pullback, the following definition is legitimate:

Definition 5.2.15. The Lawvere cylinder functor for M is the cylinder functor
(I, 0,0, p) defined below:

e | : M — M is the functor Q X —.

¢ The morphism 1} : X — Q X X corresponds to T X id.
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* The morphism zi( : X = QX X corresponds to L X id.
* The morphism p, : Q X X — X is the product projection.

Definition 5.2.16. An elementary Cisinski homotopy structure on M is a
Cisinski cylinder functor (I 0,0, p) satisfying these axioms:

DH1. The functor I : M — M preserves monomorphisms and colimits for
all small diagrams.

DH2. For all monomorphisms g : Z — W in M, the following diagrams are

pullback squares:
A Y4 A 4
IOJ/ llo ll l J/ll
z w z w
1z I 1w 1z I mw

Proposition 5.2.17. Let (I 00 p) be a Lawvere cylinder functor for M.
(1) For all objects X, the morphism py : I X — X is a trivial fibration.
(i1) (I AN p) is an elementary Cisinski homotopy structure.

Proof. (1). Since the class of trivial fibrations is closed under pullbacks, it suf-
fices to show that the morphism p, : I1 — 1 is a trivial fibration. However,
by definition, I1 is a subobject classifier for M, so it is canonically an inject-
ive object in M (with respect to the class of monomorphisms), i.e. the unique
morphism I'1 — 1 has the right lifting property with respect to all monomorph-
isms.

(i1). The functor A X — always preserves monomorphisms, and toposes are
cartesian closed, so for any object A in M, the functor A X — preserves colimits.
Thus the Lawvere cylinder functor satisfies axiom DHI1. It is clear that axiom
DH2 is also satisfied. |

Definition 5.2.18. Let (I 0,0, p) be an elementary Cisinski homotopy struc-
ture on M. A class of /-anodyne extensions is a class .A of morphisms in M
satisfying these axioms:
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AnQ. There exists a subset A C A such that the members of A are mono-
morphisms in M and A = B(AY). We say A is a generating set for
A.

Anl. If g : Z — W is a monomorphism in M and e € {0, 1}, then given a
commutative diagram

zZ—Z 41z

R

where the top-left square is a pushout square, j, : V,(g) = IW isin A.

An2. If g: Z - W isin A, then given a commutative diagram

ZUZ %2 517

o

WUW — 5 U(g)

w

where the top-left square is a pushout square, j : U(g) - W isin A.

REMARK 5.2.19. Since I preserves colimits for all small diagrams, 70 must be
an initial object in M. Thus, by taking Z = 0, we see that the morphisms

z(V)V, z%,V : W — I'W are always in any class of I-anodyne extensions.

Proposition 5.2.20. Let (I 0,0, p) be an elementary Cisinski homotopy struc-
ture on M, let A be a class of I-anodyne extensions, and let A be a generating

set for A.
(1) There exists a functorial factorisation system on M with A as its left class.

(i1) A is the smallest class of morphisms containing A that is closed under
pushouts, transfinite composition, and retracts.
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(ii1)) Every morphism that is in A is a monomorphism.

Proof. (1). Apply Quillen’s small object argument (theorem 0.4.11).
(i1). This is corollary 0.4.12.

(ii1). The class of monomorphisms in a Grothendieck topos is closed under push-
outs, transfinite composition, and retracts because the class of injections in Set
is closed under the same operations. Since A is a collection of monomorphisms,
so too must A. [ |

Definition 5.2.21. A Cisinski homotopy structure on M is an elementary Cis-
inski homotopy structure on M together with a class of anodyne extensions.

Definition 5.2.22. Let A be the class of anodyne extensions of a Cisinski ho-
motopy structure on M. An A-fibrant object in M is an object X such that the
unique morphism X — 1 has the right lifting property with respect to .A.

Definition 5.2.23. Let (/, .A) be a Cisinski homotopy structure on M. A weak
equivalence with respect to (I, .A) is a morphism f : W — Z in M such that,
for every A-fibrant object X, the induced map

Ho, M(f,X) : Ho, M(Z, X) - Ho, M(W, X)
is a bijection of sets.

Proposition 5.2.24. M together with the class of weak equivalences with re-
spect to a Cisinski homotopy structure (I, A) constitute a saturated homotopical
category.

Proof. Obvious. ¢

Proposition 5.2.25. Let (I, A) be a Cisinski homotopy structure on M. Then
every morphism in A is a weak equivalence with respect to (1, A).

Proof. See Proposition 2.23 in [Cisinski, 2002]. ]

Corollary 5.2.26. Let W be the class of weak equivalences with respectto (I, A)
and let f,, f, : X = Y be a parallel pair of morphisms in M. If f, and f, are
I-homotopic, then f and f, become equal in Ho(M, W).
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Proof. 1t suffices to verify the case where there is an I-homotopy H : I X — Y
from f, to f,. By remark 5.2.19, the morphisms zg(, 1}( : X — IX are anodyne
extensions, and so are invertible in Ho(M, W). We have py o1 = py o1}, = idy
by definition, so 1())( and z;( must be equal in Ho(M, W); but H o z())( = f, and
H o zé( = f}, 50 f, and f, must be equal in Ho(M, W). [ ]

Theorem 5.2.27. Let (I, A) be a Cisinski homotopy structure on M. Then M
is a combinatorial model category where

* the cofibrations are the monomorphisms in M,

* the weak equivalences are the weak equivalences with respect to (I, A),
and

* the fibrations are the morphisms that have the right lifting property with
respect to the trivial cofibrations.

This is the Cisinski model structure on M defined by (1, A).
Proof. See Théoreme 2.13 in [Cisinski, 2002]. Il

Definition 5.2.28. An M-localiser is a class W of morphisms in M satisfying
the following axioms:

L1. W has the 2-out-of-3 property in M.
L2. Every Cisinski trivial fibration is in W.

L.3. The class of monomorphisms that are in W is closed under pushout and
transfinite composition.

A generating set for W is a set .S such that W is the smallest M-localiser con-
taining .S. An accessible M-localiser is an M-localiser that admits a generating
set.

Proposition 5.2.29. Let W be a class of morphisms in M satisfying the following
axioms:

FS1. For any object X in M, the morphismid : X — X isin W.

FS2. W has the 2-out-of-3 property in M.
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FS3. Given morphismsr: X - Y ands:Y — X in M, ifserisin W and
ros=idy, thenr: X — Y isin W.

Then the following are equivalent:
(1) Every Cisinski trivial cofibration is in W.

(1) Let (I 00, p) be the Lawvere cylinder functor for M. For all objects X
in M, the morphism py : I X — X is in W.

(ii1) There exists a Cisinski cylinder functor (I AL p) for M such that the
morphism py : I X — X is in W for all objects X in M.

Proof. (i) = (i1). This was shown in proposition 5.2.17.
(i) = (iii). Immediate.

(iii)) = (i). Let p : X — Y be a Cisinski trivial fibration in M. Proposition 5.2.13
then says that there exists a morphism s : Y — X and an I-homotopy from id
to sep,i.e.amorphism H : I X — XsuchthatHozg( =1d, andHozﬁ( = Sop.
Since py : IX — X isin Wand py zg( = py o1y = idy, axioms FS1 and FS2
imply that z%,z}( : X > IXarein W,andso H : IX — X is alsoin W, and
hence sep : X — X isin W as well. We may now use axiom FS3 to deduce
thatp: X — Y isin W. [ ]

Proposition 5.2.30. Let (I, .A) be a Cisinski homotopy structure on M. Then the
class of weak equivalences with respect to (1, A) is an accessible M-localiser.

Proof. See Proposition 3.8 in [Cisinski, 2002]. Il

Theorem 5.2.31. Let W be any accessible M-localiser. Then M is a combin-
atorial model category where

* the cofibrations are the monomorphisms in M,
* the weak equivalences are the morphisms that are in W, and

* the fibrations are the morphisms that have the right lifting property with
respect to the trivial cofibrations.

This is the Cisinski model structure on M associated with W.

Proof. See Théoreme 3.9 in [Cisinski, 2002]. ]
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Corollary 5.2.32. If W is any M-localiser (not necessarily accessible), then VW
is closed under retracts.

Proof. See Corollaire 3.10 in [Cisinski, 2002]. ]

5.3 Monoidal model categories
Prerequisites. §§ 4.1, 4.2, 4.4, B.1, B.2.

Proposition 5.3.1. Let C and D be categories with pullbacks, let £ be a category
with pushouts, and let T C mor C, J C mor D and K C mor & be subensembles.
Suppose we have the following functors

@Q:CxD- &
M:DPxE—C
—:EXCP->D

and natural bijections:

E(CQ@D,E)~C(C,DME)
E(CQ@D,E)~D(D,E o C)
C(C,DMhE)~D(D,E o C)

Then the following are equivalent:

W) Iff:C—>C'isin, g: D— D'isinJ, and the square in the diagram
below is a pushout square in &,

CoD >»C Q@D

sois | |

C'@QD—— (C@D)uU@P (" @D

C'QD
then the unique morphism f [d g making the diagram commute is in 2.
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(ii) Ifg: D —- D'isinJ, h: E - E'isin K, and the square in the diagram
below is a pullback square in C,

D’ ME - gmid;
T~ sth

T
(D' NE")Xpop (DME) — DM E

T

D'MmE’ . > DM E’
ghidgr

then the unique morphism g I] h making the diagram commute is in T9.

(iii) Ifh: E - E'"isin K, f : C — C' is in T and the square in the diagram
below is a pullback square in D,

EoC’ idpo-f

(E' = C)Xp ¢ (E=C) —> EoC

TR

E' —(C’ o7 s E' - C
E'°”

then the unique morphism h T f making the diagram commute is in J 9.

Proof. (i) = (ii)). Let f : C - C'beinZI,letg : D - D' bein J, let
h : E — E'bein K, and suppose we have a commutative diagram of the
following form:

C s D' E

T
fl It lgmh

C' s (D' M E') Xpypr (D 1 E)

By the universal property of pullbacks, this corresponds to a commutative dia-
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gram in C of the form below,

C——D'MmE

Pt .
PR ]dD/mh
fl /// \

’ //N ’ ’
C \rmldg D'mE

\ gmidE/l

DmEWDrhE

and, by adjoint transposition, to a commutative diagram in £ of the form

CoD-2%,coD

foid Dl

c¢eb__ e L E

. el h
idcr @g R

C'oD ——F

whence, by the universal property of pushouts, commutative diagram in £ of the
following form:

WQDUWWKTQm——ﬁE

fIElgl e lh
> E

C/®D/ !/

But (f [d g) [ h, so we conclude that f [ (g E] h).
(i1) = (iii), (1) = (i1). A similar argument works. [ |

Definition 5.3.2. Let C, D, and £ be three model categories. A Quillen adjunc-
tion of two variables consists of three functors @, M, o— with natural bijections
as in the proposition satisfying the following (equivalent) axioms:

(a) If h: E - E'isafibrationin £ and f : C — C’ is a cofibration in C, then
the morphism AF] f : Eo—C' — (E' o= C") Xy, (E o= C) is a fibration
in D, which is a weak equivalence if either A or f is.
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5.3. Monoidal model categories

(b) If f : C - C'is a cofibration in C and g : D — D’ is a cofibration in
D, then the morphism f[dg: C@ D = (CQ D')U®? (C'@ D)isa
cofibration in &, which is a weak equivalence if either f or g is.

(c) Ifg: D - D’isacofibrationinC and h : E — E’is a fibration in D, then
the morphism g 1A : D' E — (D' h E") Xp,p (DM E) is a fibration
in C, which is a weak equivalence if either g or A is.

Proposition 5.3.3. Ler (@, M, ) be a Quillen adjunction of two variables as
above.

(1) For each cofibrant object C in C, the adjunction
CO(=)d(=)—-C:E->D
is a Quillen adjunction.
(i1) For each cofibrant object D in D, the adjunction
- DADmh(-):E-C
is a Quillen adjunction.
(ii1) For each fibrant object E in &, the adjunction
Eo—(=)d(=)ME :D® > C
is a Quillen adjunction.
Proof. Immediate from the definitions. ¢

Corollary 5.3.4.
(1) Foreach object C in C, C @ (—) preserves weak equivalences between co-
fibrant objects, and (—) @ C preserves weak equivalences between fibrant
objects.

(i1) For each object D in D, (—) @ D preserves weak equivalences between
cofibrant objects, and D\(—) preserves weak equivalences between fibrant
objects.

(ii1) For each object E in &, E o— (—) sends weak equivalences between cofi-
brant objects in C to weak equivalences between fibrant objects in D, and
(=) M E sends weak equivalences between cofibrant objects in D to weak
equivalences between fibrant objects in D.
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Proof. Apply Ken Brown’s lemma (4.4.5). [ |

Lemma 5.3.5. Let V be a monoidal category, let M be a model category with
fibrant and cofibrant replacement functors, and let p : I — I be a morphism in
VY, where I is the monoidal unit of V.
If M has a left V-action @ and right adjoint right V°®-action o such that
the adjunction
I 4 (=)-T: M>M

is a Quillen adjunction, then the following are equivalent:

(i) For all cofibrant objects X in M, p@idy : T @ X — I @ X is a weak
equivalence.

(ii) For all fibrant objects Y in M, idy —p : Y = I — Y o I is a weak
equivalence.

If M has a right V-action © and a right adjoint left V°P-action —o such that
the adjunction
QI AT - (=): M > M

is a Quillen adjunction, then the following are equivalent:

(i") For all cofibrant objects X in M, idy OQp: X O I - X O I is a weak
equivalence.

(ii") For all fibrant objects Y in M, p—idy : I =Y — [ —Y is a weak
equivalence.

Proof. Since n, : X = I @ X is a natural isomorphism, the adjunction
I1Q9(-)d (=) M->M

is an adjoint equivalence of categories, and a fortiori a Quillen equivalence, and
the natural transformations p @ (—) and (—) o p constitute a conjugate pair.
Theorem 3.3.19 says that the derived natural transformations for p @ (—) and
(—)o—p constitute a conjugate pair of natural transformations between the derived
adjunctions. Applying proposition 3.3.23 to theorem 4.4.13, we deduce that the
following are equivalent:

* For all cofibrant objects X, p @ idy is a weak equivalence.
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5.3. Monoidal model categories

* The left derived natural transformation for p @ (—) is a natural isomorph-
ism.

* The right derived natural transformation for (=) @ p is a natural isomorph-
ism.

* For all fibrant objects Y, id, o p is a weak equivalence. [ |
The following definition is due to Hovey [1999, § 4.2]:

Definition 5.3.6. A monoidal model category is a biclosed monoidal category
M equipped with a model structure satisfying the following additional axioms:

* Pushout-product axiom. The right M-hom system (®, —, o—), where —o
(resp. o—) is the right (resp. left) internal hom functor of M, is a Quillen
adjunction of two variables.

 Unit axiom. For each cofibrant replacement (f , p) of the monoidal unit /
and each cofibrant object X in M, the morphisms p®id, : IRX - IRX
andidy ® p: X ® I —» X ® I are weak equivalences in M.

Lemma 5.3.7. Let M be a biclosed monoidal category equipped with a model
structure satisfying the pushout—product axiom, and let X be any object in M.
The following are equivalent:

(1) There exists a cofibrant replacement (f , p) of the monoidal unit I such
that p @ id and idy @ p are weak equivalences in M.

(11) There exists a fibrant cofibrant replacement (Q1, q) of the monoidal unit
I such that q @ idy and 1dy ® q are weak equivalences in M.

(i) For any cofibrant replacement (f , p) of the monoidal unit 1, both p @ id
and 1dy @ p are weak equivalences in M.

Proof. (i) = (i1). Let (Q1, q) be a fibrant cofibrant replacement of I; such ex-
ists by proposition 4.1.18. Since I is cofibrant, axiom CMS5 implies there is a
morphism w : I — QI such that g o w = p, and the 2-out-of-3 property implies
w 1s a weak equivalence. Corollary 5.3.4 says w @ idy and idy, ® w are weak
equivalences, thus by the 2-out-of-3 property again ¢ @ id, and idy ® g must be
weak equivalences.

(i1) = (iii). A similar argument works.
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(ii1) = (i). Obvious, given the existence of cofibrant replacements. [ |

Corollary 5.3.8. Let M be a biclosed monoidal category equipped with a model
structure. If the monoidal unit I is a cofibrant object in M, then the following
are equivalent:

(1) M is a monoidal model category.
(i) M satisfies the pushout—product axiom. [ ]

Proposition 5.3.9. Let M be a monoidal model category, let I be the monoidal
unit, and let — : M® X M — M be the right internal hom functor. If I is a
cofibrant object and (J, igs 01, p) is a cylinder object for I, then (J - X, i, Py pl)
is a path object for all fibrant X, where i : X — [J, X] is the morphism induced
byp:J — I,andp,,p,:[J,X]— X are(respectively) the morphisms induced
byiyi,: 1 —J.

Proof. Since I is a cofibrant object, 141 is cofibrant (by proposition A.3.12), and
hence J itself is cofibrant. Corollary 5.3.4 says the functor (—)—- X : M*® - M
sends weak equivalences between cofibrant objects in M to weak equivalences
between fibrant objects in M when X is fibrant, so it follows that the morphism
i: X — [J, X]is aweak equivalence. Similarly, since the morphism I +1 — J
induced by i, and i, is a cofibration, the morphism [J, X] — X X X induced by
py and p; is a fibration, so ([J, X1, i, py, p; ) is indeed a path object for X. W

The following definition can be found in [Rezk, 2010, § 2] and [Simpson,
2012, 8§ 7.7].

Definition 5.3.10. A cartesian model category is a cartesian closed category
M equipped with a model structure satisfying the following additional axioms:

* Pushout-product axiom. The left M-hom system (X, [—, —],[—, —])is a
Quillen adjunction of two variables.

* Cofibrant unit axiom. Every terminal object in M is cofibrant.

Example 5.3.11. The Kan—Quillen model structure on sSet makes it a cartesian
model category: sSet is a cartesian closed combinatorial model category (a for-
tiori a DHK model category), all simplicial sets are cofibrant, and the pushout—
product axiom is just proposition 1.3.13.
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5.3. Monoidal model categories

Proposition 5.3.12. Let M be a Cisinski model category.'”! The following are
equivalent:

(1) M is a cartesian model category.
(i1) The class of weak equivalences in M is closed under binary products.
(ii1) The class of trivial cofibrations in M is closed under binary products.

Proof. (1) = (ii). Since all objects in M are cofibrant, corollary 5.3.4 implies
that, for any object Y in M, the functor (=) X Y : M — M preserves weak
equivalences. Thus, the class of weak equivalences in M is closed under binary
products.

(i1) = (ii1). The class of monomorphisms is always closed under binary products,
so the class of trivial cofibrations (i.e. monic weak equivalences) is closed under
binary products if the class of weak equivalences is.

(iii) = (i). This is the content of proposition 5.2.5. [ |

Theorem 5.3.13. If M is a monoidal model category, then there is an induced
monoidal biclosed structure on Ho M where the monoidal product is the left
derived functor of the monoidal product in M and the coherence data is inherited
Sfrom M.

Proof. See Theorem 4.3.2 in [Hovey, 1999]. ]

Proposition 5.3.14. Let M be a cartesian model category and let M, be the full
subcategory of fibrant objects.

(1) M is closed under products of small families of objects in M, and [ X, Y]
is fibrant if X is cofibrant and Y is fibrant.

(i1) The localising functor y : M; — Ho M preserves products of small fam-
ilies of objects; in particular, Ho M has products for all small families of
objects.

(111) Ho M is a cartesian closed category, and y| X, Y] is naturally isomorphic
to [yX,yY] when X is cofibrant and Y is fibrant.

[2] See definition 5.2.1.
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(iv) Let T' : M — Set be the functor M(1,-) and let 7, : M — Set be
the functor Ho M(y1,y—). The functor t, preserves small products in
M, and the component y, : I'Y = 1,Y of the natural transformation
x I = 1, induced by the functor y is surjective for all fibrant objects Y

in M.

Proof. (i). That M; is closed in M under small products is a straightforward
consequence of proposition A.3.12, and pushout—product axiom for cartesian
model structures implies the other half of the claim.

(i1). Proposition 4.4.18 says Ho [I, M] — [I,Ho M] is an equivalence of cat-
egories for all sets 7, so products in Ho M coincide with homotopy products.
Homotopy products in M, coincide with ordinary products, hence the local-
ising functor y : M; — Ho M preserves small products. Since every object in
M is weakly equivalent to one in M, it follows that Ho M has products for all
small families of objects.

(ii1). Apply theorem 5.3.13.

(iv). As a representable functor, Ho M(y1,—) : Ho M — Set preserves small
products, and by claim (ii), y : M; — HoWM preserves small products, so
7, : M; — Set indeed preserves small products. Theorem 4.1.25 says that the
localising functor induces hom-set maps M(X,Y) — Ho M(yX,yY) that are
surjective when X is cofibrant and Y is fibrant; since 1 is cofibrant by hypothesis,
it follows that the map y, : I'Y — 7,Y is surjective for all cofibrant objects

Y. |

Under stronger hypotheses, the homotopy category of a cartesian model cat-
egory admits a description a la Hurewicz:

Proposition 5.3.15. Let M be a cartesian model category, let M, be the full
subcategory of fibrant objects, and let Ho M, be the localisation of M; at the
weak equivalences. If all fibrant objects in M are cofibrant, then:

(1) M; is a cartesian closed category.

(i1) The natural transformation y : I' = 7, induces a functor M; — 1, [Mf]
that is a bijection on objects, full, and preserves small products and expo-
nential objects.
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5.3. Monoidal model categories

(i) Let fy, f; : X = Y be a parallel pair of morphisms in M;. Then f, and
[, are (right) homotopic if and only if they are sent to the same morphism
in 7, [Mf]

(iv) The canonical functor Ho M; — 1, [Mf] is an isomorphism of categories.

Proof. (i). Since all fibrant objects are cofibrant, the exponential object [ X, Y]
is fibrant for all X and Y in M;; and by proposition 5.3.14, M; is closed un-
der products of small objects in M, so it follows that M, is a cartesian closed
category.

(i1). This is a straightforward consequence of the fact that 7, : M; — Set
preserves small products, that we have a natural bijection I'[X,Y] = M(X,Y)
for all objects X and Y, and that y, : 'Z — 7,7 is a surjection for all fibrant
objects Z.

(ii1). Suppose f,, f, : X — Y are related by a right homotopy, i.e. there exists a
path object (P, i,po,pl) for Y and a morphism f : X — P such that p,o f = f,
and p, o f = f,. Since p,,p, : P — Y are retractions of the weak equivalence
i 1Y — P, the two maps 7y[ X, P] = 7,[X,Y] induced by p, and p, must be
equal. In particular, y,xy, : ['[X,Y] — 7,[X, Y] must map f; and f, to the
same element.

Conversely, if f;, and f| are sent to the same morphism in 7, [Mf] , then there
must exist a cylinder object (J, i, i, p) for 1 and a morphism 4 : J — [X,Y]
such that A i, (resp. h o i,) is the exponential transpose of f|, (resp. f,). Taking
exponential transposes again and using the fact that [J, Y] is a path object for Y,
we deduce that f;, and f, are right homotopic.

(iv). The formal Whitehead theorem implies that weak equivalences in M, are
mapped to isomorphisms in 7, [Mf], so the functor M — 1, [Mf] induces a
functor Ho M; — 1, [Mf] A standard argument then shows that it is an iso-

morphism: see e.g. theorem 4.3.1. [ ]

Proposition 5.3.16. Let M be a cartesian model category. If all objects in M
are cofibrant, then:

(1) The functors y : M — HoM and 1, : M — Set both preserve finite
products.
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(i1) A morphism f : X — Y in M is a weak equivalence if and only if the
induced maps
ol f. Z]: 1lY, Z] — 1| X, Z]

are bijections for all fibrant objects Z in M.

(ii1) The inclusion M; < M induces a fully faithful functor t, [Mf] - 1y[M]
with a left adjoint.

Proof. (i). It suffices to to show that y : M — Ho M preserves finite products;
that 7, : M — Set preserves finite products will follow automatically. It is not
hard to check that y : M — Ho M preserves terminal objects for all model
categories M, and we will now show that y preserves binary products.

The pushout—product axiom implies that, for all cofibrant objects Y, the func-
tor — XY : M — M is a left Quillen functor. Since we are assuming that all
objects are cofibrant, corollary 5.3.4 implies that — X Y preserves weak equival-
ences. We may then deduce that — X — : M X M — M preserves all weak
equivalences, and hence that it is a homotopical left approximation for itself.
Thus, the localising functor y : M — Ho M indeed preserves binary products.

(). If f : X — Y is a weak equivalence, then [f,Z] : [Y,Z] — [X, Z]
is a weak equivalence for all fibrant objects Z, and hence 7,[ f, Z] must be a
bijection. Conversely, suppose 7,[f, Z] is a bijection for all fibrant objects Z.
Let R : M — M be a fibrant replacement functor for M. Then, the morphism
Rf : RX — RY also induces bijections 7,[ R f, Z] for all fibrant objects Z, and
since RX and RY are in M;, the Yoneda lemma implies that Rf : RX — RY
is sent to an isomorphism in 7, [Mt] and hence must be a weak equivalence in
M;. The 2-out-of-3 property of weak equivalences then implies f : X — Y is
a weak equivalence in M.

(iii). Itis clear that the induced functor 7, [ M| — 7,[M] is indeed fully faithful,
and it is not hard to check that a fibrant replacement functor provides the required
left adjoint 7,[M] — 7o[M]. |

Definition 5.3.17. An isocofibration is a functor that is injective on objects. An
isofibration is a functor F : C — D such that, for every object C in C and every
isomorphism f : FC — D in D, there exists an isomorphism f :C > DinC
such that Ff = f.
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Proposition 5.3.18. Ler Cat be the category of small categories. The following
data constitute a model structure on Cat:

» The weak equivalences are the functors that are fully faithful and essen-
tially surjective on objects.

* The cofibrations are the isocofibrations.
* The fibrations are the isofibrations.

Moreover, the factorisations for axiom CM5 may be chosen functorially, so that
Cat becomes a DHK model category. This model structure is called the canon-
ical model structure on Cat.

Proof. 1t is not hard to show that Cat has limits and colimits for all small dia-
grams, so axiom CM1* is satisfied. It is also clear that the announced class of
weak equivalences has the 2-out-of-3 property, so by theorem 4.1.9, it is enough
to show that we have a pair of compatible weak factorisation systems.

Let I : A — B be an isocofibration and P : C — D be an isofibration, and
suppose we have a commutative diagram of the following form:

o

_r

B >
%
~

=i

G

First, suppose P is a weak equivalence. Then, P must be surjective on objects,
so we may define amap H : obB — obC by taking HB = FAif B = 1A
for some A, and if B is not in the image of A, define H B to be any object in C
such that P H B = G B; there is then a unique way of extending H to a functor
B — C making the evident diagram commute.

Next, instead suppose I is a weak equivalence. Then, I may be regarded as
the inclusion of a full subcategory that is essentially surjective on objects. For
each object B in B that is not in the image of I, fix an object A in A and an
isomorphism I A —E> B. Since P is an isofibration, for each such B we may also
choose an object C in C and an isomorphism F A 5 C whose image under P is
GIA > GB. There is then a unique functor H : B — C that makes the evident

diagram commute and sends B to the chosen C and I A S BtoFASC.
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It remains to be shown that every functor can be factorised in the required
manner. Let F : C — D be any functor. Consider the iso-comma category
(F | D)o

iso*

* The objects are triples (C, D, @), where C is an object in C, D is an object
in D, and @ : FC — D is an isomorphism in D.

* The morphisms (C, D,a) — (C’, D’,a’) is a morphism f : C — C'isin
C together with a morphism g : D — D’ in D such that gea = &’ o F f.I°]

* Composition and identities are inherited from C and D.

There is an evident isocofibration I : C — (F | D), sending an object C in C to
the object (C ,FC,id Fc), and it is easy to see that I is a weak equivalence. On
the other hand, the projection P : (F | D),,, — D is an isofibration by construc-
tion, and obviously F = PI. Thus, we have factored F as a trivial isocofibration
followed by an isofibration, and it is clear that this construction is functorial in
F.

Now, consider instead the category M(F') defined below:

iso

is0

e obM(F)=0bC Il obD.

* If C and C’ are objects in C, while D and D' are objects in D, then:

Hom(C,C’) = D(FC, FC')
Hom(C, D') = D(FC, D)
Hom(D, C’) = D(D, FC")
Hom(D, D') = D(D, D)

* Composition and identities are inherited from D.

There is an evident isocofibration I : C — M(F) that sends an object C in C to
the corresponding object in M(F) and sends a morphism f : C — C’ in C to
the morphism in M(F) corresponding to Ff : FC — FC' in D. On the other
hand, there is an evident projection P : M(F) — D that is fully faithful and
surjective on objects, i.e. P is a trivial isofibration. Of course, F = P1, so this
is a factorisation of F' as an isocofibration followed by a trivial isofibration, and
it is clear that this construction is functorial in F'. [ |

However, because a and a’ are isomorphisms, f freely and uniquely determines g.
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Theorem 5.3.19. Let Cat be considered as a model category via the canonical
model structure.

(i) Every object in Cat is both cofibrant and fibrant.
(i) Cat is a combinatorial model category.

(ii1) Cat is a cartesian model category.

Proof. (i1). The unique functor @ — C is vacuously an isocofibration, and the
unique functor C — 1 is certainly an isofibration.

(ii). Cat is a locally finitely presentable category,*! and it remains to be shown
that the canonical model structure is a cofibrantly-generated model structure.

By the very definition of isofibration, the set { {0} < I2} is a generating set
of trivial isocofibrations, where I2 is the groupoid containing only a pair of non-
trivial isomorphisms. It is also straightforward to see that a functor is ...

. surjective on objects if and only if it has the right lifting property with
respect to the unique functor @ — T;

. full if and only if it has the right lifting property with respect to the inclu-
sion disc2 — 2; and

. faithful if and only if it has the right lifting property with respect the sur-
jective functor E — 2, where E is the category with a parallel pair of
non-trivial morphisms.

However, a functor is a trivial isofibration if and only if it is fully faithful and
surjective on objects, so {@ — 1,disc2 — 2,E — 2} is a set of generating iso-
cofibrations.

— because e.g. Cat is the category of models for a finite limit sketch; see Proposition 1.51 in
[LPAC] or Proposition 5.6.4 in [Borceux, 1994b].
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(iii). Let F : C —» C' and G : D — D’ be isocofibrations, and consider the
functor F [d F' defined by the diagram below:

ideXG

CxD s Cx D’

Y |

C®D—— (CxD)u™P (C' xD)

C' xD’

The functor ob : Cat — Set has both left and right adjoints, so it is easy to
see that F [d G is an isocofibration. Moreover, if F : C — C’ is a trivial
isocofibration, one may directly verify that FXidp : CxD — C'XD and FXidp, :
CxD’ - C’'xD’ are trivial isocofibrations; but trivial isocofibrations are closed
under pushout, so applying the 2-out-of-3 property of weak equivalences, we
conclude that F[JG is a trivial isocofibration if F is. The symmetrical argument
shows that F' [J G is a trivial isocofibration if G is.

Having shown that Cat satisfies the pushout—product axiom, we must now
verify that Cat is cartesian closed and has a cofibrant unit; but the former is a
very well-known fact, and the latter follows from claim (i). [ |

Theorem 5.3.20. Let Grpd be the category of small groupoids.
(i) The following data constitute a model structure on Grpd:

» The weak equivalences are the functors that are fully faithful and
essentially surjective on objects.

» The cofibrations are the isocofibrations.

» The fibrations are the isofibrations.
This model structure is called the canonical model structure on Grpd.
(ii) Every object in Grpd is both cofibrant and fibrant.
(iii)) Grpd is a combinatorial model category.
(iv) Grpd is a cartesian model category.
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(v) The inclusion und : Grpd — Cat preserves and reflects weak equival-
ences, isocofibrations, and isofibrations, moreover, it is both a left Quillen
functor and a right Quillen functor.

Proof. (i). The proof of proposition 5.3.18 goes through for Grpd without modi-
fications.

(i1) — (iv). These can be proven in essentially the same way as proposition 5.3.18,
though one should note that the generating isocofibrations and generating trivial
isocofibrations for Grpd are different.

(v). It is clear that und : Grpd — Cat has the announced preservation and
reflection properties. One may check that und has a left adjoint I : Cat — Grpd
and a right adjoint iso : Cat — Grpd, so und is both a left Quillen functor and
a right Quillen functor. |

287






6.1

— VI —

QUASICATEGORIES

Quasicategories were first defined by Boardman and Vogt [BV] as simplicial
classes that satisfy the “restricted Kan condition”. The modern name is due to
Joyal [2002], who worked out much of the basic theory.

As the word itself suggests, a quasicategory is a structure that is like a cat-
egory. More precisely, it is a model for an (o0, 1)-category, i.e. a weak higher
category with n-morphisms for all n > 0, such that every n-morphism with n > 1
is (weakly) invertible; alternatively, one may think of quasicategories as being
homotopy-coherent categories, i.e. a structure which is like a category but only
up to a specified, coherent system of homotopies.

Basics

Prerequisites. §§ 0.1, 1.1, 1.2, A.2.
In this section we use the explicit universe convention.

Definition 6.1.1. An inner horn is a simplicial subset of the form A} C A",
where n > 2 and 0 < k < n, where A] is the union of the faces of A" that include
the k-th vertex. (See also definition 1.3.1.)

Definition 6.1.2. A quasicategory is a simplicial set X such that the unique
morphism X — 1 has the right lifting property with respect to all inner horn
inclusions.

1 6.1.3. Quasicategories are also called co-categories (by e.g. Lurie [HTT])
or weak Kan complexes (by e.g. Cordier and Porter [ 1986]). We will usually use
bold upright calligraphic letters to denote quasicategories, e.g. A, B, C,.... As
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with ‘category’, the word ‘quasicategory’ always means a quasicategory that is
not necessarily small, even when we are using the implicit universe convention.

Proposition 6.1.4. Let C be a category and let N(C) be its nerve. For n > 2 and
0 < k < n, the unique morphism N(C) — 1 is right orthogonal to the inner horn
inclusion A, < A'; in particular, N(C) is a quasicategory.

Proof. This is a straightforward exercise using induction on n. O

1 6.1.5. We will often refer to vertices of a quasicategory as objects, and
edges as morphisms. The domain of a morphism f in a quasicategory is the
object d,(f), and the codomain of f is the object d,(f). An identity morphism
is a degenerate edge; we write f : x — y to mean that x is the domain of
f and y is the codomain of f. The identity morphism of an object x in a
quasicategory is the degenerate edge s,(x), which we also denote by id,. Note
that all this terminology is compatible with the identification of categories C with
their nerves N(C).

Also observe that there is an automorphism (—)° : A — A that sends coface
maps 8, : [n—1] = [n] to 8"~ : [n—1] — [n] and codegeneracy maps ¢, :
[n] - [n+1]t0 6" : [n] > [n+ 1] foralln > 0and 0 < i < n. This in turn
induces an automorphism on the category of simplicial sets.

Definition 6.1.6. The opposite of a simplicial set X is the simplicial set X °P
obtained by composing X : A? — Set with (—=)? : A - A.

REMARK 6.1.7. It is not hard to check that a simplicial set X is a quasicategory
if and only if the simplicial set X P is a quasicategory.

Definition 6.1.8. Let f, and f| be a parallel pair of morphisms in a quasicate-
gory.

* Wessay f;, and f, are left homotopic if there exists a 2-simplex a such that
dy(a) = f,, do(@) = f1, and dy(a) = 5,(dy(f))-

* We say f, and f, are right homotopic if there exists a 2-simplex a such
that d,(a) = f,, d|(a) = f;, and dy(a) = so(dy(f))-

* We say f, and f, are homotopic if they are both left and right homotopic,
and we write f, ~ f, in this case.
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Obviously, two edges are left homotopic in a quasicategory € if and only if
they are right homotopic in €. In fact:

Lemma 6.1.9. Let f, and f, be a parallel pair of morphisms in a quasicategory
C. The following are equivalent:

(1) f, and f, are left homotopic.
(1) f, and f, are right homotopic.
(1) f, and f, are homotopic.

Proof. (i) © (ii). By duality, it suffices to show that (i) = (ii). Let a be a 2-
simplex of € such that d, (@) = f, dy(a) = f', and d,(a) = 54(d,(f)). Using the
right lifting property of € — 1 with respect to the inner horn inclusion A? - C,
it is straightforward to obtain a 3-simplex & such that d,(¢) = a, d4(&) = so( fi ) ,
and dy (&) = s, ( fi ); thus the 2-simplex d, () is the required witness for the claim
that f, and f| are right homotopic.

(i) and (ii) < (iii). This is by definition. [ |

Lemma 6.1.10. Let € be a quasicategory. The relation of homotopy is an equi-
valence relation on the set of edges of C.

Proof. See Proposition 1.2.3.5 in [HTT], or Lemma 4.11 in [BV]. ]

Definition 6.1.11. The homotopy category of a quasicategory C is the category
Ho € defined below:

The objects are the objects in €.

A morphism x — y is a homotopy class of morphisms f : x — yin C.

The identity morphism x — x is the homotopy class of the morphism id,.

* Composition is induced by the existence of fillers for the inner horn Af: if
a is a 2-simplex of €, then we have dy(@) - d,(a) = d,(a).

Lemma 6.1.12. The above construction is indeed a category.

Proof. See Proposition 1.2.3.8 in [HTT]. ]
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Definition 6.1.13. Let U be a universe. A U-small quasicategory is a quasicat-
egory whose underlying simplicial set is U-small.

Proposition 6.1.14. Let U be a universe, let sSet be the category of simplicial
U-sets, and let Cat be the category of U-small categories.

(1) The functor N : Cat — sSet that sends a U-small category C to its nerve
N(C) has a left adjoint T, : sSet — Cat that sends a simplicial U-set X to
its fundamental category 7, X.

(i1) The functor 7, : sSet — Cat preserves finite products.
(iii) For each quasicategory C, there is a canonical isomorphism 7,C = Ho C.

Proof. Claims (i) and (ii) were previously proven in proposition 1.2.1, and claim
(111) 1s essentially a consequence of the fact that 7, X can be presented explicitly
in terms of generators and relations as in remark 1.2.3. O

1 6.1.15. Henceforth, we will regard all ordinary categories as quasicate-
gories by implicitly identifying a category C with its nerve N(C). Continuing
the terminological conventions in paragraph 6.1.5, we now define functors and
natural transformations in the context of quasicategories.

Definition 6.1.16. A functor between quasicategories is a morphism of simpli-
cial sets whose domain and codomain are quasicategories.

Recall that theorem A.2.22 implies that the category of simplicial U-sets is
cartesian closed for all universes U. For brevity, we will identify morphisms
X — Y with vertices of the exponential object [ X, Y]; thus, a functor € - D
will be both a morphism between simplicial sets and an vertex in [G, fD] .

Definition 6.1.17. Let f,, f, : € - D be functors between quasicategories.

* A natural transformation « : f, = f, isanedge @ : f, — f, in the
exponential object [(‘Z, D] .

* Two natural transformations are homotopic if they are isomorphic in the
fundamental category 7, [(‘3, D] .

REMARK 6.1.18. It is a fact that the exponential object [ X, Y] is a quasicategory
when Y is quasicategory: see corollary 6.2.12. Thus the fundamental category
T, [(‘Z, @] can be computed using the homotopy category construction.
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Definition 6.1.19. Let C be a quasicategory. An equivalence in € is a morphism
f whose homotopy class is invertible in Ho €, and a quasi-inverse for f is a
morphism in € whose homotopy class is an inverse for (the homotopy class of)
f in Ho €.

One of the requirements for a model of the theory of (o0, 1)-categories is
that the groupoid-like instances should be models of co-groupoids. If by ‘oco-
groupoid’ one means a (weak) homotopy type of Kan complexes, then the fol-
lowing result is relevant:

Proposition 6.1.20. Let C be a quasicategory. The following are equivalent:
(1) € (as a simplicial set) is a Kan complex.
(i) Every morphism in € is an equivalence.
(iii) Ho @€ is a groupoid.
Proof. See Corollary 1.5 in [Joyal, 2002]. O

There is also a homotopy-coherent notion of equivalence. Let I2 be the
groupoid obtained by freely inverting the arrows in the category 2 freely gen-
erated by a morphism 0 — 1.

Definition 6.1.21. A homotopy-coherent equivalence in a quasicategory € is
a functor I[1] — C.

REMARK 6.1.22. More explicitly, a homotopy-coherent equivalence in € consists
of the following data:

* A pair of objects in €, say x and y.
* A pair of morphisms in €,say f : x > yand g : y — x.

* A pair of 2-simplices, say « and f, witnessing the fact thatid, ~ g f and
feog~id,

* A pair of 3-simplices witnessing the fact that @ and f satisfy (versions of)
the triangle identities for adjunctions.

e etc.

293



VI. QUASICATEGORIES

That is, for each natural number n, we have a pair of (n + 1)-simplices witnessing
a coherence axiom for the given pair of n-simplices. Note that the data forn < 2
already determine a mutually quasi-inverse pair of equivalences in C; we will
refer to f : x — y as the underlying morphism of the homotopy-coherent
equivalence.

When € is an ordinary category, the 2-simplices are unique if they exist, and
given the 2-simplices, the required n-simplices exist and are unique for n > 2.

In other words, every isomorphism in an ordinary category can be equipped
with the structure of a homotopy-coherent equivalence. It turns out the same is
true for quasicategories:

Proposition 6.1.23. Let C be a quasicategory. If f is an equivalence in €, then
there is a homotopy-coherent equivalence whose underlying morphism is f.

Proof. See Corollary 1.6 in [Joyal, 2002], or Theorem 4.14 in [TQA]. ]

Definition 6.1.24. Let U be a universe. The homotopy 2-category of U-small
quasicategories is the following 2-category Qcat:

* The objects are U-small quasicategories.

* The category of morphisms € — D is the fundamental category 7, [G, fD] ,
which we also denote by QFun(€, D).

* Composition and identity morphisms are induced by 7, from the cartesian
closed structure of sSet.

The construction of the 2-category Qcat enables us to apply definitions from
formal category theory to the context of quasicategories.

Definition 6.1.25. Let f,,, f; : € — D be functors between quasicategories. A
natural equivalence is a natural transformation a : f, = f, whose image in
the fundamental category 7, [G, D] is an isomorphism.

As with natural transformations of functors between ordinary categories, nat-
ural transformations of functors between quasicategories have components. It is
anon-trivial fact that a natural transformation is a natural equivalence if and only
if its components are equivalences:
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Theorem 6.1.26. Let £, f, : € — D be functors between quasicategories and
let a : f, = f, be a natural transformation. Then a is a natural equivalence
if and only if, for every object ¢ in C, the morphism a, : fy(x) — f,(x) is an
equivalence in D.

Proof. See Theorem 5.14 in [TQA], or Lemma 2.3.8 in [Riehl and Verity, 2013]
]

Definition 6.1.27. An equivalence of quasicategories is an equivalence in the
2-category Qcat, i.e. a tuple (f, g, 7, €) where:

e f:€C—> Dandg:D — C are functors between quasicategories.
*n:ide = geo fand € : f o g = idy are natural equivalences.

We will often abuse notation and say that f is an equivalence of quasicategories,
omitting mention of the other data.

Definition 6.1.28. An adjunction of quasicategories is an adjunction in the
2-category Qcat, i.e. a tuple (f, g, 7, €) where:

e f:€C > Dandg:D — C are functors between quasicategories.
* n:ide = geo fand € : f o g = idy are natural transformations.
* The triangle identities are satisfied:

(eoid;) s (id, o) = id, in QFun(€, D)
(id, o) o (noidy) =id, in QFun(D, @)

REMARK 6.1.29. There also exist homotopy-coherent versions of the above defin-
itions, but it is a theorem of Riehl and Verity [n.d.] that every adjunction of qua-
sicategories can be extended to a homotopy-coherent adjunction.

Lemma 6.1.30. Let U be a universe, let Cat be the category of U-small cat-
egories, and let Qcat be the category of U-small quasicategories. The functor
Ho : Qcat — Cat is isomorphic to (the underlying functor of) a representable
2-functor Qcat — Cat.

Proof. This is an immediate consequence of the natural isomorphism [1, —] =
ideqe and the fact that QFun(T, —) is a 2-functor Qcat — Cat. |
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The Joyal model structure

Prerequisites. §§ 0.4, 1.3, 4.1, 5.3, 6.1, A.2, A.4.

Just as there is a model structure on Cat whose homotopy category is the
category of small categories modulo natural isomorphism of functors, there is a
model structure on sSet, due to Joyal [TQ1], whose homotopy category is the
category of small quasicategories modulo natural equivalence of functors.

1 6.2.1. Throughout this section, 7, denotes the functor sSet — Set that
sends a simplicial set X to the set of isomorphism classes of objects in the
fundamental category 7, X. Note that it can be factored as r;, o iso o 7,, where
iso : Cat — Grpd is the right adjoint of the inclusion Grpd < Cat.

Definition 6.2.2. A weak categorical equivalence is a morphism f : W — Z
of simplicial sets such that the induced map

To[f,fK] : TO[Z,fK] - TO[W,.‘K]
is a bijection for all small quasicategories K.

Lemma 6.2.3. Let f : € — D be a functor between small quasicategories. The
following are equivalent:

(1) f is (part of) an equivalence of quasicategories.
(1) f is a weak categorical equivalence.
(iii) For all small quasicategories XK, the induced map
7 |K, f] 1 7K, €] = 7,[K, D]
is a bijection.

Proof. (i) = (ii). It is not hard to see that f : € — D is (part of) an equivalence
of quasicategories if and only if the induced functor

Tl[f,fK] :TI[D,JC] - TI[C’,fK]

is (part of) an equivalence of categories for all small quasicategories K. The
functor 7, iso : Cat — Set sends equivalences to bijections, so we may deduce
that f : € — D is a weak categorical equivalence.

(i) = (iii). The proof is similar to that of (i) = (ii).
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(i) = (i), (iii) = (i). These are straightforward exercises in chasing identity
morphisms. H

Proposition 6.2.4. sSet with the class of weak categorical equivalences consti-
tute a saturated relative category, in particular, the class of weak categorical
equivalences has the 2-out-of-6 property.

Proof. The collection of functors 7, [—, fK] : sSet — Set, as K varies over the
small quasicategories, jointly reflect isomorphisms as weak categorical equival-
ences, so the class of weak categorical equivalences must be saturated. For the
2-out-of-6 property, see corollary A.4.15. [ |

Definition 6.2.5. Aninner fibration of simplicial sets isamorphism f : X — Y
with the right lifting property with respect to the inner horn inclusion A} < A
foralln>2and 0 <i < n.

REMARK 6.2.6. It is clear that a simplicial set X is a quasicategory if and only if
the unique morphism X — 1 is an inner fibration. Unfortunately, these are not
the fibrations in the Joyal model structure.

Definition 6.2.7. An inner anodyne extension is a morphism of simplicial sets
with the left lifting property with respect to all inner fibrations.

Proposition 6.2.8. There exist an N-accessible functor M : [2,sSet] — sSet
and two natural transformations i : dom = M and p : M = codom such that,
for all objects f in [2, sSet]:

e f=p roig
* i, isarelative T'-cell complex, where 1" is the set of inner horn inclusions.
* Dy is an inner fibration of simplicial sets.

Proof. Using proposition 0.2.31, it is not hard to see that the inner horn inclu-
sions are N -compact as objects in [2, sSet]. We then apply corollary 0.4.13. |l

Corollary 6.2.9. There exist an R-accessible functor R : sSet — sSet and a
natural transformation i : idg,, = R such that, for all objects X in sSet:

* RX is a small quasicategory.

* iy : X = RX is an inner anodyne extension. |
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Corollary 6.2.10. Inner anodyne extensions are monomorphisms.

Proof. The class of monomorphisms in sSet is closed under coproducts, push-
outs, transfinite composition, and retracts, so we may apply corollary 0.4.12. |l

Theorem 6.2.11. Leti : Z — W be a monomorphisminsSetandletp: X — Y
be an inner fibration. Suppose we have a commutative diagram

[i,X]
N
y

LG, p) —— [Z,X]

U e

(W, X]

(W .p]

where the square in the lower right is a pullback square.

(1) The unique morphism q : [W, X]| — L(i, p) making the diagram commute
is an inner fibration.

() Ifi: Z — W is an inner anodyne extension, then q : [W, X| — L(i, p)
is a trivial Kan fibration.

({i1) If p: Z — W is a trivial Kan fibration, then so is q : [W, X] — L(i, p).
Proof. (1) and (ii). See Theorem 2.18 in [TQA].
(ii1). This is a special case of proposition 1.3.13. ]

Corollary 6.2.12.
(1) If p : X — Y is an inner fibration, then for all simplicial sets W, the
morphism [W,pl : [W,X] — [W,Y]is also an inner fibration.

(i) Ifi: Z - W is a monomorphism (resp. inner anodyne extension) and K
is a small quasicategory, then the morphism [i, iK] : [W, fK] — [Z , fK]
is an inner fibration (resp. trivial Kan fibration).

(i) If W is any simplicial set and XK is a small quasicategory, then [W, fK] is
also a small quasicategory.

Proof. The proof is similar to that of corollary 1.3.14. [ |
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Corollary 6.2.13. Qcat is an exponential ideal of sSet; in particular, Qcat is a
cartesian closed category. [ ]

Proposition 6.2.14. Let f : W — Z be a morphism in sSet. The following are
equivalent:

(1) For all small quasicategories K, the induced functor
[f. K] [2,K] - [W,K]
is (part of) an equivalence of quasicategories.
(ii) For all small quasicategories K, the induced functor
Ho [f,X] : Ho[Z,%] — Ho [W,X]
is (part of) an equivalence of categories.

(i11)) The morphism f : W — Z is a weak categorical equivalence.

Proof. (i) = (i1). This is a corollary of lemma 6.1.30.

(ii) = (iii). Any equivalence of categories must induce a bijection on isomorph-
ism classes of objects.

(iii) = (i). Suppose f : W — Z is a weak categorical equivalence, i.e. that the
induced map
7o |f K] 1 5[ Z, K] - 7 [W, K]

is a bijection of sets for all small quasicategories . Then, for all simplicial sets
X and all small quasicategories I, the induced map

ol X5 < 2, [, = . [x,5]

is a bijection, because [X , fK] is a quasicategory by corollary 6.2.13. Proposi-
tion A.2.11 then implies that the induced map

QX 75| X[ 2] = ol (W ]

is a bijection for all simplicial sets X and all small quasicategories K. Thus, by
lemma 6.2.3, the induced functor [ f ,IK] : [Z , iK] — [W, iK] is an equivalence
of quasicategories. |
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Proposition 6.2.15. The class of weak categorical equivalences is closed under
binary products.

Proof. Let f : X — Y and g : Z — W be weak categorical equivalences.
Since f X g = (idY X g) ° ( X idz), it suffices (by symmetry) to show that
fxid, : X XZ = Y X Z is a weak categorical equivalence, i.e. that the
induced map

o[ f Xidz, K] 1 5[Y x Z, K] = 75| X x Z, K]

is a bijection for all small quasicategories . By proposition A.2.11, it is the
same to show that

Wl 12X 2|1 [2.X]] - g[x.[2.]]

is a bijection for all small quasicategories JK; but corollary 6.2.13 says that the
exponential object [Z , fK] is a small quasicategory and f is a weak categorical
equivalence, so the maps are indeed bijections. [ ]

Proposition 6.2.16. Inner anodyne extensions are weak categorical equival-
ences.

Proof. See Corollary 2.29 in [TQA]. ]

REMARK 6.2.17. It is a priori not clear whether the notion of weak categorical
equivalence is stable under universe enlargement, but in fact it is. First, notice
that the notion of weak categorical equivalence between quasicategories is stable
under universe enlargement, by lemma 6.2.3. Given any morphism f : X - Y
in sSet, we may apply the functor R of corollary 6.2.9 to get a commutative
diagram of the form below,

and proposition 6.2.4 implies that the class of weak categorical equivalences has
the 2-out-of-3 property, so f : X — Y is a weak categorical equivalence if and
only if Rf : RX — RY is an equivalence of quasicategories. Since R and i are
stable under universe enlargement, it follows that the property of f being a weak
categorical equivalence is also stable.
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Definition 6.2.18. An isofibration of quasicategories is a functor f : € — D
with the following properties:

* f (as a morphism of simplicial sets) is an inner fibration.
* f has the right lifting property with respect to the inclusion {0} < I2.
Proposition 6.2.19. Let f : C — D be afunctor between small quasicategories.

(1) If f (as a morphism of simplicial sets) has the right lifting property with
respect to all monomorphisms in sSet, then f is an isofibration.

(ii) If D is an ordinary category, then f is an inner fibration.

(i11) Assuming f (as a morphism of simplicial sets) is an inner fibration, f :
€ — D is an isofibration if and only if Hof : Ho€ — HoD is an
isofibration.

Proof. (1). This is an immediate consequence of the fact that isofibrations are
morphisms that have the right lifting property with respect to certain mono-
morphisms in sSet.

(i1). See Proposition 2.2 in [TQA].
(ii1). See Proposition 4.5 in [TQA]. Il

Theorem 6.2.20 (Joyal). Let f : € — D be a functor between small quasicate-
gories. The following are equivalent:

(1) f is an isofibration of quasicategories.

(1) f (as a morphism of simplicial sets) has the right lifting property with
respect to all monic weak categorical equivalences in sSet.

Proof. See Theorem 6.11 in [TQA], or combine Proposition 2.2.5.8 and Corol-
lary 2.4.6.5 in [HTT]. O

Theorem 6.2.21 (Joyal). The following data constitute a cofibrantly-generated
model structure on sSet:

» The weak equivalences are the weak categorical equivalences.

» The cofibrations are the monomorphisms.
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» The fibrations are the morphisms that have the right lifting property with
respect to monomorphisms that are weak categorical equivalences.

This model structure is called the Joyal model structure for quasicategories,
and the fibrant objects are the quasicategories.

Proof. See Theorem 6.12 in [TQA], or combine Proposition 2.2.5.8 with The-
orems 2.2.5.1 and 2.4.6.1 in [HTT]. [l

REMARK 6.2.22. Joyal’s determination principle (proposition 4.3.5) implies the
Joyal model structure is stable under universe enlargement. Indeed, the claim is
obvious for the class of cofibrations, the class of fibrant objects, and lemma 6.2.3
implies that the class of weak equivalences between fibrant objects is stable under
universe enlargement; but this is enough data to uniquely determine a model
structure.

Proposition 6.2.23. The Joyal model structure for quasicategories is cartesian.

Proof. The Joyal model structure for quasicategories is a Cisinski model struc-
ture, so we may apply proposition 5.3.12 to proposition 6.2.15 to deduce the
claim. B

Proposition 6.2.24. Let Cat be the category of small categories, let sSet be the
category of small simplicial sets, let Qcat be the full subcategory spanned by the
small quasicategories, and let Ho Qcat be the localisation of Qcat at the weak
categorical equivalences.

(1) The adjunction
7, 1 N : Cat — sSet

is a Quillen adjunction with respect to the canonical model structure on
Cat and the Joyal model structure on sSet.

(11) The functors t, and N preserve weak equivalences, and the induced ad-
junction
Ho 7, 4 HoN : Ho Cat — Ho Qcat

exhibits Ho Cat as a reflective exponential ideal of Ho Qcat.
Proof. (i). See Proposition 6.14 in [TQA].

(i1). Apply theorem 5.3.19, Ken Brown’s lemma (4.4.5), propositions 5.3.14 and
A.2.13, and the 2-functoriality of Ho (corollary A.4.18). [ |
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— VII —

DERIVATORS

Basics

Prerequisites. §§ 3.1, 3.5, A.1, A.5.

The notion of derivator has a somewhat complicated history; the name and
the original idea are due to Grothendieck [1983, 1991], but Heller [1988] studied
essentially the same thing independently. The distinguishing characteristic of the
theory of derivators is its agnosticism: a derivator is a way of studying homotopy-
coherent diagrams and their limits/colimits without using any particular model
for homotopical algebra.

In this section, we use the explicit universe convention, all 2-categories and
2-functors will be strict unless otherwise stated, and for simplicity, we say ‘co-
product’, ‘product’, ‘pullback’, etc. instead of ‘2-coproduct’, ‘2-product’, ‘2-
pullback’ etc., i.e. we tacitly assume that these have the relevant 2-dimensional
universal property in addition to the usual 1-dimensional universal property.

Definition 7.1.1. A derivator domain is 2-category & satisfying these axioms:

DO0. K has an initial object 0, a terminal object 1, and tensors with the category
2={0->1}.

D1. K has finite coproducts and pullbacks.

D2. & has comma objects of the form (u | b) and (b | u) for all morphisms
u:A—-Bandb:1 - B.

A subdomain of a derivator domain is a 2-full 2-subcategory that is closed under
constructions specified in the above axioms.
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Definition 7.1.2. Let U be a universe. A U-small prederivator on K is a 2-
functor & : K°° — (Cat, where K& is a derivator domain and Cat is the 2-
category of U-small categories. A prederivator is a 2-functor that is a U-small
prederivator for some universe U.

We write 24 for the value of @ at an object A in &, and we write either 9“
or u* for the functor 2% — 24 induced by a morphism u : A — Bin K. If
f : x = yisamorphismin @, then we may sometimes write f lu : x}u — ylu
instead of u*(f) : u*(x) — u*(y). The underlying category of a prederivator &
is the category @', where 1 is any terminal object of K.

REMARK 7.1.3. While it is true that & is a derivator domain if and only if K is
a derivator domain, the duality principle for general prederivators is somewhat
subtle: because (—) is a 2-functor €at® — Cat, the opposite of a prederiv-
ator on K is a prederivator on &°°, which is in general not isomorphic or even
equivalent to K.

One should be aware that some authors (e.g. Cisinski [2003]) define prede-
rivators to be 2-functors K °°? — €at; readers should take care to dualise results
appropriately when translating between the two conventions.

Definition 7.1.4. A semiderivator on K is prederivator & : 8°° — €at satis-
fying the following axioms:

Derl. & sends coproducts of finite families of objects in K to products in Cat.

Der2. Let A be an objectin & and let f : x — y be a morphism in 2. Then,
f is an isomorphism in 24 if and only if, for all morphisms a : 1 — A
in &, the morphism f ['a: x | @ —» y | ais an isomorphism in o

Example 7.1.5. If B is an object in & and K is a locally U-small 2-category,
then the 2-functor K(—, B) : K — Cat is a prederivator. We say K(—, B) is
the prederivator represented by B.

Definition 7.1.6. Let C be a U-small relative category. The prederivator of C,
denoted by Z(C), is the U-small prederivator on RelCat (or any subdomain
thereof) defined by 2(C)* = Ho [ A, Cl;-

Proposition 7.1.7. Let & be a prederivator on K. If A is an object in & and
C is a category for which the tensor C ® A exists, then there is a canonical
comparison functor 2°°* — [C, QZA].
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Proof. By definition, the object C ® A in K induces isomorphisms
KCO0AB)=[C, KA, B)]

that are 2-natural in B. Since 9 is a prederivator on K, it induces a functor
K(A, B) - [2%,2*] that is 2-natural in A and in B, so we obtain a 2-natural
functor RK(CO A, B) — [C, [QZB , D A” by composition; but we have 2-natural
isomorphisms

IC.[2°% 2%]] = [Cx 2% 2*] = [2° |C,2"]
so, taking B = C ® A, we obtain the required functor 2°°* - [C,2"]. N

Definition 7.1.8. A strong semiderivator on K is a semiderivator that satisfies
the additional axiom below:

Der5. For any object A in &, the canonical functor 2°°* — [2,2%] is full
and essentially surjective on objects (but not necessarily faithful).

REMARK 7.1.9. If 9 is the prederivator represented by an object in &, then
automatically satisfies axioms Derl and Der5; and if K is a 2-full 2-subcategory
of Cat with the same terminal object, then & will also satisfy axiom Der2.

Lemma 7.1.10. If C is a uni-fractionable category, then the canonical com-
parison functor Ho[min 2, C], — [2,Ho C] is full and essentially surjective on
objects.

Proof. Let U and V be subcategories of weq C such that C admits a three-arrow
calculus with respect to (U", V), and let f:X = Ybe any morphism in Ho C.
By the fundamental theorem of three-arrow calculi (3.5.9), there existu : ¥ — Y
inV,v:X > XinV,and f: X > Ysuchthat f =u'o fov ' inHoC, i.e.
such that the following diagram in Ho C commutes:

-1

X 2 3 X
; jf
Y — Y

u

It immediately follows that Ho [min 2, C],, — [2, C] is essentially surjective on
objects.
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It remains to be shown that Ho [min 2, C], — [2,C] is a full functor. Let
x: X, > X,and y : Y, —» Y, be morphisms in C, let f; : X, — Y, and
/> : X, = Y, be morphisms in Ho C, and suppose we have f, o x = yo f;
note this constitutes a morphism in [2, C] between objects in the image of the
functor Ho [min 2, C], — [2,C]. As before, we may choose u, : Y, — ¥, and
u,: Y, - Y,inVU,v,: X, > X,andv,: X, > X,inV,and f, : X, = ¥, and
f, : X, = Y, in C such that the equations below hold in Ho C:

r -1 -1 r -1 -1
flzul of‘lol)l f2:u2 °f2°U2

Using axioms A2 and A3, there existu, : Y, - ZinU', v} : W — X, in ¥V, and
z:Y, - Zand w: W — X, making the following diagrams in C commute,

, b > fi R A
Xl < Xl 7 Yl < Yl
I
I
! ~
Xoog— K 2o
v frw up
X, ¢--t-- w > ¥, ¢ Y,
x Ew ’
3
Xy —— X, f2>YZ‘u2 Y,

and since f,ox = yo f,, the fundamental theorem says there exist a commutative
diagram in C of the form below,

U/

1 frew &
X, < w s Y, <

AN

L5

Y,

[38)

U3 Uy

v f u
Xl 5 ° 5 o< 6 Y2

A
~

w3 wy
~ ~

X, < . > @< Y.
< 7 <

1 s A f6 AN Us 2
us Uy

X, < | s Z < Y,

Uy zof ul

2

where us, uy, us, ug are in U°, vs, vy, Us, Ug are in V, and ws, w, are weak equival-
ences in C.
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It is easy to verify that the following diagram in C commutes,

v - A
X e W W2 e e X Ty,
XJ wJ fzowJ fSJ f6 J/zofl Jz Jy
X2 ( 0, X2 f2 2 ( U, [ ] w, ) ® ( uy Z _ Z T Y2

and this is the required lift of ( f 1o f2) to Ho [min 2, C],, because the diagram in
C shown below commutes:

X, X, X, X, X, < d X, d > Yl d Y,
H v v vs Vg H H
v A

X +——— W ——=W« 5 e e ® X, — Y, a Y,

xl w Srew /s Je ze fy z ly

XZ\UZ X 2 Y, < Uy ,.\ Wy >:< Uy g—%TYZ
H ) ¢ “é ué ’

X, < 0 X, % Y, < 0 Y, Y, Y, Y, Y,
We may therefore conclude that Ho [min 2, C], — [2, C] is indeed full. [ |

Proposition 7.1.11. Let D be the prederivator of a U-small relative category
M.

(1) 9D satisfies axiom Derl.

(i1) Moreover, if M is a (necessarily saturated) homotopical category and
each homotopical functor category [ A, M], admits a three-arrow calcu-
lus, then D is a strong semiderivator.

Proof. (i). Proposition A.4.17 implies & sends finite coproducts in RelCat to
products in €at™, so axiom Derl is satisfied.

(i1). Suppose f : X — Y is a morphism in Ho [A, M], such that all its com-
ponents are isomorphisms in Ho M. The fundamental theorem of three-arrow
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calculi (3.5.9) says f : X — Y may be represented by a zigzag in [ A, M],, of
the form below,

XVl X % sy ? y

where y and ¢ are natural weak equivalences. Thus, if A is an object in .A, then
the following zigzag represents an isomorphism in Ho M:

04

XA+ XA s YA YA
However, proposition 3.5.10 says M is a saturated homotopical category, so 6,
must be a weak equivalence in M as well; hence, f : X — Y is an isomorphism
in Ho [ A, M],. This shows that 9 satisfies axiom Der?2.

Finally, observe that [min2 x A, M], 2 [min 2, [A, M],],, and the hypo-
thesis says [A, M], admits a three-arrow calculus, so we apply lemma 7.1.10 to
deduce that axiom Der5 is satisfied. B

Definition 7.1.12. Let & be a prederivator on K&, letu : A — B be a morphism
in K, and let X be an object in 2.

* Aleft Z-extension of X along u is an initial object in the comma category
(X | u").

* A right 9 -extension of X along u is a terminal object in the comma cat-
egory (u* | X).

» We say 9 has left extensions along u if the functor u* : 22 — 2% has a
left adjoint, which we denote by u, : 24 — @5,

» We say 9 has right extensions along u if the functor u* : 2% — P has
a right adjoint, which we denote by u, : 24 — @5,

We may refer to left and right &-extensions generically as homotopy Kan ex-
tensions in .

REMARK 7.1.13. It is straightforward to check that & has left (resp. right) exten-
sions along u if and only if, for every object X in @, there exists a left (resp.
right) 9 -extension of X along u.

Example 7.1.14. If & is a 2-full 2-subcategory of Cat and 9 is the prederivator
represented by an object in &, then P-extensions are exactly the same thing as
Kan extensions in the usual sense.
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As we saw in theorem A.5.15, pointwise left (resp. right) Kan extensions
can be computed as colimits (resp. limits) of certain diagrams whose shapes are
comma categories. We shall shortly see that more is true.

Definition 7.1.15. Let @ be a prederivator on & and suppose we have a diagram
in & of the following form:

D

—2 B
> |
A——C

* We say the square is a left & -exact square if & has left extensions along
u:A— Candgq: D — Band the induced diagram shown below satisfies
the left Beck—Chevalley condition:

* We say the square is a right Z-exact square if & has right extensions
alongv : B — Candp: D — A and the induced diagram shown below
satisfies the right Beck—Chevalley condition:

€ L g4

|oa ]

93—>@D

* A 9-exact square in K is a diagram in K that is both left &-exact and
right & -exact.

Proposition 7.1.16. Let & be a prederivator on K. Given the following diagram

in K,
—* B
v ]
— C

B
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if D has left extensions alongu : A — C and q : D — B, and & has right
extensions along v : B — C and p : D — A, then the following are equivalent:

(1) The diagram is a D-exact square.
(i1) The diagram is a left D-exact square.
(ii1) The diagram is a right D-exact square.

Proof. Statement (i) is just the conjunction of statements (ii) and (iii), and when
the required left and right adjoints exist, proposition A.1.9 implies that statements
(1) and (ii1) are equivalent. [ |

Lemma 7.1.17 (Pasting exact squares). Let & be a prederivator, and consider
pasting diagrams of the following forms in K:

~

\
4

ei— o
Y
e<L—— o

\
7

~

|21

In either diagram, if both squares are left (resp. right) D-exact squares, then the
rectangle obtained by pasting the two squares is also a left (resp. right) D-exact
square.

Proof. Apply lemma A.1.8. [ ]

Lemma 7.1.18. Let Set be the category of U-sets. If D is the prederivator of
Set restricted to the subdomain Cat, then every comma square in Cat is a right
D-exact square.

Proof. Suppose we have the following comma square in Cat:

wlo)—2 B
| oo

A———C

u
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LetY : B — Set be a functor and let (Z, €) be a right Kan extension of Y along
v, i.e. a terminal object in the comma category (v* | Y). In view of lemma A.1.7,
to deduce the claim, it is enough to show that (u*(Z),q*(¢) » 6}) is a terminal
object in the comma category (p* | ¢*(Y)), i.e. aright Kan extension of Y ¢ along
p; but this was done in lemma A.5.8. [ |

Proposition 7.1.19. Let M be a locally U-small category, and let & be the
prederivator of M restricted to Cat.

o If M has colimits for all U-small diagrams, then every comma square in
Cat is a left D-exact square.

o If M has limits for all U-small diagrams, then every comma square in Cat
is a right D-exact square.

Proof. The two claims are formally dual; we will prove the first version.

Consider a comma square in Cat:

==

> g

o

e
9&,{ v
u

If M has colimits for all U-small diagrams, then theorem A.5.15 implies that,
for any functor X : A — M, the left Kan extension of X along u exists and is
pointwise, and same is true for the left Kan extension of p*(X) along q. Thus, for
any object M in M, if A,, : M — Set" is the representable functor M(—, M),
we may use lemma A.1.7 to deduce that the following (commutative!) diagrams
satisfy the right Beck—Chevalley condition:

(o, poep X7 (oop, Gett) B, Mo 2 por, St

(u"")*l l(u"p ) (q"”)*l l(q"p)*

op op op + op op op +
[A aM ][AWP—,HMT[A ,Set] [[D ’M ]M[D ,Set]
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On the other hand, lemma 7.1.18 says the diagram below satisfies the right Beck—
Chevalley condition,
[CP, Set*] —“ [B, Set*]

(u"p)*l %op)* @y
[AP, Set™] W [DP, Set*]
and the family {ﬁ v - MP — Set” | M € ob M} is jointly conservative, so we

deduce that the right Beck—Chevalley condition for the following diagram is sat-
isfied,

[Cop Mop] [BOP MOp]
(uopﬁl %op)* l(qm’)*
[AOP MOP] [DOP MOP]

Op)

and therefore this diagram satisfies the left Beck—Chevalley condition:

[C, M] —— [B, M]

| e L
(A, M] —— — (D, M]

We then conclude that every comma square in Cat is a left Z-exact square.

Definition 7.1.20. A K-cocomplete semiderivator is a semiderivator 2 on &
satisfying these additional axioms:

Der3L. 9 has left extensions along every morphismu : A — Bin K.

Der4L.. Every comma square in & of the form below is a left Z-exact square:

Dually, a &-complete U-semiderivator is one satisfying these axioms:

Der3R. 9 has right extensions along every morphismu : A — Bin &.
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Der4R. Every comma square in & of the form below is a right &-exact square:

Theorem 7.1.21. Let U be a universe with U C U*, let M be a Ut-small
category, and let D be the prederivator of M restricted to Cat.

(1) 9 is a strong semiderivator.

(i) 9 is Cat-cocomplete (resp. Cat-complete) if and only if M is U-complete
(resp. U-complete).

Proof. (i). This can be shown using the same arguments as remark 7.1.9.

(i1). This is the content of proposition 7.1.19. [ |
Finally, we come to the definition of the subject of this chapter:

Definition 7.1.22. A derivator on & is a semiderivator that is &-cocomplete
and K-complete, and a strong derivator is one that satisfies axiom Der5.

REMARK 7.1.23. The definition of ‘subdomain’ ensures that the restriction of
any derivator (resp. semiderivator, complete semiderivator, cocomplete semi-
derivator) on & to any subdomain of K is again a derivator (resp. semiderivator,
complete semiderivator, cocomplete semiderivator).

Proposition 7.1.24. Let & be a prederivator on K, and letu 4 v : B — A be
an adjunction in K, with unitn :id, = veu and counit € : u° v = idy.

(i) We have an adjunction v* 4 u* : D% — D4, with unit n* : idgs = u* o v*
and counit €* : V" o u* = idg,s; in particular, D has left extensions along
u: A — Band right extensions along v : B — A.

(i) Consider the following commutative diagrams in K:

u

—<——

’—‘(TUJ

B
=

1

id
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The diagram on the left is a left D-exact square, and the diagram on the
right is a right 9 -exact square.

(iii)) Moreover, if D has left extensions along p : A — land q : A — 1,
then the diagram on the right is a left D-exact square; and if D has right
extensions along p: A — 1 and q : A — 1, then the diagram on the left is
a right D-exact square.

Proof. (i). Since 9 is a 2-functor, it preserves the triangle identities; thus v* - u*
is indeed an adjunction. (The left and right adjoints are exchanged because & is
contravariant.)

(i1). The two halves of the claim are formally dual; we will prove the first version.
By claim (i), we may take u, = v*; but the left Beck—Chevalley transformation

up* = up*idiid, = uu*q'id, = g*id,

is then equal to £*q* : v'u"q" = ¢*, and €"'¢* = (qe)* = id, because 1 is a
terminal object in &. Thus the left Beck—Chevalley condition is satisfied.

(iii). This is a special case of proposition 7.1.16. [ |

Theorem 7.1.25. Let & be a semiderivator on K that satisfies axioms Der3L
and Der3R, and let 1 be a terminal object in K. The following are equivalent:

(1) D is a derivator.
(1) D satisfies axiom Der4L.
(iii) Every comma square in K is left D-exact.
(iv) D satisfies axiom Der4R.
(v) Every comma square in K is right 9 -exact.

Proof. Obviously, statement (i) implies statements (ii)—(v), and the conjunction
of statements (iii) and (v) implies statement (i). We are assuming that & has left
and right extensions along all morphisms in &, so the equivalence of statements
(ii1) and (v) is just proposition 7.1.16. It remains to be shown that (ii) = (iii) and
(iv) = (v), but the two implications are formally dual, so it is enough to prove
just one; we prove the former.
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Consider a general comma square in &:

wlv)—2— B

1> |

A———C

Letb: 1 — Bbeamorphismin &, and let ¢ = v e b, and consider the following
pasting diagrams,

(glb) ——1 wle)—"—>1
sl i /l 7 b
(uiu)%}} (ulv)%};
pl R ,,l o
A A

where the upper square of the diagram on the left is a comma square, and the
upper square of the diagram on the right is a 2-pullback square; note that the
pasting lemma for comma squares implies that the outer rectangle of the diagram
on the right is also a comma square.

Letz = pejandlet A = 0-id;. By the universal property of comma objects,
there is a unique morphism f : (g | b)) = (u ] c¢) suchthat zo f = pos,ro f =1,
and Aeid, = (id,o7) e (6<id,); and similarly there is a unique morphism
g:(lce)—(glb)suchthatseg =j,teg=r,and7oid, =1d,; = id,,.
Then,

wo(feg)=posog=pej=x ro(feg)=r

80 fog=id,;and since pos = posogeo f, we may think of id,,; as a 2-cell
f:pos=>posogo f whereashot =qgosogo f,507:qos=botisalsoa
2-celly : ges = geosogo f,butthen

(0oid,,, ) e (id,op) =0eid;oid, = Aeid, = (id, o)« (0 = id,)

so by the 2-universal property of (u | v), there is a unique 2-cell @ : s = sogo f

TODO: Justify this ~ such thatid, e« = f and id, o & = y; and furthermore,
more carefully...

(teoid,,) e (id,ca) = (id,id,, ) e T
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therefore there is a unique 2-cell # : id ;) = g ° f such that id; e 7 = « and
id, e =1d,,. ;.

We will now show that we have an adjunction f 4 g : (ulc) = (gl b) in
K; since f o g =1id,,, it is enough to check thatid, oy =id, and 7o id, = id,.
By construction, id, o (id, e 77) = id, e id; e # = id,,, and id, » (id, o ) = id,,
so indeed id, o n = id; and id  (7eid,) = id, and id, » (nid,) = id,, so
neid, = id, as well. Thus, by proposition 7.1.24, the commutative diagram in
K shown below on the left is a left & -exact square,

wle)——1 (glb) ——1
gl lid s T/? lb
(gl b) ——1 wlv)—— B

and the diagram on the right is a left &-exact square by hypothesis, so by the
pasting lemma (7.1.17), the following commutative diagram is also a left -
exact square:

wlc)y——1
.
(I/l l, U) T> B
The hypothesis also implies that this diagram satisfies the left Beck—Chevalley
condition,
2¢ < 5 9!
l )
— s Qo
but the pasting lemma (A.1.8) says that the left Beck—Chevalley transformation

rz* = c*u, is obtained by pasting together the left Beck—Chevalley transform-
ations of the squares in the diagram below,

£3 b*
M > !

1wl -

914 . }g(ulv) _ }@(uiC)
p J
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and so, allowing b : 1 — B to vary, we deduce that every component of the left
Beck—Chevalley transformation v*u, = ¢,p* is an isomorphism in &'. We may
then apply axiom Der2 to conclude that the comma square we started with is a
left & -exact square. [ |

Homotopy limits and colimits

Prerequisites. §§ 3.3, 4.1, 4.6, 7.1.

9 7.2.1. In this section, we use the two-universe convention: we assume
that there are two universes U and U*, with U € U*t. We refer to U-sets, U-small
categories, etc. as ‘small’, and we refer to U*-sets, U*-small categories, etc. as
‘moderate’.

Definition 7.2.2. Let & be a prederivator on &, let A be an objectin K, let 1 be
a terminal objectin &, let A, : @' — P be the functor induced by the unique
morphism A — 1in K, and let X be an object in 2.

A D-colimit for X is an initial object in the comma category (X A A).

A 2-limit for X is a terminal object in the comma category (A, | X).

We say 2 has colimits for diagrams of shape Aif A, : &' — 2* hasa
left adjoint, which we denote by holi_n)lA 94 5 9.

We say 2 has limits for diagrams of shape A if A, : 9' — 2* has a
right adjoint, which we denote by hol(iLnA 94 5 9l

We may refer to Z-colimits (resp. & -limits) generically as homotopy colimits
(resp. homotopy limits) in <.

REMARK 7.2.3. Of course, homotopy colimits (resp. homotopy limits) in & are
a special case of homotopy left (resp. right) Kan extensions in &; in particular,
2 has colimits (resp. limits) for diagrams of shape A if and only if, for every
object X in @4, there exists a D-colimit (resp. D-limit) for X.

Proposition 7.2.4. Let M be a moderate model category and let D be the pre-
derivator of M restricted along min : €at — RelCat.

(1) 9D satisfies axiom Derl.
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(1) 9D satisfies axiom Der5 at the terminal category 1, i.e. the canonical com-
parison functor 2% — [2, 2 “] is full and essentially surjective on objects.

(iii) Moreover, if M satisfies axiom CMS5%*, then D is a strong semiderivator.

Proof. (i). Proposition A.4.17 implies & sends finite coproducts in RelCat to
products in Cat*, and the embedding min : Cat — RelCat preserves finite
coproducts, so axiom Derl is satisfied.

(i1). By theorem 4.1.25, M admits a three-arrow calculus, so the claim follows
from lemma 7.1.10.

(iii). Moreover, if M satisfies axiom CM5%*, then M admits a functorial three-
arrow calculus, so by proposition 3.5.8, each [A, M], admits a component-
wise three-arrow calculus. Theorem 4.3.1 implies M is a saturated homotop-
ical category, so we deduce that & is a strong semiderivator using proposi-
tion 7.1.11. |

Theorem 7.2.5. If M is a locally small DHK model category, then the restriction
of D(M) to Cat is a strong derivator.

Proof. Let & be the restriction of 2 (M) to Cat. We have already shown in
proposition 7.2.4 that & is a strong semiderivator, so it remains to be proven that
9 is cocomplete and complete. Cocompleteness and completeness are formally
dual, so it suffices to demonstrate just one half of the claim; we will show that
9D is cocomplete.

By theorem 4.6.16, for every functor u : A — B between small categories,
the functor Lan, : [A, M] — [B, M] is left deformable, so theorem 3.3.19
implies the functor Hou™ : Ho [B, M] — Ho [A, M] has a left adjoint, namely
the total left derived functor L(Lanu) : Ho[A, M] —» Ho[B, M]. Thus &
satisfies axiom Der3L.

Finally, to conclude, we note that proposition 4.6.18 is precisely the state-
ment that axiom Der4L is satisfied. This completes the proof that & is cocom-

plete. [ |

Theorem 7.2.6 (Cisinski). Let M be a locally small model category and let
D (M) be its associated prederivator. If M has colimits and limits for all small
diagrams, then the restriction of (M) to the 2-category of small categories is
a derivator.
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Proof. See Theorem 6.11 in [Cisinski, 2003]. ]
Definition 7.2.7. Let & be a prederivator on K.

* A J-cofinal morphism is a morphism v : B — A in K such that the
diagram below is a left Z-exact square,

B 1
Ul lid
A 1

1.e. such that the left Beck—Chevalley transformation

|

|

holim e v* = holim
—B —4
is a natural isomorphism.

* A 9-coinitial morphism is a morphism u : A — B in K such that the
diagram below is a right & -exact square,

—_—

|

id
i.e. such that the right Beck—Chevalley transformation
holim = holim o u*
—B —4
is a natural isomorphism.

Example 7.2.8. For any derivator & on &, every right adjoint (resp. left ad-
joint) in K is a D -cofinal (resp. P -coinitial) morphism: this is the content of
proposition 7.1.24.

Example 7.2.9. A category A has a terminal object if and only if the unique
functor A — 1 has a right adjoint ¢ : T — A; thus, for any derivator on Cat,
if A is a small category with a terminal object, then the left Beck—Chevalley
transformation t* = holi_r)nA is a natural isomorphism.
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Definition 7.2.10. Let & be a prederivator on &. A &-equivalence is a morph-
ismu: A — Bin & satisfying the following condition:

* Forall X and Y in @', the map 2°(AzX,ALY) —» 24(A,X,A,Y)
induced by u* : 28 — @ is a bijection.

Proposition 7.2.11. Let & be a prederivator on K and letu : A — B be a
morphism in K. If D is a K-cocomplete semiderivator, then the following are
equivalent:

(1) The morphismu : A — B is a D-equivalence.

(ii) For n® the unit of holim — A, and €” the counit of holim - A ,, the
T—B —A
natural transformation

<£A o holim o AB>-(holi_r)nA U on®o AB> holim oA, = holim <A,
is a natural isomorphism.
(iii) For €" the counit of u, 4 u*, the natural transformation
holi_r)nB og" o Ap: holi_r)nA oA, => holi_r)nB °oAg
is a natural isomorphism.
Dually, if D is a &-complete semiderivator, then the following are equivalent:
(i") The morphismu : A — B is a D-equivalence.

(ii’) For n* the unit of A, = holim and €® the counit of A, < holim , the
_ —A —B
natural transformation

<holim U oo AB>-<;7A o holim o AB> : holim oA, = holim oA,
—A —B —B —A
is a natural isomorphism.
(iii") For n" the unit of u* - u,, the natural transformation
holim o#n“eAp:holim oAy = holim oA,
—B —B —4
is a natural isomorphism.
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Proof. The two sets of claims are formally dual; we will prove the first version.
Observe that every morphism u : A — B in & induces a commutative dia-
gram of the following form:

2! (holim, A,X.Y ) —=— 2" (8,X,4,Y)

| |

2! (holim A,X,Y ) —— (4, X.4,Y)

Thus, a morphism u : A — B in & satisfies condition (ii) if and only if it is a
D-equivalence. By factoring the counit £ : holi_r)nA A, = idg, in terms of the
counit €” : u,u* = idg s and using the left triangle identity, we deduce that

A . . * B — holim o £ o
(&4 oholim oA, )« (holim ou*en®eA,) = holim_«c*c A,
and so condition (i1) is satisfied if and only if condition (iii) is satisfied. [ |

Corollary 7.2.12.
* If D is a K-cocomplete semiderivator, then every P -cofinal morphism in
K is a D-equivalence.

* If D is a K-complete semiderivator, then every D-coinitial morphism in
K is a D-equivalence. [ |

REMARK 7.2.13. In particular:

* If & is a K-cocomplete semiderivator, then every right adjoint morphism
in & is a Y-equivalence.

o If 9 is a K&-complete semiderivator, then every left adjoint morphism in
K is a D-equivalence.

Proposition 7.2.14. Let K be a derivator domain and let K be the underlying
I-category of K. For any prederivator D on K, the category K with the class of
D-equivalences in K& constitute a saturated homotopical category.

Proof. We will assume that, for every object A in &, the category @ is locally
small, but there is no loss of generality in doing so because we may always
enlarge the universe.
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Observe that, for all objects X and Y in D!, the functor £ — Set defined
by C > 2°(AcX,AcY) sends every P-equivalence in K to a bijection. Thus,
ifu : A — B is a morphism in & that becomes invertible in the localisa-
tion of K at @D-equivalences, then for all objects X and Y in @', the map
QZB(ABX, ABY) - QZA(AAX, AAY) induced by u must be a bijection, so u
must be a P-equivalence. [ |

Proposition 7.2.15. Let & be a semiderivator on K.

* Given a commutative triangle in & as below,

A “ > B

oA

C

if 9 is K-cocomplete and, for every morphism ¢ : 1 — C in K, the
morphismu, : (p | ¢) = (q | ¢)inducedbyu : A — B isa P-equivalence,
thenu : A — B is itself a D-equivalence.

* Given a commutative triangle in & as below,

if D is K-complete and, for every morphismc : 1 — Cin &, the morphism
u:(clp — (clq)induced byu : A - B is a D-equivalence, then
u: A — Bisitself a D-equivalence.

Proof. We will use the characterisation of Z-equivalences afforded by propos-
ition 7.2.11. We wish to show that the natural transformation defined by the
following pasting diagram is a natural isomorphism:

h011m .
=, 9! 4, g!
(1) \ \ l l\
— id
N B
A 2 ho lim * 9
—
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By factoring A — 1 and B — 1 through C — 1 and applying the left triangle
identity, we see that it is enough to show that the natural transformation defined
below is a natural isomorphism:

aq \ch id R

” \—\l \

> 9P ; > DC

A u* 141

i.e. the left Beck—Chevalley transformation it induces is a natural isomorphism:

g4 P L g¢ < gl
A, id
) a ,,l 7 lAX

@A N g(plc') N 91

ho lim
—

Similarly, the comma square in & shown below

(gl
B

induces a left Beck—Chevalley transformation that is a natural isomorphism:

9)

1
s
BN

q R 9C c* R 91

@ \l ﬂl\

.QZB N 9(4@) N 9

ho 11m
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Our hypothesis is that unique morphism u, : (p | ¢) = (g | ¢) making the fol-
lowing diagram commute is a -equivalence,

(ple)—=(glo)
A——— B

1.e. the natural transformation defined below is a natural isomorphism:

S N L

However, the natural transformations defined by the following pasting diagrams

are equal,

* *

¢ 4 gc < ,p! AN ) DR NNy )}

1 T

@B N @A N g(plC) 93 s 9(qu) s @(piC)
u r* s* (uc)*

so, the natural transformation obtained by pasting together (2) and (3) is equal to
the natural transformation obtained by pasting together (4) and (5); but the latter
is a natural isomorphism, so we deduce that the former is a natural isomorphism
as well. Thus,

Q! A ygB % g W, gC_ < , gl

A . N — id
R:qu 7 l"/] \

P! s PB s P4 s PC s P!

defines a natural isomorphism. Since ¢ : 1 — C was arbitrary, we may use axiom
Der2 to deduce that (1) itself defines a natural isomorphism, as claimed. [ |
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Lemma 7.2.16. Let & be a semiderivator on K. Consider a diagram of the
following form in &:

1

=l

—
‘7
—F C

a

If D is K-cocomplete (resp. K-cocomplete), then the following are equivalent:
(1) The diagram above is a left D-exact square (resp. right D-exact square).

(i1) The morphismw : E — (a | b) induced by the universal property of (a | b)
is a D-equivalence.

Proof. The two claims are formally dual; we will prove the first version.
By definition, the diagram above is a left &-exact square if and only if the
left Beck—Chevalley transformation

holim A, = holim A,a*a, = holim A b*a, = b*a,
—>E —>E ) —>E ' :

is a natural isomorphism. However, Ay = w*A,,, and axiom Der4L says the
left Beck—Chevalley transformation

hoh_r)n(alb)A(au,) = hOh_n}(alb)A(alb)a a, > hoh_r)n(alb)A(alb)b a, = b a,

is a natural isomorphism, so using the counit of the adjunction w, 4 w", pro-
position 7.2.11, and the 2-out-of-3 property of natural isomorphisms, we may
deduce that conditions (i) and (ii) are equivalent. [ |

Theorem 7.2.17. Let & be a semiderivator on &. Consider the following dia-
gramin K:

L}B
— 5 C

u

(m) P

> —— O

If D is K-cocomplete (resp. K&-cocomplete), then the following are equivalent:

(1) Diagram (QO) is a left D-exact square (resp. right D-exact square).
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(i1) For all morphismsa:1 — Aand b : 1 — B, for all diagrams of the form

below in K,
E——(@lb) ——1
p.b. ﬂ/f b
(+) @l p) yD—" 4B
oo s
I A cC

where the top-left square is a pullback square and the squares inhabited
by a and | are comma squares, the outer square is a left D-exact square
(resp. right D-exact square).

(iii) For all diagrams of the form (x) in K, the morphism E — (uoa | vob)
induced by the universal property of (uea | v e b) is a D-equivalence.

Proof. (1) = (i1). The pasting lemma for comma diagrams implies the left rect-
angle of (x) is a comma diagram, and we may apply lemma 7.1.17 and the-
orem 7.1.25 to deduce that the outer square of (x) is a left &-exact square.

(i1) & (iii). This is a special case of the previous lemma.

(i) = (1). Using axioms Der2 and Der4L as well as the 2-out-of-3 property for
natural isomorphisms, we may deduce that diagram (0O) is left -exact if every
diagram of the form (x) is left Y -exact. [ |

Corollary 7.2.18. Let D be a semiderivator on K. If D is K-cocomplete, then
the following are equivalent for a morphism v : B — A in K:

(i) The morphism v : B — A is a D-cofinal morphism.

(i1) For every morphism a : 1 — A in &, the unique morphism (a | v) — 1 is
a D-equivalence.

Dually, if D is K-complete, then the following are equivalent for a morphism
u:A—- Bin K:

(i) The morphismu : A — B is a D-coinitial morphism.

(i1) For every morphism b : 1 — B in K&, the unique morphism (u | b) — 1 is
a D-equivalence. [ |
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Basic localisers

Prerequisites. §§ 3.1, 7.1.

Definition 7.3.1. Let & be a derivator domain and let X be its underlying 1-
category. A basic right localiser (resp. basic left localiser) for & is a subcat-
egory W of K satisfying these axioms:

LF1. Every identity morphism in K is also in W, W has the 2-out-of-3 property
in K, and W is closed under retracts in K.

LF2. For any object A in K, if the unique morphism A — 1 has a right adjoint
(resp. left adjoint), then A — 1 isin W.

LF3. Given a commutative triangle in &,

if, for every morphism ¢ : 1 — C in &, the morphism u, : (plc) —
(glc)@esp.u:(clp) — (clgq)inducedbyu: A — Bisin W, then
u:A — Bitselfisin W.

A basic localiser for & is a subcategory of K that is both a basic left localiser
and a basic right localiser.

Definition 7.3.2. Let & be a derivator domain and let W be either a basic left
localiser or a basic right localiser for &. A WW-equivalence is a morphism that is
in W. A W-aspherical object is an object A in K such that the unique morphism
A — 11is a W-equivalence.

1 7.3.3. The above terminology is non-standard: it is more conventional to
refer to basic right localisers as ‘basic localisers’ and ignore basic left localisers;
cf. [Cisinski, 2004]. However, this is unproblematic in the case where & =
Cat: one can show that all three notions coincide then. The chirality of the
above terminology is chosen to agree with the chirality of the induced asphericity
structures (cf. [Maltsiniotis, 2005]).
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Proposition 7.3.4. Let & be a derivator domain.

* If D is a K-cocomplete semiderivator, then the class of D-equivalences
is a basic right localiser for K.

* If D is a K-complete semiderivator, then the class of D-equivalences is a
basic left localiser for K.

Proof. The two claims are formally dual; we will prove the first version.
Proposition 7.2.14 implies that the class of Z-equivalences satisfies axiom
LF1, and proposition 7.2.15 says that axiom LF3 is satisfied. Axiom LF2 re-
mains to be verified, so suppose A is an object in & such that the unique morph-
ism p : A — 1 has a right adjoint, say t : 1 — A. By remark 7.2.13, tis a
D-equivalence; but p et = id, since 1 is a terminal object in &, so we may
deduce that p : A — 1 is also a P-equivalence by using axiom LF1. [ |

Corollary 7.3.5. If D is a derivator on K, then the class of D-equivalences is
a basic localiser for K. [ |

Example 7.3.6. Let & be the prederivator of Set (restricted to Cat). By the-
orem 7.1.21, & is a derivator, and it is straightforward to verify that the &-
equivalences are precisely the functors u : A — B that induce bijections zyu :
myA — m,B, where 7, : Cat — Set is the connected components functor.!"!

REMARK 7.3.7. It is not hard to see that the intersection of any family of basic
localisers (resp. basic left localisers, basic right localisers) for a derivator do-
main & is automatically a basic localiser (resp. basic left localiser, basic right
localiser) for &; thus, there is a unique minimal basic localiser (resp. basic left
localiser, basic right localiser) for K.

Definition 7.3.8. Let & be a derivator domain and let W be either a basic left
localiser or a basic right localiser for K.

* A right W-aspherical morphism is a morphism u : A — B in & such
that, for all morphisms b : 1 — B in &, the unique morphism (u | b) — 1
is a W-equivalence.

* A left W-aspherical morphism is a morphism v : B — A in K such that,
for all morphisms a : 1 — A in &, the unique morphism (a | v) — lisa
W-equivalence.

Recall proposition A.2.15.
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REMARK 7.3.9. In view of corollary 7.2.18, one might also call right (resp. left)
W-aspherical morphisms W-coinitial (resp. ¥V-cofinal).

Lemma 7.3.10. Let & be a derivator domain.

* Ifamorphismu : A — Bin & has a right adjoint, then for any morphism
b: 1 — B, the unique morphism (u | b) — 1 has a right adjoint.

e Ifa morphismv : B — A in & has a left adjoint, then for any morphism
a: 1 — A, the unique morphism (a | v) — 1 has a left adjoint.

Proof. The two claims are formally dual; we will prove the first version.
Suppose the following diagram is a comma square in K:

wlb) —2—1

— B

Letv: B — Abe aright adjointof u : A — B, say with counit € : ue v = idg.
Consider the morphism ¢ : 1 — (u | b) induced by the diagram in & shown
below:

veb 1

1
idl b lb
A—— B

Via the 2-dimensional universal property of (u | b), 8 : ue p = b o g induces
a 2-cell # : id, ;) = 7 ° g, and using the 2-dimensional Yoneda lemma, it is
straightforward to check that # is the unit of an adjunctiong 4 ¢: 1 — (u | b).
Thus, the unique morphism (u | b) — 1 indeed has a right adjoint. [ |

Corollary 7.3.11. Let & be a derivator domain.

* If W is a basic right localiser for K, then every morphism in K that has a
right adjoint is a right W-aspherical morphism.

o If W is a basic left localiser for K, then every morphism in & that has a
left adjoint is a left W-aspherical morphism. [ ]
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Proposition 7.3.12. Let K be a derivator domain.

e IfWisabasic right localiser for K, then every right W-aspherical morph-
ismis a W-equivalence; in particular every morphismin & that has a right
adjoint is a W-equivalence.

o IfWis a basic left localiser for K, then every left W-aspherical morphism
is a W-equivalence; in particular every morphism in K that has a left
adjoint is a W-equivalence.

Proof. The two claims are formally dual; we will prove the first version.
Suppose u : A — B is aright W-aspherical morphism. Consider the follow-
ing commutative triangle in K:

A “ s B
B

Let b : 1 — B be a morphism in &. Since the unique morphism (u | b) — 1
is a W-equivalence, axioms LF1 and LF2 and lemma 7.3.10 imply the induced

morphismu, : (u | b) - (id gl b) is also a W-equivalence. We may then apply
axiom LF3 to deduce that u : A — B itself is a W-equivalence. [ |

Lemma 7.3.13. Let A be an object in a derivator domain K. If W is a basic left
or right localiser for K, then the morphismp: 20 A - 1 © A = A induced by
the unique functor 2 — 1 is a W-equivalence.

Proof. The unique functor 2 — 1 has both a left adjoint and a right adjoint, so
the induced morphism p : 2 ® A — A has both a left adjoint and a right adjoint.
Proposition 7.3.12 then implies that it is a ¥W-equivalence. [ |

Proposition 7.3.14. Let uy,u, : A — B be a parallel pair of morphisms in a
derivator domain K and let W be either a basic left localiser or a basic right
localiser for K. If there exists a 2-cell a : u, = u,, then the following are
equivalent:

(1) The morphismu, : A — B is a W-equivalence.

(i) The morphismu, : A — B is a W-equivalence.

330



74

7.4. The minimal basic localiser

Proof. Letiy, i, : A — 2 ©® A be the morphisms induced by the left and right
adjoints of the unique functor 2 — 1; note that functoriality yields pei, =1id, =
p e i;. The previous lemma says that p is a WW-equivalence, so we may then use
axiom LF1 to deduce that i, and i, are both W-equivalences.

By definition, there is a bijection

K(2 0 A, B) 2 Fun(2, K(A, B))

that is natural in B; thus, the 2-cell a : u, = u, corresponds to a morphism
h:2®A — Bsuchthat hoiy, =u,and hei, =u,. Axiom LF1 then implies
that u, is a WW-equivalence if and only if u; is a YW-equivalence. [ |

Corollary 7.3.15. If W is a basic left or right localiser for a derivator domain
K, then every left or right adjoint in K is a W-equivalence.

Proof. One half of the claim was proved in proposition 7.3.12; it now suffices
to show that, if W is a basic right localiser for &, then every right adjoint in
K is a W-equivalence. We already know that every left adjoint in & is a W-
equivalence, so axiom LF1 and the above proposition together imply that right
adjoints are also W-equivalences. [ |

The minimal basic localiser

Prerequisites. §§ 1.1, 1.2, 1.3, 1.4, 1.7, 7.1, 7.2, 7.3.
In this section, we follow [Cisinski, 2004, § 2.2].

Proposition 7.4.1. Let W be a basic left or right localiser for Cat. For any
functor u : A — B, the following are equivalent:

(1) The functoru : A — B is a W-equivalence.
(i1) The functor u®® : A°® — B is a W-equivalence.
Proof. See Proposition 1.2.6 in [Cisinski, 2004]. ]
Corollary 7.4.2. Let W be a subcategory of Cat. The following are equivalent:
(1) W is a basic localiser for Cat.

(i) W is a basic right localiser for Cat.
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(iii) W is a basic left localiser for Cat. [ |
1 7.4.3. Throughout this section, let YV be any basic localiser for €at.

Definition 7.4.4. A weak homotopy equivalence of categories is a functor
f : A — B such that the induced morphism N(f) : N(A) — N(B) is a weak
homotopy equivalence of simplicial sets. We write W_, for the class of weak
homotopy equivalences of categories.

1 7.4.5. Weak homotopy equivalences of categories are also called co-equi-
valences, but we should avoid this term as it conflicts with the terminology of
higher category theory.

Definition 7.4.6. The category of simplices of a simplicial set X is the category
A(X) defined below:

* The objects are simplices of X.

* For x € X, and x’ € X,,, the morphisms x — x’ are simplicial operators
f:[n]l = [n] such that f(x") = x.

* Composition and identities are the obvious ones.

We write 7, : A(X) — A for the evident projection functor that sends an n-
simplex of X to the object [n] in A.

1 7.4.7. For brevity, if A is a small category, then we write A(A) instead of
A(N(A)). This is consistent with the notation of § 4.6. We will also use the left
and right projection functors defined in definition 4.6.9.

Lemma 7.4.8. If A is a small category with a terminal object, then the category
A(A) is W-aspherical.

Proof. Straightforward. (This is Lemme 2.2.2 in [Cisinski, 2004].) ]

Proposition 7.4.9 (Grothendieck). For all small categories A, the right projec-
tion my : A(A) = A is right W-aspherical; in particular, it is a W-equivalence.

Proof. Letabeanobjectin A. Lemma 4.6.12 says that the canonical comparison
functor A (A /a) - (nR l a) is anisomorphism, and lemma 7.4.8 implies A (A /a)
is W-aspherical, so the induced functor (”R ! a) - A, is a W-equivalence.
Thus, 7z : A(A) = A is right W-aspherical. [ |
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Corollary 7.4.10. A functor u : A — B is a W-equivalence if and only if the
Sfunctor A(u) : A(A) - A(B) is a W-equivalence.

Proof. Use the naturality of 7 and axiom LF1. [ |

1 7.4.11. Now, let W, be the subcategory of sSet consisting of those morph-
isms f : X — Y such that A(f) : A(X) — A(Y) are W-equivalences.

Proposition 7.4.12. For all simplicial sets X and all natural numbers n, the
projection r : X X A" = X is a Wy-equivalence.

Proof. Since A" X A" =~ N([m] X [n]), lemma 7.4.8 implies A(A" X A") is W-
aspherical. Now, let x be an m-simplex of X, and consider the comma category
(A(x) | x). It is not hard to see that (A(x) | x) is isomorphic to A(A” X A"), and
so the induced functor (A(x) | x) — A(X) /x is a W-equivalence. Thus, A(x) :
A(X X A") — A(X) is right W-aspherical, and in particular 7 : X X A" — X is
a W,-equivalence. [ |

Corollary 7.4.13. Every trivial Kan fibration is a Wy-equivalence.

Proof. Apply proposition 1.4.6. [ |
Proposition 7.4.14. Every trivial cofibration in sSet is a W, -equivalence.
Proof. See Proposition 2.2.9 in [Cisinski, 2004]. ]
Theorem 7.4.15 (Cisinski). Any W -equivalence is also a VW-equivalence.

Proof. Propositions 1.3.8 and 1.3.16 together imply that every weak homotopy
equivalence in sSet can be factored as a trivial cofibration followed by a trivial
Kan fibration, so applying corollaries 7.4.10 and 7.4.13 and proposition 7.4.14,
we deduce that every W_ -equivalence is a W-equivalence. [ |

Proposition 7.4.16. Let & be the prederivator of sSet (with the Kan—Quillen
model structure) restricted to €at. Then a functoru : A — B is a D-equivalence
if and only ifu : A — B is a W_-equivalence.

Proof. Theorem 7.2.5 says 9 is a derivator, so we may use the characterisa-
tion of Y -equivalences afforded by proposition 7.2.11. Let X be any simplicial
set. By theorem 1.7.9, holi_n}A A, X can be computed using the bar construc-
tion B(A1, C, X), which is readily seen to be isomorphic to the simplicial set
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N(C) x X. Using the explicit description of the derived unit and counit in the
proof of theorem 3.3.19, it can be shown that the diagram shown below com-
mutes,

holim A,X —— holim ApX
—A —B

N(A) X X oy N(B) X X

but by proposition 1.3.19, N(u) X id is a weak homotopy equivalence for all X
if and only if N(u) : N(A) — N(B) is a weak homotopy equivalence, i.e. if and
only ifu : A - Bis a W_-equivalence. [ |

We thus obtain a proof of Grothendieck’s conjecture ([1983, § 81]):

Corollary 7.4.17. The minimal basic localiser for Cat is W_.. [ ]
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GENERALITIES

Adjoints and mates
We begin by recalling a standard definition:
Definition A.1.1. An adjunction of categories consists of the following data:

* A functor F : C — D, called the left adjoint.

* A functor G : D — C, called the right adjoint.

* A natural transformation # : id. = GF, called the unit.

* A natural transformation € : FG = id,), called the counit.
These are moreover required to satisfy the triangle identities:

eF e Fnp=1dg Ge oG =1d,
If such data exist, we write
FA4G:D->C

and say that F is a left adjoint of G, and G is a right adjoint of F.

Proposition A.1.2. Let F 4G : D - Cand F' 4 G' : D' - C' be adjunctions,
letn :id, = GF andn' : id., = G'F’' be the respective units, and let € :
FG = idp and €' : F'G' = idy, be the respective counits. Let H : C — C’

335



A. GENERALITIES

and K : D — D' be functors, and let ¢ and y be natural transformations as in
the diagrams below:

c—L¢ DX,
PRy
DT>D’ CT>CI

Then, the following are equivalent:
(i) € KFeF'wFeF Hnp=q.
(i) wFeHn=G'@pen'H.
(iii) w =G’ Ke+ G'9pG e ' HG.

(iv) € K e F'yy = Ke » ¢G.

Proof.

(1) = (i1). GopenH=G'¢KFeG'F'wFe+«G'F' Hnen'H
=G'eKFen'G'KF eywF « Hy
=yl e«Hn

(i1) = (iii). G'KeeG'9oGoen'HG =G KeowFG « HnG

=y e HGe « HnG
=y

(i) = @iv). EKeF'w=KeF G'KeeF'G'9G+F'nHG

=KeepGec' HG+ F'n'HG
= Ke e pG

(iv) = (). ¢ KFeF'wFeF Hny=KeF «pGF « F'Hp

=KeFeKFnegp
=@ |
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Definition A.1.3. A conjugate pair of natural transformations is a pair (¢, y)
satisfying the equivalent conditions of the above proposition. Given such, we
say @ is the left mate of y, and v is the right mate of ¢.

Definition A.1.4. Let F 4G : D —» Cand F' 4 G' : D' - C' be adjunctions,
let H:C — C'"and K : D - D’ be functors, and let ¢ and y be a conjugate
pair of natural transformations as in the diagrams below:

c " ¢ DX .
PN
DT>D’ CT>C’

We say the diagram on the right satisfies the left Beck—Chevalley condition
if the left mate @ is a natural isomorphism, and we say the diagram on the left
satisfies the right Beck—Chevalley condition if the right mate y is a natural iso-
morphism. More generally, the local left Beck—Chevalley condition is satisfied
at an object C in C if the component ¢ : F"HC — K FC is an isomorphism,
and the local right Beck—Chevalley condition is satisfied at an object D in D
if the component y,, : HGD — G'K D is an isomorphism.

REMARK A.1.5. Unfortunately, the Beck—Chevalley conditions are not vacuous.
For example, consider the following (strictly!) commutative diagram of forgetful
functors:

CRing —— Ab

L]

Set —a Set

The left mate of the trivial natural transformation in the above diagram is the
group homomorphism ZX — Z[X] that sends a generator in ZX to the corres-
ponding generator in Z[ X |; clearly, this is never an isomorphism. However, this
is unsurprising: we do not expect the free abelian group generated by X to be
naturally isomorphic to the additive group of free commutative ring generated
by X.
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Example A.1.6. Let C be a category with pullbacks, and suppose the following
diagram is a pullback square in C:

z X
| b
w Y

Let X, : C,x — C,y etc. be the functor that sends an object p : E — X in

z

—
w

C,x to the object fep : E — Y in Cy, and consider the induced (strictly!)
commutative diagram of functors:

ZZ

|

Cw —5—Cp

Since C has pullbacks, X, and X, have right adjoints,"! and the pullback past-
ing lemma then implies that the above square satisfies the right Beck—Chevalley
condition.

Lemma A.1.7. Given a diagram of functors and natural transformations of the
form below,

where w : HG = G'K is a natural isomorphism, F - G, and F' - G’, for
each object C in C, the following are equivalent:

(1) The diagram satisfies the local left Beck—Chevalley condition at C.

(ii) The functor (C | G) - (HC | G') sending an object (D, f) in the comma
category (C | G) to the object (KD, Yp e Hf) in (HC | G') preserves
initial objects.

See lemma A.2.17.
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Proof. We know (FC, ’7c) is an initial object of (C | G) and (F’HC, n}{C) is an
initial object of (HC | G'), so there is a unique morphism ¢ : F"HC — KFC
such that G' @ o ;- = ype o Hy. However, we observe that

Pc=@c°Epipce F'iye
=éexpc o F'G'oc o Fliye
=€ipco F'ypco F' Hiye
SO @ is precisely the component at C of the left mate of y. [ |

Lemma A.1.8 (Pasting conjugate pairs).
) Let FAG:D—->C F 4G :D - C,and F" 4G" : D" - C”
be adjunctions, let H : C - C', H : C' - C", K : D - D', and
K' : D" - D" be functors, and let @, @', y,y' be natural transformations
as in the following pasting diagrams:

C H N C/ H' N C// D K N D/ K’ N DI/
FJ/ %(p lF, )?(p/ lFN GJ W% G/J/ Wﬂ J/ ”
D > D' > D" C y C' > C"
K K’ H H'

Let p = K'pe@'H and y = y'K « H'y. If (p,y) and (¢',y') are
conjugate pairs, then (p, ) is also a conjugate pair.

(i) Let FF 4G, :D - C F,4G,: - D, F/ 4G, : D - C', and
F, 4G, : & — D' be adjunctions, let H : C - C', K : D - D', and
L : & — & be functors, and let @, @,, v, y, be natural transformations
as in the following pasting diagrams:

C—)C/ 8—)8/
Y

i | o| e

DX .1 DX D

5| g | a| "o

8—)81 CT>C/

Let o = @, F, « F)@, and y = Gy, » y,G,. If((pl,u/l) and (qoz,ulz) are
conjugate pairs, then (@, y) is also a conjugate pair.
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Proof. These are straightforward exercises in using the triangle identities. 4

Proposition A.1.9. Letu, 1u*:C - A, q ¢ : B—>D,v" Hv,: B-C_,
and p* - p, : D - A be adjunctions, and let 6 : u*p* = v*q" be a natural
transformation.

C—>
o|
A—>

The following are equivalent:

O« &
m%q

54
4 |
——D

(1) The diagram on the left satisfies the left Beck—Chevalley condition.
(11) The diagram on the right satisfies the right Beck—Chevalley condition.

Proof. Let @ : q,p* = v*u, be the left mate of 0, and let y : u*v, = p,q" be the
right mate of 6. Then, by proposition A.1.2,

Ou, « p'n" = q @ en’p’ 10" 0 q,0 = U*e" « u*
wu'eu'n" =p,0en'u elq* e p'y = q'e" « O,

where the # denote the various adjunction units and the € denote the various
adjunction counits, thus:

wo'u, o (u'n'u, o n*) = p,Ou, e n’u*u, « n*
p.Ouy e p.p'n' o’ = p.g @« (pn'p* o 1)
(£9+qe°q*) o qp*y = €92 q,q"" » q,00,
e’ ey, 0 q0v, = (5” . v*e”v*) o u'v,
Thus, (@, y) is a conjugate pair of natural transformations between the adjunc-

tions v*u, 4 u*v, and q,p* - p.q". It follows (by lemma A.1.8) that ¢ is a natural
isomorphism if and only if y is a natural isomorphism. [ |

Cartesian closed categories

Definition A.2.1. Let C be a category with binary products, and let Y and Z be
objects in C. An exponential object for Y and Z is an object [Y, Z]. in C and
amorphismevy , : [Y, Z]. XY — Z with the following universal property:
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* For all morphisms f : X XY — Z in C, there exists a unique morphism
f:X = [Y,Z]suchthatevy , o (f xidy) = f.

An exponentiable object in C is an object Y such that, for all objects Z in C,
the exponential object [Y, Z]. exists. We may write [Y, Z] or Z Y instead of
[Y, Z] if there is no risk of confusion.

Lemma A.2.2. Let Y be an object in a category C with binary products. The
following are equivalent:

(1) Y is an exponentiable object in C.

(1) The functor — XY : C — C has a right adjoint [Y,—]. : C = C, and the
counit of this adjunction is evy _.

Proof. Immediate from the definitions. ¢

Definition A.2.3. A cartesian closed category is a category with finite products,
in which every object is exponentiable. A locally cartesian closed category is
a category C such that, for every object I, the slice category C,; is a cartesian
closed category.

Example A.2.4. Set is cartesian closed category; in fact, it is even a locally
cartesian closed category.

Proposition A.2.5. Let C be a cartesian closed category.
(i) The assignment (Y, Z) — Y, Z]. extends to a functor C*®* X C — C.

(i1) For each object Z, the functor [—, Z]. : C*® — C is a contravariant right
adjoint for itself.

Proof. (i). This is an instance of the parametrised adjunction theorem.!?!
(i1). We have the following natural bijections:

CX,[Y.Z)=2C(XXY,Z)
2C(YXX,Z)
~CY,[X,Z)]) |

[2] See Theorem 3 in [CWM, Ch. 1V, § 7].
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Lemma A.2.6. Let C and D be cartesian closed categories. If F : C - Disa
functor that preserves binary products, then:

(i) For any two objects X and Y in C, there is a unique morphism @y , :
F[X,Y]. = [FX, FY], such that the following diagram commutes:

FIX, Y] Xx FX —— F([X.Y]. X X)

(pX’YXidl J/FCVX’Y

- Trm—
[FX,FYlpX FX ——— FY

(ii) The morphism @y , is natural in both Y and Z.

Proof. The existence and uniqueness of @y , follows from the universal prop-
erty of [FX, FY], as an exponential object, and a standard argument proves
naturality. ¢

Definition A.2.7. A cartesian closed functor is a functor F : C — D between
cartesian closed categories such that the canonical comparison morphisms @y y :
F[X,Y], = [FX, FY], described above are isomorphisms.

Proposition A.2.8. Let C and D be cartesian closed categories, and let Y be
an object in C and let Z be an object in D. Suppose we have an adjunction
F 4G :D - Cwithunitn :id. = GF and counit € : id, = FG; then:

W) If wey, + GIFY,Z]p, — [GFY,GZ]. is the canonical comparison
morphism, then 0y , = [ny, GZ ] ¢ ° Wry,z I the unique morphism in C

making the following diagram commute:

GIFY,Zl,xY 2" G[FY, Z], x GFY

Oy xid >
[Y.GZ]. XY G([FY, Z/]D X FY)
eVy Gz Gevpy 7
Gz Gz
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(i1) If the canonical comparison morphism F(X XY) - FX X FY is an iso-
morphism for all objects X inC, and ¢y, : FIY,GZ]. - [FY,FGZ]p,
is the canonical comparison morphism, then yy , = [F Y,e Z] »° Py Gz IS
the unique morphism in D making the following diagram commute:

FIY,GZ]. X FY —=— F([Y,GZ].XY)

Xy.zxid eVy.6z
[FY,Z\]/DXFY FEZ
eVry.z £z

Moreover, under this hypothesis, G yy ; ° Ny gz, is a two-sided inverse
for 0y 4.

(iii) If 0y , is an isomorphism for all objects Z in D, then for all objects X
in C, the canonical comparison morphism F(X XY) - FX X FY isan
isomorphism.

Proof. (i). The claim is proven by the commutativity of the following diagram:

idxny

G[FY,Z]lp, XY — G[FY,Z|, X GFY —=— G([FY, Z], X FY)

Wy zXid J/WFY,ZXid

~

[GFY,GZ]- XY o [GFY,GZ]-XGFY Gevpy ,

['IY’Z]C m
[Y.GZ], GZ

7
eVy.Gz

(i)). To show that y, , makes the diagram commute, one uses the fact that
eVeyz - [FY,Z]p X FY — Z is natural in Z. Since F preserves products
with Y, we have the following natural bijections:

C(X,GIFY,Zl,) = D(FX,[FY,Zl,) 2 D(FX X FY,Z)
~D(F(X XY),Z)=C(X XY,GZ)=C(X,[Y,GZ].)
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One obtains explicit isomorphisms by chasing id, in both directions. Taking
X =1Y,GZ]., we find that the isomorphism [Y,GZ]. = G[FY, Z], is pre-
cisely G yy 7 ° iy gz and taking X = G[FY, Z],, we find that the inverse is
the right exponential transpose of

G(eVFY,Z ° (5 (FY,Z]p X idY)) ° NGIFy,Z)pxY

where we have suppressed the comparison isomorphism F (G[F Y,Z], X Y) =
FGI[FY, Z], X FY; but naturality of the comparison morphisms for binary
products gives us the commutative diagram below,

G[FY,Zl,xY —— GF(G[FY,Z],XY)

o~
g

G(FGIFY,Zl,x FY) 229 G([FY, Z], x FY)

=4 >~
~

GIFY,Z),xY 2% GFG[FY, Z|,x GFY <2 G[FY, Z], x GFY
\_//

idxn

s0, suppressing the comparison isomorphisms, we obtain the following equation:

G(E[FY,Z]D X idFY) °NGIFY,Zlpxy = idG[FY,Z]D X Ny

Thus, the isomorphism G[FY, Z], — [GY, Z]. is indeed 0y ,, as claimed.

(iii). Now, suppose 0y , : G[FY, Z];, — [GY, Z] is an isomorphism for all
Z . Then, we have the natural bijections

D(FX X FY,Z)=D(FX,[FY,Zl,) = C(X,G[FY,Z]p)
~C(X,[Y,GZ],) 2=C(X XY,GZ) = D(F(X XY),Z)

and by chasing id, for Z = FX X FY, we conclude that the canonical compar-
ison morphism F(X X Y) — FX X FY is an isomorphism. [ |

Definition A.2.9. A Frobenius adjunction of cartesian closed categories is an
adjunction F 4 G : D — C where C and D are cartesian closed categories, such
that the natural morphisms 6y, , : G[FY, Z], — [Y,GZ]. described above are
isomorphisms, or equivalently, such that the left adjoint F' : C — D preserves
binary products.
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REMARK A.2.10. If C and D are cartesian closed categories and G : D — C is any
functor that preserves finite products, then G induces a C-enrichment of D from
the cartesian closed structure of D, and the exponential comparison morphisms
vy GlY,Z]p — [GY,GZ]. makes G : D — C into a C-enriched functor.

Now, suppose G has a left adjoint F' : C — D. The adjunction F 4 G is a
Frobenius adjunction precisely when it is compatible with the C-enrichments of
C and D. (Of course, this means F is also a C-enriched functor.)

However, not all enriched adjunctions between cartesian closed categories
are of the above form.

Proposition A.2.11. Let X, Y, and Z be any three objects in a cartesian closed
category C.

(i) There is a unique morphism iy y , : [X XY, Z] — [X,[Y, Z]] making
the following diagram commute:

(X XY, ZI1XX)XY —=5 [XXY,Z]X(X XY)
(AX’Y'ZXidX)xidyl

([Xa [Ya Z]] X X) XY SVxxy.z
eVX,[Y,ZJXiXm
Y. Z1x Y ' Z

(ii) The morphisms Ayy , : [X XY, Z] — [X,[Y, Z]] constitute a natural
isomorphism.

Proof. The existence and uniqueness of Ay , , follows from the universal prop-
erty of [X,[Y, Z]] and [Y, Z] as exponential objects, and a standard argument
shows that Ay y , is natural in X, Y, and Z. By the associativity of cartesian
products, we have the following natural bijections:

CT,[XXY,Z)=C(T X(XXY),Z)
2C((TxX)xY,Z)=C(TxX,[Y,Z])=CT,[X,Y,Z]])

Chasing id; for T = [X X Y, Z], we find that Ay y , is an isomorphism. [ |

Definition A.2.12. Let C be a cartesian closed category. An exponential ideal of
C is a full subcategory D C C such that, for all objects Y in C, if Z is in D, then
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the exponential object [Y, Z]. is (isomorphic to) an object in D. A reflective
exponential ideal of C is an exponential ideal D such that the inclusion D < C
has a left adjoint.

Proposition A.2.13. Let C be a cartesian closed category, let G : D — C be the
inclusion of a full subcategory, and suppose G has a left adjoint F : C — D.
The following are equivalent:

(i) F preserves finite products.
(i1) F preserves binary products.
(iii) D is a reflective exponential ideal of C.

(iv) Dis a cartesian closed category, G : D — C is a cartesian closed functor,
and the canonical morphisms G| FY , Z], — [Y,GZ] . are isomorphisms.

Proof. (1) = (ii). Immediate.

(i1) = (iii). Under our hypotheses, the product of two objects X and Y in D can
be computed as F(GX X GY). Let 5 : id, — GF be the unit of the adjunction.
We have the following natural bijections:

C(X,[Y,GZ].) 2 C(X XY,GZ)
~D(FX X FY,Z)
~D(FGFX X FY,Z)
~C(GFX XY,GZ)
~C(GFX,[Y,GZ],)

By chasing these maps explicitly, we find that every morphism X — [Y,GZ],
factors through 7, : X = GF X in a unique way. In particular, we have

id[Y,GZ]C =ryz°Nyaez,

forauniquery , : GF[Y,GZ]. — [Y,GZ].. The triangle identity then implies
Fry 7 = €py g2, thus,

Nyezi.°ty.z = GFry ;e Heriy.cz). = GSF[Y,GZ]C °Nerry.cz1, = idGF[Y,GZ]C

and therefore ry , is an isomorphism.
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(ii1) = (iv). It is a standard fact that a reflective subcategory is closed under all
limits that exist in C, so D must have finite products and G : D — C preserves
them. If D is an exponential ideal, then ny ). : [Y,GZ], - GF[Y,GZ],
must be an isomorphism, so we obtain natural bijections
DX XY,Z)=C(GX XGY,GZ)

= C(GX [GY.GZ],)
~ C(GX,GFI[GY,GZ],)
D(FGX,FIGY,GZ].)
D(X,FIGY,GZ),.)

II2

IIZ

and therefore we may take [Y, Z], = F[GY,GZ].. Obviously, this makes
G : D — C into a cartesian closed functor. We also have

C(X,GIFY,Z]p) = C(X GFIGFY,GZ],)
~ C(X,[GFY,GZ],)
~ C(GFY,[X,GZ],)
(GFY,GF[X,GZ].)
(Y,GF[X,GZ].)
(Y.[X.GZ],)
~C(X,[Y,GZ],)

and so the canonical morphism G[FY, Z], — [Y,GZ] is an isomorphism.

(iv) = (i). Since D has a terminal object and G : D — C preserves it, F'1 must
be a terminal object in D. Now apply proposition A.2.8. [ |

Corollary A.2.14. If € is a reflective exponential ideal of D, and D is a reflective
exponential ideal of C, then & is also a reflective exponential ideal of C. [ |

Proposition A.2.15. Let Cat be the category of small categories, and let Grpd
be the full subcategory of groupoids.

(1) There exist adjunctions
7, = disc - ob - codisc : Set — Cat

where ob C is the set of objects in a category C, disc X is the category with
obdisc X = X and all arrows trivial, and codisc X is the category with
obdisc X = X and a unique arrow between any two objects.
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(ii) The functor disc : Set — Cat is fully faithful and exhibits Set as a reflect-
ive exponential ideal of Cat.

(iii) The functor m, : Cat — Set preserves finite products.
(iv) There exist adjunctions

I 4 und 4 iso : Cat —» Grpd

where und : Grpd — Cat is the inclusion and iso C is the maximal sub-
groupoid of a category C.

(v) Grpd is a reflective exponential ideal of Cat.
(vi) The functor 1 : Cat — Grpd preserves finite products.
(vii) The adjunctions in (i) factor through Grpd, yielding adjunctions

7, -1 disc 4 ob - codisc : Set — Grpd

where 7, : Grpd — Set again preserves finite products.

(viii) The functor Cat — Set that sends a category C to the set of isomorphism
classes in C preserves finite products.

Proof. (i). The functor disc : Set — Cat obviously satisfies the solution set
condition, so the general adjoint functor theorem gives us a left adjoint 7, :
Cat — Set; the existence of the other adjunctions is obvious.

(i1). It is clear that disc : Set — Cat is fully faithful, and direct computation
shows that [C, disc X] is a discrete category for any C, so Set is indeed a reflect-
ive exponential ideal of Cat.

(ii1). Thus, by proposition A.2.13, r, : Cat — Set must preserve finite products.

(iv). It is not hard to check that the inclusion Grpd — Cat satisfies the solution
set condition, so the general adjoint functor theorem gives us a left adjoint I :
Cat — Grpd; the fact that iso : Cat — Grpd is right adjoint to the inclusion is
obvious.

(v). Direct computation shows that [C, G] is a groupoid whenever G is, so Grpd
is indeed a reflective exponential ideal of Cat.
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(vi). Thus, I : Cat — Grpd must preserve finite products.

(vii). Clearly, disc X and codisc X are already groupoids, so the adjunctions do
indeed factor through Grpd.

(viii). The set of isomorphism classes of objects in C is precisely z,isoC. [l

Definition A.2.16. The dependent sum of an object p : X — I in C,; along
a morphism j : I — J in C is the object jep : X — J in C,;, and we write
X, : €, = C,, for the functor sending an object to its dependent sum along ;.

Lemma A.2.17. Let j : I — J be a morphism in a category C. The following
are equivalent:

(1) C has pullbacks along j.

(11) There exists an adjunction

LA :Cy—Cy

where X, is the dependent sum functor, and the right adjoint j* : C,; — C/;
is the pullback functor.

Proof. This is just a matter of unwinding the definitions. ¢

Definition A.2.18. Let C be a category with pullbacks. A dependent product
of an object p: X — I'in C,; along a morphism j : I — J in C is an object I, p
in C,; and a morphism ev; , : j*IL,p — pin C,; with the following universal
property:

* For all morphisms f : j*q — pin C,;, there exists a unique morphism
fig—=Tpin C,y such thatev; o j*f = f.

A XIlI-category is a category C with finite limits such that, for every morphism
Jj : I = J in C, dependent products along j exist.

Lemma A.2.19. Let j : I — J be a morphism in a category C with pullbacks.
The following are equivalent:

(1) For all objects p: X — I in C, a dependent product of p along j exists.

349



A. GENERALITIES

(ii) The pullback functor j* : C,; = C,; has a right adjoint 11, : C,; — C,
that sends an object to its dependent product along j, and the counit of
this adjunction is ev; _.

Proof. This is just a matter of unwinding the definitions. ¢

Corollary A.2.20. If j : I — J is a morphism in a XIl-category C, then the
pullback functor j* : C,; — C,; preserves all limits and colimits. [ ]

Proposition A.2.21. Let C be a category with a terminal object. The following
are equivalent:

(1) C is a XI1-category.

(i1) C is a locally cartesian closed category.
Proof. See Proposition 9.20 in [Awodey, 2010]. O
Theorem A.2.22. Let D be a small category, and let C = [D?, Set]. Then:

(1) C has limits and colimits for all small diagrams, and these can be construc-
ted componentwise in Set: a cone (resp. cocone) in C over (resp. under)
a diagram in C is a limiting cone (resp. colimiting cocone) if and only if it
is so in every component.

(i1) Every internal equivalence relation in C is the kernel pair of its coequal-
iser.

(iii) For all morphisms j : I — J in C, the pullback functor j* : C,; — C/;
preserves all limits and colimits.

(iv) The Yoneda embedding h, : D — C is a dense functor, i.e. for every
presheaf X : D — Set, the tautological cocone from the canonical
diagram (ﬁ, l X) — C to X is a colimiting cocone.

(v) Cis a locally finitely presentable category.

(vi) C is a ZIl-category.

[3] See definition A.5.7.
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Proof. (i). This is a standard fact about presheaf categories.

(i1) and (iii). The claims are true for Set, and hence for C by claim (i).
(iv). See proposition A.5.24.

(v). See theorem 0.2.26.

(vi). Apply theorem 0.2.35 to construct a right adjoint for j*: C,; > C,;. W

REMARK A.2.23. The Yoneda lemma gives us an explicit description of the ex-
ponential objects in [D°, Set]: given two presheaves Y, Z : D — Set, if Z¥
is their exponential object, then we must have

Z"(d) = [D*,Set](h,, Z") = [D,Set] (A, XY, Z)
and so we may define Y* by Y*(d) = [D*, Set](h; X Y, Z).

Definition A.2.24. Let Y and Z be topological spaces, and let [Y, Z] be the set
of all continuous maps Y — Z. The compact—open topology on [Y, Z] is the
coarsest topology such that the subsets

V(K.U)={f€lY,Z]|K < f7'U}
are open in [Y, Z] for all compact subsets K C X and all open subsets U C Y.

REMARK A.2.25.If Y is a discrete space, then the compact—open topology on
[Y, Z] coincides with the product topology on Z".

Definition A.2.26. A compactly-generated Hausdorff space is a Hausdorff to-
pological space X such that a subset U C X is open if and only if, for every
continuous map f : K — X where K is a compact Hausdorff space, f~'U is an
open subset of K. We write CGHaus for the category of compactly-generated
Hausdorft spaces and continuous maps.

Proposition A.2.27.
(1) IfY is a locally compact Hausdorff space, then for all topological spaces
Z, the set of all continuous maps Y — Z, equipped with the compact—
open topology, is an exponential object [Y, Z] in Top.

(i) Top is not a cartesian closed category.
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(iii) CGHaus is a cartesian closed category.

Proof. Claim (i) follows from Theorems 46.10 and 46.11 in [Munkres, 2000],
and claim (i1) is Proposition 7.1.2 in [Borceux, 1994a], and claim (iii) is proved
in [GZ, Ch. 111, § 2]. Ol

Factorisation systems

Definition A.3.1. Let f : X — Y and g : Z — W be morphisms in a category
C. Given a commutative square in C,

Z 25X
gl A
W ——Y
a lift is a morphism 2 : W — X suchthat feh=wand ho g = z.

We say g has the left lifting property with respect to f and f has the right
lifting property with respect to g, and we write g [[] f, if every commutative
square in C of the form above has a lift. We say f is left orthogonal to g and g
is right orthogonal to f, and we write g L f if lifts exist and are unique.

Given I C mor C, we define the following subensembles of mor C:

UI={femorC|Vgel. fg}
I9={gemorC|Vf eI fIAg}
LI ={f€morC|Vgel. fLlg}
I'={gemorC|VfeI f1lg)
LemmaaA.3.2. Let f : X - Yandg : Z — W be morphisms in a locally small
category C. Consider the commutative diagram in Set shown below,

C(W,X) 1.

C(Z,X) — C(Z,Y)

where the inner square is a pullback diagram.
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(1) The dashed arrow is a surjection if and only if g [ f.
(i1) The dashed arrow is a bijection if and only if g L f.
Proof. This is just a restatement of the definition. [ |
Proposition A.3.3. Let C be a category.
(i) If R C mor C, then LR C BR.
(i) If R’ C R C morC, then @R’ D YR,
(iii) If R’ C R CmorC, then LR’ 2 *R.
Dually:
(") If £ C mor C, then £+ C LY.
(i) If£' C £ CmorC, then £L'Z D P,
(iii’) If £’ C £ C mor C, then L'+ D L.
Moreover, we have the following antitone Galois connections:

L CYR ifand only if R C LY
L C*Rifand only if R C L*

Proof. Obvious. ¢

Corollary A.3.4. We have the following identities:

2(@R)B) = R LR = 1R
2(c2))p = 22 ((eh)) =
Proof. This is a standard fact about (antitone) Galois connections. [ |

Lemma A.3.5. Let f : X — Y be a morphism in a category C. The following
are equivalent:

(1) f is an isomorphism.
(1) f is right orthogonal to any morphism in C.

(i) f has the right lifting property with respect to any morphism in C.
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(iv) f has the right lifting property with respect to itself.
Dually, the following are equivalent:

(i) f is an isomorphism.

(ii") f is left orthogonal to any morphism in C.
(iii") f has the left lifting property with respect to any morphism in C.
(iv") f has the left lifting property with respect to itself.

Proof. (i) = (ii). Suppose r : ¥ — X is a morphism such that r o f = id,.
Then, for any commutative square as below,

Z 25X
l /
W ——Y

w

|

we have (row)eg =re foz = z;butif for =1id, as well, then fo(ro w) = w;
thus re w : W — X is the required lift. It is clearly unique, as f is monic.

(i) = (ii1), (iii) = (iv). Obvious.
(iv) = (i). Consider the following commutative square:

X X

if

Since f has the right lifting property with respect to itself, there exists a morph-
ismh:Y — Xsuchthathe f =i1dy and f o h =1d,. [ |

l

id
f
id

Y

|

1

Definition A.3.6. A weak factorisation system for a category C is a pair (£, R)
of subclasses of mor C satisfying these conditions:

* For each morphism f in C there exists a pair (g, h) withg € Land h € R
such that f = h e g. Such a pair is a (£, R)-factorisation of f.

* A morphismisin £ if and only if it has the left lifting property with respect
to every morphism in R, i.e. £ = UR.
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* A morphism is in R if and only if it has the right lifting property with
respect to every morphism in £, i.e. R = LY.

An orthogonal factorisation system is defined like a weak factorisation system,
except for replacing ‘... has the left/right lifting property with respect to ...” with
‘... 1s left/right orthogonal to ...".

REMARK A.3.7. Obviously, (£, R) is a weak (resp. orthogonal) factorisation sys-
tem for C if and only if (R, L) is a weak (resp. orthogonal) factorisation
system for C°P.

Proposition A.3.8. Let (L, R) be a weak factorisation system on C. If either
* every morphism in R is a monomorphism in C, or
* every morphism in L is an epimorphism in C,

then (L, R) is an orthogonal factorisation system.

Proof. The two hypotheses are formally dual, so it is enough to check the first
case. Observe that, given a commutative diagram

7 15X

w7
gJ/ /// J/f

W —Y

where f : X — Y isamonomorphism, forany 2’ : W — X suchthat foh' = w,
we must have 2 = h'. Thus, for any monomorphism f : X - Y, g [] f if and
only if g L f. Hence, L = YR = LR. On the other hand, £+ C £¥ = R, so
R = L1 as well. [ |

Definition A.3.9. A proper factorisation system on a category C is an ortho-
gonal factorisation system (€, M) on C such that every morphism in £ is an
epimorphism and every morphism in M is a monomorphism.

Example A.3.10. In Set, if £ is the class of surjective maps and M is the class
of injective maps, then (£, M) is a proper factorisation system.

Lemma A.3.11. Let A be an object in a category C with a weak (resp. orthgonal)
factorisation system (L, R). Then the slice category C,, has a weak (resp. or-
thogonal) factorisation system where a morphism is in the left or right class if
and only if'it is so in C.
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Proof. The projection C,, — C induces a bijection between solutions for lifting
problems in C,, and solutions for the corresponding lifting problems in C. Il

Proposition A.3.12 (Closure properties). Let R C mor C and suppose either
L=PRorL="R.

(1) Given a pushout diagram in C as below,

i

7z —2~Z
g’l Jg
W — W
tw
if the morphism g' is in L, then g is also in L.

(1) Let I be a set. If g, : Z, — W, is a morphism in L for all i in I and the
coproduct |1, g; : 11, Z; = L1, W; exists in C, then 1, g; is also in L.

(i11) Given a commutative diagram of the form

if gisin L, then so is g'; in other words, L is closed under retracts.
(iv) L is closed under composition.

(v) Lety be an ordinal and let Z : y — C be a colimit-preserving functor. We
write Z,, for Z(a), where a« <y, and g, : Z, — Z for the morphism
Z(a — p), where a« < f < y. If Ais a colimiting cocone from Z to W
and each g, , is in L, then each component A, : Z, — W is also in L.

Proof. (1). Suppose f isin R, and consider the following commutative diagram:

7z 7z = .x
I
Wi—t—= W —— Y
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There exists A’ : W' — X suchthat h’ o g’ = zei,and feh' = weiy. In
particular, there exists a unique morphism 4 : W — X such that ho g = z and
heiy, = h', by the universal property of pullbacks. Thus feheiy = foh' =
weiy and fehog= foz=uwog, butiy and g are jointly epic, so f o h = w.
This shows # is the required lift, and 4 is unique if A’ is.

(i1). We may construct the required lift componentwise.

(iii). Suppose f is in R, and consider the following commutative diagram:

Z/ iz >Z rz )Z/ z X

g’l gJ g’l lf

W ——W ——W ——Y
iw w

There exists A : W — X suchthatheg =zeor,and foh =wery,, and so for
h' =heiy:

foh’:fohoiW:u)orWoiW:w

h/og/=hoiWog,=hogoiZ=ZOrZoiZ=Z

Thus A’ : W' — X is the required lift, and A’ is unique if & is (because ry, is
split epic).

(iv). Suppose g’ : Z' > Zandg: Z > WareinLand f : X - Y isin R.
Consider the following commutative diagram:

z

Z’—/>X

W —Y

There must exist a morphism z : Z — X suchthat zoeg’ = z" and foz' = wog,
and hence a morphism 4 : W — X such that heg = zand foh = w. Obviously,
ho(g'og)=2z,so his the required lift. Moreover, & unique if £ = *R.
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(v). We may assume without loss of generality that a = 0, since any non-empty
terminal segment of y is cofinal in y. Suppose f : X — Y is in R and consider
the following commutative diagram:

a lf

W——Y

For each a < y, given z, making the following diagram commute,

4

Z, - > X
ga,a+ll f
Zpi —— W —— Y
a+l1

choose a lift z,,, : Z,,; — X; for each limit ordinal g < y,letz; : Z;, -» X
be the unique morphism such that z; o g, ; = z, for all @ < . (Such z; exist
and are unique because Z, = li_r)n(Kﬁ Z,.) Note that the universal property of W
then guarantees that we A, = f o z,.

Having constructed morphisms z, : Z, — X for all « < y as above, we
may now obtain 4 : W — X as the unique morphism such that h- 4, = z, for
all @ < y, and again we automatically have f o h = w. It is also clear that A is
unique if £ = *R. ]

Proposition A.3.13 (Cancellation properties). Let R C mor C.

(1) Let L be either AR or LR, lete : A — Z be an epimorphism in C, and let
g:Z — W beamorphisminC. Ifgeeisin L, then sois g.

(1) Suppose (L, R) is an orthogonal factorisation system on R, and let e :
A — Z bein L. Then, a morphismg : Z — W isin L ifand only g o e is
in L.

Dually, let £ C mor C.

(i") Let R be either L2 or L1, let m : Y — B be an monomorphism in C, and
let f : X = Y be amorphisminC. If mo f isin R, then sois f.
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(ii") Suppose (L, R) is an orthogonal factorisation system on R, and let m :
Y — Bbein L. Then, a morphism f : X — Y isin L if and only g o e is
in L.

Proof. (i). The epimorphism e : A — Z induces a bijection between solutions
of lifting problems in C of the form

z

Z — X
| b
W——Y
and lifting problems of the form
A= X
gwl lf
W——Y

sog[] f (resp.g L f)ifandonlyif gee [] f (resp.gece L f).

(i1). By proposition A.3.12, we know g o e is in L if both g and e are in L; the
converse remains to be shown. Let r o [ be an (£, R)-factorisation of g. If go e
is in £, then there exists a unique s making the diagram below commute,

Al s m

s 7
goe // r
7
e
e
7

w — w
so r e s = idy;,, but then we also have

re(ser)=r

(Sor)o(loe)zso(goe):[oe
and /e e L r, so we must have s o r = id,,. Hence, g is also in L. [ |

Proposition A.3.14. Let C be a category and let (L, R) be a pair of subclasses
of mor C such that L C BR and R C LB. If every morphism in C admits an
(L, R)-factorisation, then the following are equivalent:
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(1) (L, R) is a weak factorisation system.
(i1) L and R are both closed under retracts in C.
Proof. (1) = (ii). This is a special case of proposition A.3.12.

(ii) = (i). Suppose f : X — Y isin LY. Let p o i be an (£, R)-factorisation of
f. Then, there must exist a morphism r such that rei =1id, and f or = p, as in
the diagram below:

X 9. x
7
zl " f

Z—Y

Hence, we have the following commutative diagram:

id
m

[ 7 r 7

N

~ e e
~—

~
~

Since R is closed under retracts, we deduce that f is in R. Thus, LY C R. The
dual argument proves that @R C L, so (£, R) is indeed a weak factorisation
system. |

Corollary A.3.15. Every orthogonal factorisation system is also a weak factor-
isation system.

Proof. Let (L, R) be an orthogonal factorisation system on a category C. Pro-
position A.3.3 implies £ € YR and R C £Y, and proposition A.3.12 says £ and
R are both closed under retracts, so we may use the earlier proposition to deduce
that (£, R) is a weak factorisation system. [ |

Definition A.3.16. A weak factorisation system (£, R) on a category C is cofi-
brantly generated by a subensemble I C mor C if R = IY. Dually, (£, R) is
fibrantly generated by a subensemble 7 C mor C if £ = UF.

REMARK A.3.17. Of course, (£, R) is always cofibrantly generated by L. The
condition is most useful when (£, R) is cofibrantly generated by a (small) subset
of L, but it is convenient to have the more general definition available.
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Definition A.3.18. Let (£, R) be a weak factorisation system on a category C.
An extension of (£, R) along a functori : C — C* is a weak factorisation system
(L*,R*) on C* with the following properties:

e Amorphism f : X - YinCisin R ifandonlyifif :iX — iY isin R*.

* Amorphismg : Z - W inCisin L ifandonly ifig : iZ — iW isin
cr.

Proposition A.3.19. Let C be a full subcategory of a category C*, let (L, R) be a
weak factorisation system on C, and let (L*, R™) be a weak factorisation system
on C™.

(i) IfL C L, then R 2 R™ nmor C.

(1) If (L, R) and (LT, R*) are both cofibrantly generated by the same en-
semble I, then R = R* nmor C.

Dually:
(") If R C R*, then L O L™ nmor C.

(i) If (L, R) and (LY, R*) are both fibrantly generated by the same ensemble
F, then L = LT nmor C.

Moreover:
(i) If L C LY and R C R™, then (LY, R") is an extension of (L, R).

Proof. Since C is a full subcategory of C*,if g: Z - Wand f : X — Y are
morphisms in C, then any lifting problem of the following form in C* is already
inC,

Z —— X

gl f

W ——Y

and moreover any solution to the above lifting problem in C* is also a solution
in C. Thus, g [] f in C if and only if g [] f in C™.

(i). Suppose f is in R* n mor C. Then f has the right lifting property in C*
with respect to every morphism in £*, and in particular, f has the right lifting
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property in C with respect to every morphism in £; hence f is in R, and therefore
R 2R " nmorC.

(ii). A morphism is in R (resp. R") if and only if it has the right lifting property
in C (resp. C*) with respect to every morphism in Z, so by our initial observation,
we must have R = R* nmor C.

(iii). Immediately follows from claims (i) and (i"). [ |

Proposition A.3.20. Let (L, R) be a weak (resp. orthogonal) factorisation sys-
tem for a category C, and let (L', R") be a weak (resp. orthogonal) factorisation
system for a category C'. Given an adjunction

FAU:C' > C
the following are equivalent:
(1) F sends morphisms in L to morphisms in L.
(ii) U sends morphisms in R’ to morphisms in R.

Proof. The adjunction induces a bijection between solutions to the two lifting
problems shown below:

FZ — X /Z/ ——UX
R 1
Fgl /?,/ lf gl e lUf
FW — Y W ——UY
Thus, Fg [ f (resp. Fg L f)ifandonlyif g [AU f (resp. g L U f). [ |

9 a.3.21. Let 2 be the category {O — 1}, and let 3 be {0 - 1 — 2}. Thus,
given a category C, the functor category [2, C] is the category of arrows and
commutative squares in C. There are three embeddings d°,d!, d* : 2 — 3:

d’0) =1 d'(0)=0 d*(0)=0
d’(1) =2 di()=2 d*(H) =1

These then induce (by precomposition) three functors d,, d,, d, : [3,C] = [2,C].
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Definition A.3.22. A functorial factorisation system on a category C is a pair
of functors L, R : [2,C] — [2, C] for which there exists a (necessarily unique)
functor F : [2,C] — [3, C] satisfying the following equations:

A functorial weak (resp. orthogonal) factorisation system on C is a weak
(resp. orthogonal) factorisation system (£, R) together with a functorial factor-
isation system (L, R) such that Lf € £ and Rf € R for all morphisms f in
C.

Lemma A.3.23. Let A be an object in a category C and let X, : C,, — C be the
projection from the slice category.

(1) For each functorial factorisation system (L, R) on C, there exists a unique
functorial factorisation system (L 4 R A) on C,, such that

[2,2,] e L, =Lo[2,%,] [2,2,] e Ry =R [2,%,]
where [2, ZA] : [2, C/A] — [2, C] is the evident induced functor.

(11) If (L, R) is part of a functorial weak or orthogonal factorisation system
on C, then (L R A) is compatible with the induced weak or orthogonal
factorisation system on C,, as well.

Proof. Obvious. ¢

Proposition A.3.24. Any orthogonal factorisation system can be extended to a
functorial one.

Proof. For each morphism f in a category C with an orthogonal factorisation
system (L, R), choose a factorisation f = Rf e Lf with Lf € L and Rf € R.
Given a commutative square in C, say

z
|
W

z

—

<

—
~

~

—

w
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the lifting property ensures that the dashed arrow in the diagram below exists,

and orthogonality ensures uniqueness and hence functoriality. [ |

Corollary A.3.25. If (L, R) is an orthogonal factorisation system on a category
C, then, for any category J, there exists an orthogonal factorisation system on
the functor category [J,C] where a natural transformation is in the left (resp.
right) class if and only if all its components are in L (resp. R).

Proof. Obviously, every morphism in [J, C] admits such a factorisation, since
(L, R)-factorisations in C are functorial. By considering a commutative diagram
in C of the form below,

7 — X'

NN
N

V4 X
|V
—l—> Y’ lf
Y

w

g/

|

W/

L,

where f and f' are in R while g and g’ are in £, using the fact that (£, M)
is an orthogonal factorisation system, one may show that lifting problems in
[J, C] admit unique solutions, and that these solutions are moreover constructed
componentwise. Thus, (£,R) induces an orthogonal factorisation system on

[T.Cl]. |

The following characterisation of functorial orthogonal factorisation systems
is due to Grandis and Tholen [2006]:
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Theorem A.3.26. Let (L, R) be a functorial factorisation system on a category
C. The following are equivalent:

(1) L is the underlying endofunctor of an idempotent comonad on [2, C] with
counit given by €, = (iddom o Rk), and R is the underlying endofunctor
of an idempotent monad on [2, C| with unit given by n,, = (h, 1d_ogom h).

(i1) For all morphisms hin C, RLh and L Rh are isomorphisms in C.
(iii) For any two morphisms in C, say h and k, we have Lk L Rh.
(iv) (L, R)is an orthogonal factorisation system on C extending (L, R), where:

L = {g € mor C | Rg is an isomorphism in C}
R ={f €morC|Lf is an isomorphism in C}

(v) There exists an orthogonal factorisation system (L, R) extending (L, R).

Proof. (i) & (ii). This is a standard fact about idempotent (co)monads.

(i1) = (i11). Now, consider the following lifting problem:
Z
d
w

Since (L, R) is a functorial factorisation system, we get a commutative diagram
of the form below,

z

—

~

—

w

but Rg and Lf are isomorphisms, so (Lf)™' ot o (Rg)™" is the required lift
W — X. On the other hand, if s : W — X is any morphism such that fes = w
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and s - g = z, then by taking (L, R)-factorisations of the vertical arrows in the
following diagram,

Z £ aw S sx 4.x
w s W s X s Y

id s f

we find it must be the case that L f o s e Rg = ¢, so we indeed have g L f.

(iii) = (iv). In particular, g L Rgand Lf L f, so there must exist morphisms i
and r making the diagrams below commute:

Z Lg ’ X ld X
. /7( />(
gl L le Lfl Jf
We then obtain the following equations,
(ioRg)eLg=Lg (LferyeLf=Lf
Rg-(i-Rg) = Rg Rfe(Lfer)=Rf

andsince Lg L Rgand Lf 1 Rf,wemusthaveiocRg =1id,, and L fer =idy,.
Thus, g € £ and f € R, and the same argument now shows that LR C £ and
LY CR.

It remains to be shown that £ C *R and R C £*. First, suppose g € £ and
f € R, and consider the following lifting problem:

z
|
W

With r and i as in the previous paragraph, we obtain a commutative diagram of

z

——

~

—

w
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the form below,

g W/ ___I__% 1 f
/egl lRf
W——W —Y —

where the arrow ¢ is obtained by the functoriality of (L, R)-factorisations. Thus,
r ot o iis the required lift W — X, and it is unique, since Rg and Lf are
isomorphisms. (Recall the proof of (ii) = (iii).) We conclude that £ = *R and
R =L

(iv) = (v). Immediate.

(v) = (iii). If (£, R) is an orthogonal factorisation system on C suchthat Lf € L
and Rf € R for all morphisms f in C, then we must have Lk L Rh for all h
and k in mor C, as required.

(iv) = (ii). Immediate. |

REMARK A.3.27. It is clear that a functorial factorisation system is associated
with at most one orthogonal factorisation system: indeed, if (£, R') is any or-
thogonal factorisation system extending a functorial factorisation system (L, R),
and (£, R) is the induced orthogonal factorisation system as in the theorem, then
each morphism in £ (resp. R) is a retract of some morphism in in £’ (resp. R');
but by proposition A.3.12, this implies £ C £" and R C R’, and applying pro-
position A.3.3, we alsoget L D L and R D R'.

Corollary A.3.28. If (L, R) is an orthogonal factorisation system on a category
C, then:

(1) L, considered as a full subcategory of [2, C], is replete and coreflective.
(i1) L is closed under all colimits in [2, C].
(ii1) If a diagram in L has a limit in [2, C], then it also has a limit in L.

Dually:
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(i") R, considered as a full subcategory of [2, C], is replete and reflective.
(ii") R is closed under all limits in [2, C].
(iii") If a diagram in R has a colimit in [2, C), then it also has a colimit in R.

Proof. Using proposition A.3.24 and theorem A.3.26, the above claims amount to
standard facts about the Eilenberg—Moore category for idempotent (co)monads.

There is a similar characterisation of functorial weak factorisation systems:

Theorem A.3.29. Let (L, R) be a functorial factorisation system on a category
C. The following are equivalent:

(1) For any two morphisms in C, say h and k, Lk [/] Rh.

(1) (L, R) is an weak factorisation system on C extending (L, R), where:
L= {g ernorC|EIi €emorC.iog=LgARgoi :idcodomg}
R={femorC|IremorC.for=Rf AreLf =idyy,,}

(ii1) There exists a weak factorisation system (L, R) extending (L, R).

Proof. The proof is essentially the same as that of theorem A.3.26. [ ]

REMARK A.3.30. As with orthogonal factorisation systems, there is at most one
weak factorisation system extending any functorial factorisation system.

The two theorems above motivate the following definition:

Definition A.3.31. A natural weak factorisation system!*! on a category C is a
pair (L, R) satisfying the following conditions:

* L=(L,¢& 06)1s acomonad on [2,C], where g, = (iddomk, Rk).
* R=(R,n, u) is amonad on [2, C], where n, = (Lh, id.yqomp )-

* (L, R) constitute a functorial factorisation system on C.

— in the sense of Grandis and Tholen [2006].
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Corollary A.3.32. Any functorial orthogonal factorisation system extends to an
algebraic factorisation system in a unique way, conversely, an algebraic fac-
torisation system induces an orthogonal factorisation system if and only if the
underlying comonad and monad are both idempotent.

Proof. This follows from the definition above and theorem A.3.26. [ ]

Proposition A.3.33. Let (L,R) be an algebraic factorisation system on a cat-
egory C.

(1) Let f : X > Yand g : Z — W be objects in [2,C]. Ifa : Rf — f
is a R-algebra structure and f : g — Lg is a L-coalgebra structure, then
a, Y = Yand p,: Z — Z are identity morphisms, and we have the
following identities:
ape Lf =idy Rgop, =1idy,
feay=RSf Prog=Lg

(11) If f admits a L-coalgebra structure and g admits an R-algebra structure,

then f 1] g.

(ii1) There exists a (unique) weak factorisation system (L, R) on C such that
Lk € L and Rh € R for all h and k in mor C.

Proof. (i). The claim follows from the L-coalgebra counitality axiom and the
R-algebra unitality axiom:

aon, =1id; g,of=1d,

(i1). It then follows that the diagram below commutes,

z- 94 vz z x4 .x
Lgl J/Lj/'
ap
g W/ ___I__% X/ f
%g lRf
W——=>W ——Y ——7Y
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where the arrow 7 is obtained by the functoriality of (L, R)-factorisations; clearly,
@, o t o f; is the required lift.

(ii1). Finally, for any two morphisms in C, say & and k, we simply note that
0, : Lk = LLkis an L-coalgebra structure and y, : RRh — Rhis an R-algebra
structure, so we may apply theorem A.3.29 to obtain the conclusion. [ ]

Relative categories

Prerequisites. § 0.1.
In this section we use the explicit universe convention.

Definition A.4.1. A relative category C consists of a category und C and a sub-
category weq C such that obundC = obweqC. We say und C is the under-
lying category of C, and that the morphisms in weq C are the weak equival-
ences in C. A relative subcategory of a relative category C is a relative cat-
egory C' such that und C’ is a subcategory of und C, and we further demand that
weqC' =weqCnNnundC'.

REMARK A.4.2. The subcategory weq C is entirely determined by mor weq C, so
a relative category may equivalently be defined as a category equipped with a
distinguished subset of morphisms closed under composition and containing all
the identity morphisms.

For brevity, we will write ob C for ob und C, mor C for obund C, and we may
occasionally abuse notation and write weq C instead of mor weq C.

REMARK A.4.3. Every category C can be endowed with the structure of a rel-
ative category in two ways: we can make it into a minimal relative category
min C by taking weq min C to be the set of identity morphisms in C; or we could
make it into a maximal relative category max C by taking weq max C = mor C.
We may also define the minimal saturated relative category min™ C by taking
weqmin® C to be the set of all isomorphisms in C.

Definition A.4.4. Given a relative category C, the opposite relative category
C is defined by und C°®? = (und C)°? and weq C*® = (weq C)P.

Definition A.4.5. Let C and D be relative categories. A relative functor C — D
is a functor und C — und D that sends weak equivalences in C to weak equi-
valences in D. The relative functor category [C, D], is the full subcategory
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of [und C,und D] spanned by the relative functors, and the weak equivalences
in [C, D], are defined to be the natural transformations that are componentwise
weak equivalences in D.

Definition A.4.6. Let C be a category and let YW C mor C. A localisation of C
at W is a category C [W‘l] equipped with a functory : C — C [W‘l] with the
following universal property:

* Given a functor F : C — D such that F f is an isomorphism for all f in
W, there exists a unique functor F : C [W‘l] — D such that Fy = F.

The functor y : C — Ho C is called the localising functor.

REMARK A.4.7. The universal property in the above definition is strict; as such,
C [W‘l] is unique up to unique isomorphism. Nonetheless, C [W‘l] automatic-
ally has a 2-universal property: if F,G : C — D both factor through C [W'l] ,
then so do all natural transformations F = G.

Proposition A.4.8. If C is a U-small category, then there exists a U-small cat-
egory with the universal property of C [W‘l].

Proof. Use the general adjoint functor theorem. ]

Definition A.4.9. The homotopy category of a relative category C is a localisa-
tion of und C at weq C and is denoted Ho C.

Definition A.4.10.
* A semi-saturated relative category is a relative category in which every
isomorphism is a weak equivalence.

* A saturated relative category is a relative category C such that the weak
equivalences in C are precisely the ones that become isomorphisms in
Ho C.

REMARK A.4.11. Obviously, there is no loss of generality in considering semi-
saturated relative categories and their homotopy categories instead of localisa-
tions C [W‘l] for arbitrary subsets W C mor C.

REMARK A.4.12. Clearly, every saturated relative category is semi-saturated, and
a minimal saturated relative category is indeed saturated in the sense above.
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Definition A.4.13. Let C be a category and let W be a subset of mor C. The
2-out-of-3 property for W says:

* Given any two morphisms f : X — Y, g:Y — Z in C, if any two of f,
g, or go f are in W, then all of them are.

The 2-out-of-6 property for W says:

* Given any three morphisms f: X - Y, g:Y - Z,h:Y - ZinC,if
both he gand g f are in W, then so too are f, g, h,and he go f.

Lemma A.4.14. Let C be a category and let YW C mor C.
(1) If W has the 2-out-of-6 property, then it also has the 2-out-of-3 property.
(i) The set of all isomorphisms in C has the 2-out-of-6 property.

(iii) If F : C' — C is a functor and W has either the 2-out-of-3 property or the
2-out-of-6 property, then F~'"W has the same property.

Proof. (i). Consider the three cases f =id, g = id, A = id in turn.

(i1). If heg and ge f are isomorphisms, then g must be split epic and split monic;
thus g itself is an isomorphism, hence so too are f and h.

(iii). Obvious. |
Corollary A.4.15. If C is a saturated relative category, then weq C has the 2-
out-of-6 property. [ ]

Proposition A.4.16. Let RelCat be the category of U-small relative categories
and relative functors, let SsRelCat be the full subcategory of semi-saturated rel-
ative categories, and let Cat be the category of U-small categories and functors.

(i) RelCat is a cartesian closed category, where the product of C and D is the
cartesian product CXD with weak equivalences taken componentwise, and
the exponential of € by D is the relative functor category [D, £],..

(i1) RelCat is a locally finitely presentable U-categor Bl and the two functors
Y yp gory,
und, weq : RelCat — Cat are No—accessible[6] and jointly conservative.

See definition 0.2.22.
See definition 0.2.18.
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(iii) SsRelCat is a locally finitely presentable U-category, and the inclusion
SsRelCat = RelCat is R -accessible and has a left adjoint.

(iv) SsRelCat is an exponential ideal in RelCat.

(v) The full subcategory spanned by the minimal relative categories is an ex-
ponential ideal in RelCat.

(vi) The full subcategory spanned by the minimal saturated relative categories
is an exponential ideal in SsRelCat.

Proof. (1). This is straightforward from the definitions.

(i1). Obviously, a relative functor F : C — D such that und F : und C — und D
and weq F : weqC — weq D are both isomorphisms is itself an isomorphism,
so und, weq : RelCat — Cat are indeed jointly conservative.

Itis also not hard to check that limits for all U-small diagrams and colimits for
U-small filtered diagrams in RelCat exist and can be computed componentwise
in Cat, so (by theorem 0.2.26) it is enough to show that RelCat is a ¥,-accessible
U-category. Clearly, a relative category C such that und C is finitely presentable
in Cat and weq C is a finitely-generated subcategory of und C is itself finitely
presentable in RelCat, so RelCat is indeed ¥,-accessible.

(Alternatively, one may appeal to the sketchability theorem!” and the fact
that a relative category is manifestly a model for a certain finite-limit sketch.)

(iii). Itis clear that SsRelCat is closed in RelCat under limits for all U-small dia-
grams and colimits for all U-small filtered diagrams, and we know that RelCat
is a locally finitely presentable category, so (by proposition 0.2.21) it is enough
to construct a left adjoint for the inclusion SsRelCat < RelCat. This may be
done using the general adjoint functor theorem.

(iv) — (vi). All straightforward. [ |

Proposition A.4.17. Let RelCat be the category of U-small relative categories
and relative functors, let SsSRelCat be the full subcategory of semi-saturated
relative categories and relative functors, and let Cat be the category of U-small

See Proposition 1.51 in [LPAC] or Proposition 5.6.4 in [Borceux, 1994b].
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categories and functors. We have the following strings of adjoint functors:

min - und 4 max - weq : RelCat — Cat
Ho < min* < und -4 max 4 weq : SsRelCat — Cat

The functors min, min*, and max are moreover fully faithful, and Ho preserves
finite products.

Proof. All but the last of the above claims are obvious; for the preservation of
finite products under Ho, we refer to proposition A.2.13. [ |

Corollary A.4.18. Ho : SsRelCat — Cat is 2-functorial.
Proof. Apply remark A.2.10. [ |

Definition A.4.19. A zigzag type is a relative category T where und T is the free
category on an inhabited finite planar graph of the form

where the edges are arrows that point either left or right, and weq T consists of
all identities and all composites of left-pointing arrows. A morphism of zigzag
types is a relative functor that maps the leftmost object to the leftmost object
and the rightmost object to the rightmost object. We write T for the category of
zigzag types.[®!

A zigzag of type T in a relative category C is arelative functor T — C. Given
objects X and Y in C, we denote by CT (X, Y) the category whose objects are the
zigzags starting at X and ending at Y and whose morphisms are commutative
diagrams in C of the form

1 1

X

where the rows are zigzags of type T and the unmarked vertical arrows are weak
equivalences.

Warning. This is the opposite of the category T defined in [DHKS, § 34].
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Example A.4.20. If f : X — Y is a weak equivalence in a relative category C,
then we have commutative diagrams

X X X vyl x_7T .y

I/ I D .

X s Y < X Y Y Y
f f

and these correspond to morphisms of zigzags in C.

REMARK A.4.21. It is clear that CT (X, Y) is a subcategory of the relative functor
category [T, C],,. Thus, if C is a U-small relative category, precomposition makes
the assignment T +— CT(X,Y) into a functor T — Cat, which we denote
by C*(X,Y). A Grothendieck construction applied to this functor yields the
following U-small category CV(X,Y):

* Its objects are pairs (T, f), where T is a zigzag type and f is a zigzag of
type T in C.

* A morphism (T', f') — (T, f) is a pair («,f) where « : T — T'isa
morphismin T and § : «* f — f is a morphism in CT (X, Y).

* The composite of a pair of morphisms (a’, ") : (T", f") —» (T', f') and
(@,B): (T', f") = (T, f)is given by (¢’ e a, o a”f").

There is an evident projection functor C™™(X,Y) — T, and by construction it
is a Grothendieck opfibration with a canonical splitting.

Lemma A.4.22. Given a commutative diagram of the form below in a relative
category C,

X —Y
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if a and b are weak equivalences in C, then we obtain the following morphisms
of zigzags:

X—-x_—1 syt ,y
I R
X' s X' s Y ——Y’
a f/
X x_—1 .y Y
| ]
X — X' s Y’ ¢ Y
f! b

!

. a f .
In particular, X > Y - Y' and X - X' = Y’ are in the same connected

a ! f! b
component of CO(X,Y'); and X' « X > Y and X' = Y' « Y are in the
same connected component of C MX',Y). [ |

Theorem A.4.23. Let X and Y be objects in a relative category C.

(i) For each zigzag type T, the map that sends an object in C'(X,Y) to the
corresponding composite in Ho C(X,Y) is a functor when the latter is re-
garded as a discrete category.

(i1) The functors described above constitute a jointly surjective cocone from
the diagram C*(X,Y) to HoC(X,Y).

(ii1) The induced functor CY(X,Y) > HoC(X,Y)is surjective, and moreover
two objects in C'V(X,Y) become equal in Ho C if and only if they are in
the same connected component.

Proof. All obvious except for the last part of claim (iii), for which we refer to
paragraphs 33.8 and 33.10 in [DHKS]. [ |

Kan extensions

Prerequisites. §§ 0.1, A.1.
In this section we use the explicit universe convention.
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Definition A.5.1. Let F : C - D and G : C — & be two functors. A left Kan
extension (resp. right Kan extension) of G along F is an initial (resp. terminal)
object of the category (G | F*) (resp. (F* | G)) described below:

* The objects are pairs (H, «) where H is a functor D — £ and « is a natural
transformation of type G = HF (resp. HF = G).

* The morphisms (H',a') — (H, a) are those natural transformations f :
H' = H suchthat BF e’ = a (resp. a« fF = a').

REMARK A.5.2. Clearly, Kan extensions are unique up to unique isomorphism if
they exist. We write (Lan r G, 71) for the left Kan extension of G along F and say
n is the unit of Lan . G; dually, we write (Ran rG, 5) for the right Kan extension
of G along F and say ¢ is the counit of Ran, G.

Lemma A.5.3. Let U be a pre-universe and let Set be the category of U-sets. Let
B be a U-small category and let C be a locally U-small category. Given functors
F:B—>Cand G : B — Set, if H : C — Set is the functor defined by the
Jormula below,

H(C) = [B,Set](C(C, F-),G-)

and ey : H(FB) — G(B) is defined by evaluation at idj g, then (H,¢€) is the
right Kan extension of G along F.

Proof. Note that H(C) so defined is indeed a U-set, because /3 is U-small and C
is locally U-small. The claim amounts to saying that (H, €) is a terminal object
in the comma category (F* | G), so that is what we must show.

Let ¢ : (X,a) — (H,¢€) be amorphism in (F* | G), i.e. a natural transform-
ation @ : X = H such that e e pF = a. Let C be an object in C, let x be an
element of X(C), and consider the element ¢ (x) of H(C). By definition, this
is a natural transformation C(C, F') = G, so we may consider its component at
an object B in B3, which will be a map C(C, FB) —» G(B). Let f : C - FBbe
an arrow in C. By hypothesis,

ac(x) = Ec((l’c(x)g o C(f, FB)) = (Pc(x)B(f)

thus the action of @ is entirely determined by a. Conversely, given any object
(X, @) in the comma category (F* | G), it is easily verified that the above equa-
tion defines a morphism ¢ : (X,a) — (H,é¢), so (H,¢) is indeed a terminal
objectin (F* | G). [ ]
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Corollary A.5.4. For any two functors F : B — C and G : B — Set, if B is
U-small and C is locally U-small, then the following are equivalent:

) (RanF G, 5) is a right Kan extension of G along F.

(i) The maps (Ran; G)(C) — [B,Set](C(C, F), G) defined by x > € « ,F,
where 0, : C(C,—) = G is the unique natural transformation such that
(Qx)c(idc) = X, are bijections that are natural in C. [ |

Definition A.5.5. Let F : C > D and G : C — & be two functors.

e A functor L : £ — F preserves left Kan extensions of G along F if,
given any left Kan extension (H, a) of G along F, (LH, La) is a left Kan
extension of LG along F.

* A functor R : £ — F preserves right Kan extensions of G along F if,
given any right Kan extension (H, a) of G along F, (RH, Ra) is a right
Kan extension of LG along F.

If a Kan extension is preserved by all functors, then it is said to be absolute.

Definition A.5.6. Let U be a pre-universe, let Set be the category of U-small sets,
let £ be a locally U-small category, and let F : C - D and G : C — &€ be two
functors.

* A pointwise left Kan extension of G along F is one that is preserved by
all functors of the form £(—, E) : £ — Set®.

* A pointwise right Kan extension of G along F is one that is preserved
by all functors of the form £(E, —) : £ — Set.

Definition A.5.7. Let F : B — C be a functor and let C be an object in C.

* The tautological cocone to C induced by F is the cocone 6 : FP- = AC,
where P : (F' ] C) — Bis the projection functor sending an object (B, f')
in the comma category (F | C) to the object B'in BB, and 65 ) = f.

* The tautological cone from C induced by F is the cone 6 : AC = FP€,
where PC : (C | F) — C is the projection functor sending an object (B, f)
in the comma category (C | F) to the object B in BB, and 0 ;) = f.
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Lemma A.5.8. Let A be any category, let B be a U-small category, let C be
locally U-small category, and letU : A - C,V : B — C,andY : B — Set
be functors. Consider the following diagram of functors and natural transform-
ations,

wivy—2.n8

l o lv
A—"F—C

where (U | V) is the comma category, P: (U | V) —> AandQ : (U V) —> B
are the two projections, and 0 : UP = V Q is the tautological natural trans-
formation defined by 0 4 g ry = f. If (Z, €) is a right Kan extension of Y along
V, then (ZU,eQ » Z0) is a right Kan extension of Y Q along P.

Proof. By lemma A.5.3, we may take Z : C — Set to be the functor defined by
the formula below,

Z(C) = [B,Set](C(C,F-),Y-)

with € : V*(Z) = Y being the natural transformation obtained by evaluating
elements of Z(V B) atid, .

Letg: (X,a) > (ZU,eQ » Z0) be a morphism in (P* | YQ), i.e. a natural
transformation @ : X = ZU suchthat eQ « Z0 « P = a. Let A be an object
in A, let x be an element of X(A), and consider the element ¢ ,(x) of Z(U A).
By definition, this is a natural transformation NY(C) = Y, so we may consider
its component at an object B in B, which will be a map C(U A,V B) — Y (B).
Let f : UA — V B be an arrow in C; then (A, B, f) is an object in the comma
category (U | V), and 6, p ;) = f by definition. By hypothesis,

Upp.p(X) = €g(04(x) o C(f, VB)) = ¢ 4(x)5(f)

thus the action of ¢ is entirely determined by a. Conversely, given any ob-
ject (X, a) in the comma category (P* | Y Q), it is easily verified that the above
equation defines a morphism @ : (X,a) — (ZU,eQ « Z0), s0 (ZU,eQ » Z0)
is indeed a terminal object in (P* | Y Q). [ |

Corollary A.5.9. Let B be a U-small category and let C be a locally U-small
category. Given functors F : B - Cand G : B — Set, if (H,¢€) is a right Kan
extension of G along F, then, for each object C in C, the image under H of the
tautological cone from C induced by F is a limiting cone in Set.
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Proof. In the lemma, take A to be the terminal category 1, take U : 1T — C
to be the functor sending the unique object in 1 to C, and take V' = F; then
(HU,eQ « HO) is a right Kan extension of GO : (C | F) — Set along the
unique functor P : (C | F) — 1, butitis clear that a right Kan extension of GQ
along P amounts to a limit for the diagram GQ in Set. [ |

It is convenient at this juncture to introduce a concept borrowed from en-
riched category theory. The notation below follows [Kelly, 2005, § 3.1].

Definition A.5.10. Let U be a pre-universe, let Set be the category of U-sets,
and let C be a locally U-small category. Given functors W : J — Set and
A: J — C,a W -weighted limit of A is an object {W, A}7 in C together with
bijections

C(C,{W,A}) =[TJ,Setl(W,C(C, A))

that are natural in C. We may also write l(ln;‘;f Aj instead of {W, A}, if we
wish to use an explicit variable j.

Dually, given functors W : J® — Setand A : J — C, a W-weighted
colimit of A is an object W % ; A in C together with bijections

C(W %, A,C) = [T, Set](W,C(A,C))

that are natural in C. We may also write limWJj Aj instead of W % ; A, if we
—>j:
wish to use an explicit variable j.

REMARK A.5.11. Clearly, weighted limits and colimits are unique up to unique
isomorphism if they exist.

It is also not hard to spell out the above definition in elementary terms; for
example, one notes that to give a natural transformation W = C(C, A), one
must give a morphism 4, : C — Aj for each object j in J and each element
x of W j, and these are required to make various diagrams commute. This is
a W -weighted cone from C to A, and {W, A}7 is an object equipped with a
universal W -weighted cone to A. Similarly, one may define the notion of a W' -
weighted cocone from A to C, and then W % ; A is an object equipped with a
universal W -weighted cocone from A. In particular, if W j = 1 for all j, then
W -weighted limits and colimits reduce to ordinary limits and colimits.

The above discussion also shows that the concept of a weighted limit or
colimit (within a fixed category!) does not depend on U in any essential way.
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Lemma A.5.12. Let J be a U-small category. Given functors F,G : J — Set,
the F-weighted limit of G exists in Set, and we have bijections

(F.G} =[J.Set)(F.,G)
that are natural in F and G.
Proof. One simply has to check that this works. ¢

Proposition A.5.13. Let U be a pre-universe, let Set be the category of U-sets,
andlet F : C — D be any functor where C and D are locally U-small categories.

(1) For each weight W : J — Set and each diagram A : J — C, if the
weighted limits (W, A}’ and {W, FA}’ both exist, then there is a ca-
nonical comparison morphism

F{w,AY - (W,FA}7
corresponding to the natural maps
[J.Set](W,C(C, A)) — [J.Set](W,D(FC, F A))
induced by the functor F.

(i) For any object C in C, the functor C(C,—) : C — Set preserves all
weighted limits.

(iii) The functors C(C,—) : C — Set jointly reflect weighted limits.
(iv) If F has a left adjoint, then F preserves weighted limits.
Dually:

(i") For each weight W : J° — Set and each diagram A : J — C, if
the weighted colimits W x ; A and W % ; F A both exist, then there is a
canonical comparison morphism

W x; FA— F(W %, A)
corresponding to the natural maps
[T, Set](W,C(A,C)) — [T, Set](W,D(FA, FC))
induced by the functor F.
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(ii") For any object C in C, the functor C(—, C) : C®® — Set sends any weighted
colimit in C to the corresponding weighted limit in Set.

(iii") The functors C(—,C) : C — Set® jointly reflect weighted colimits.
(iv") If F has a right adjoint, then F preserves weighted colimits.
Proof. All straightforward. ¢

Definition A.5.14. Let U be a pre-universe, let Set be the category of U-sets, and
let D be a locally U-small category. Given a functor F : C — D, the F-nerve
functor N” : D — [C°P, Set] is defined by

Nf(D)(C) = D(FC, D)
i.e. N = F*A,, where A, : D — [D?, Set] is the usual Yoneda embedding.

Theorem A.5.15. Let C, D and & be locally U-small categories. Given functors
F:C—>Dand G :C — &, the following are equivalent:

(1) (H,a) is a pointwise right Kan extension of G along F.

(i1) For each object d in D, the weighted limit {NF (), G}C exists in €, and
there are isomorphisms

Hd =~ {N""(a),G}*

natural in d, with a, : HFc — Gc corresponding to the element idy, of
NF"(Fc)(c) = D(Fc, Fe).

(iii) (Assuming C is U-small.) For each object d in D, if P* : (d | F) —» C
is the projection sending (c, f) in the comma category (d | F) to ¢, and
@ : Ad = FPY is the tautological cone in D, then the cone aP® « Hg :
AHd = GP? is limiting; and for each g : d — d' in D, the morphism
Hg : Hd — Hd' is the one induced by the functor (d' | F) — (d | F)
sending (c', f') to (¢', f' ° g). In particular, «, : HFc — Gc must be
(equal to) the component of the limiting cone AFc = GPY at the object
(c, idFC) of (Fc ] F).

In particular, if C is a U-small category and & is U-complete, then the right Kan
extension of G along F exists and is pointwise.
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Dually, the following are equivalent:
(i") (H,a) is a pointwise left Kan extension of G along F.

(ii") For each object d in D, the weighted colimit N¥ (d) *. G exists in €, and
there are isomorphisms

Hd 2N°(d) x. G

natural in d, with a, : Gc = H Fc corresponding to the element id, of
Nf(Fe)(c) = D(Fe, Fo).

(iii") (Assuming C is U-small.) For each objectd in D, if P, : (F ld) - C
is the projection sending (c, f) in the comma category (F | d) to ¢, and
@ : FP;, = Ad is the tautological cocone in D, then the cocone H pea P, :
GP, = AHd is colimiting; and for each g : d — d' in D, the morphism
Hg : Hd - Hd' is the one induced by the functor (F | d) - (F | d")
sending (c, f) to (c,g o f). In particular, a, : Gc — H Fc must be (equal
to) the component of the colimiting cocone GP;, = AFc at the object
(c,ich) of (F] Fc).

In particular, if C is a U-small category and &€ is U-cocomplete, then the left Kan
extension of G along F exists and is pointwise.

Proof. (i) < (ii). This is just a matter of unwinding the definitions.

(1) & (iii). Corollary A.5.9 implies that the construction in (iii) does indeed define
a right Kan extension in the special case £ = Set, so we deduce that statements
(1) and (iii) are equivalent by applying the Yoneda lemma; see also [CWM, Ch. X,

§§ 3 and 5]. ]

REMARK A.5.16. It is possible to extract an elementary characterisation of point-
wise Kan extensions from the results above, thereby showing that the property
of being pointwise does not depend on the choice of universe U.

Corollary A.5.17. Let F : C — D be a functor. If C is U-small and D is locally
U-small, then the functor F* : [D, Set] — [C, Set] has both a left adjoint Lan
and a right adjoint Ran. [ ]

Corollary A.5.18. If (H, a) is a pointwise right Kan extension of G : C —» &
along F : C - D, and R : & — F is a functor, then (RH, Ra) is a pointwise
right Kan extension of RG along F, provided either:
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(1) R preserves all weighted limits, or
(i1) R preserves limits for U-small diagrams and C is U-small.

If (H,a) is a pointwise left Kan extension of G : C — £ along F : C — D, and
L : & — F is a functor, then (LH, La) is a pointwise left Kan extension of LG
along F, provided either:

(i") L preserves all weighted colimits, or
(ii") L preserves colimits for U-small diagrams and C is U-small. [ ]

Corollary A.5.19. If (H,a) is a pointwise right (resp. left) Kan extension of
G : C — & along a fully faithful functor F : C — D, then a : HF = G (resp.
a : G = HF) is a natural isomorphism.

Proof. 1If F is fully faithful, then the comma category (Fc | F) (resp. (F | Fc))
has an initial (resp. terminal) object, namely (c, id FC), so the component «, :
HFc — Gc (resp. a, : Gc — H Fc) must be an isomorphism. [ ]

Proposition A.5.20. Let C and D be any two categories, and let F : C — D and
G : D — C be any two functors. The following are equivalent:

(1) F 4G, withunitn :id, = GF and counit € : FG = id,,
(1) (F,e€) is an absolute right Kan extension of 1d,, along G.
(1) (F,e¢) is a right Kan extension of id,, along G that is preserved by F.
(iv) (G,n) is an absolute left Kan extension of id, along F.
(v) (G,n) is a left Kan extension of id along F that is preserved by G.
Proof. See [CWM, Ch. X, § 7]. |

Proposition A.5.21.
* Left adjoints preserve all left Kan extensions.

* Right adjoints preserve all right Kan extensions.

Proof. See Theorem 1 in [CWM, Ch. X, § 5]. ]
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Definition A.5.22. Let U be a pre-universe, let Set be the category of U-sets, and
let C be a locally U-small category. A dense functor is a functor F : B - C
such that the F-nerve functor N¥ : C — [B°,Set] is fully faithful. A dense
subcategory of C is a subcategory /3 such that the inclusion B < C is a dense
functor.

Dually, a codense functor is a functor F : B — C such that the opposite
functor F? : B®® — C? is dense, and a codense subcategory of C is a subcat-
egory B such that the inclusion B < C is a codense functor.

Example A.5.23. The Yoneda lemma impliesid. : C — Cisadense and codense
functor.

One may extract an elementary definition for ‘(co)dense functor’ from the
following proposition.

Proposition A.5.24. With notation as in definition A.5.22, the following are equi-
valent:

(i) F : B — C is adense functor.

(i1) For each object C in C, the maps
C(C,C") — [B®,Set](N"(C),C(F,C"))

induced by N¥ : C — [BB®, Set] are natural bijections, exhibiting C as a
weighted colimit N¥(C) *x, FinC.

(ii1) For each object C in C, the tautological cocone to C induced by F is a
colimiting cocone.

(iv) (idc, idF) is a pointwise left Kan extension of F along F.
Dually, the following are equivalent:
(i") F : B — C is a codense functor.

(ii") For each object C in C, the maps
C(C',C) — [B,Set](N"(C),C(C', F))

induced by NT™ : C® — [B, Set] are natural bijections, exhibiting C as
a weighted limit {NFOP(C), F}B inC.
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(iii") For each object C in C, the tautological cone from C induced by F is a
limiting cone.

@iv") (idc, idF) is a pointwise right Kan extension of F along F.

Proof. (i) < (ii). The indicated maps are bijections for all C and C" if and only
if N is fully faithful, by definition.

(i1) & (iii) < (iv). This is an application of theorem A.5.15. [ |

Definition A.5.25. Let G : D — C be a functor. A densely-defined partial left
adjoint for G is a triple (F,i,#n), where F : B — D is afunctor,i : B — Cisa
dense functor, and # : i = GF is a natural transformation such that the maps

D(FB, D) - C(iB,GD)
g Ggong

are bijections that are natural in B and D.

Dually, given a functor F : C — D, a codensely-defined partial right
adjoint for F is a triple (G, j,€), where G : B — Cisafunctor, j : B—> Cisa
codense functor, and € : FG = j is a natural transformation such that the maps

C(C,GB) - D(FC, jB)
f = &go° Ff

are bijections that are natural in B and C.

Example A.5.26. The Yoneda embedding A, : B — [B°, Set] has a densely-
defined partial left adjoint, namely (id PR )

REMARK A.5.27. (F ,id., 77) is a densely-defined partial left adjoint for G if and
only if F is a left adjoint for G in the usual sense, with # being the adjunction
unit.

Proposition A.5.28. Let U be a pre-universe, let Set be the category of U-sets,
and let C and D be locally U-small categories. Given functors G : D — C,
F:B— D, andi: B — C, the following are equivalent:

(1) (F,i,n) is a densely-defined partial left adjoint for G.
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(i1) The functori : B — C is dense, and there exists a diagram

D —> [DP, Set]

[

C —> [B, Set]
where a factors through n* : N = N’ and is a natural isomorphism.

(ii1) The functori : B — C is dense, and the diagram

—> [DP, Set]

D
I
C

— [B°P, Set]

commutes up to natural isomorphism.

Dually, given functors F : C - D, G : B - C, and j : B — D, the following
are equivalent:

(") (G, j,e€) is a codensely-defined partial right adjoint for F.

(ii") The functor j : B — D is codense, and there exists a diagram

c® ¥ ¢, Set]

o g e

D W [B, Set]

where B factors through ()" : NF"%" = N/ and is a natural iso-
morphism.

(iii") The functor j : B — D is codense, and the diagram

c® % [c,Set]

Fopl l‘;*

D°P W} [B, Set]

commutes up to natural isomorphism.

387



A. GENERALITIES

Proof. (i) = (i1). This immediately follows from the definition.
(i1) = (iii). Obvious.

(iii)) = (i). The displayed diagram commutes up to natural isomorphism pre-
cisely when there are bijections

ayp : D(FB, D) - C(iB,GD)

that are natural in both B and D. Taking D = FB, letn; : iB — GF B be the
morphism corresponding to id.; : FB — FB. Applying the Yoneda lemma,
we see that the natural bijection a ;, must be the map g = Gg < 7. [ |

Corollary A.5.29. Let C and D be any two categories. If a functor G : D — C
has a densely-defined partial left adjoint, then G preserves:

(1) limits for all diagrams in D,
(i1) weighted limits, and
(iii) pointwise right Kan extensions.

Dually, if a functor F : C — D has a codensely-defined partial right adjoint,
then F preserves:

(i") colimits for all diagrams in C,
(ii") weighted colimts, and
(iii") pointwise left Kan extensions.

Proof. Choose a universe U such that the domain of i : B — C is U-small and
both C and D are locally U-small, and consider the following diagram:

D' (D™ Set]

GJ/ J/(Fop)*

C T> [BOP, Set]

Since i is dense, the i-nerve functor N’ : C — [B, Set] is fully faithful. Co-
rollary A.5.17 implies (F°P)* : [D?, Set] — [B?, Set] is a right adjoint, and the
Yoneda embedding A, : D — [D?, Set] preserves all limits and weighted limits
(see proposition A.5.13), so we use the fact that N’ reflects limits and weighted
limits to conclude that G preserves them. We then apply corollary A.5.18. |l
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Definition A.5.30. A cofinal functor (resp. coinitial functor) is a functor F :
C — D such that, for each object D in D, the comma category (D | F) (resp.
(F | D)) is connected.

Theorem A.5.31. Let U be a pre-universe, let Set be the category of U-sets, and
let F : C — D be a functor between U-small categories. The following are
equivalent:

(1) F : C — D is a coinitial functor.

(i1) The commutative diagram of functors shown below satisfies the left Beck—
Chevalley condition:

Set —2 3 [D, Set]

idJ l

Set T) [C, Set]

(iii)) The commutative diagram of functors shown below satisfies the right Beck—
Chevalley condition:

Set — ¢ Set
Al lA
[D, Set] T) [C, Set]
(iv) For all locally small categories € and all diagrams G : D — €, l(ian GF

exists if and only if l(iLnD G exists, in which case the canonical comparison
morphism lim_ G — lim _GF is an isomorphism.
«—D —c

Dually, the following are equivalent:
(i") F : C = D is a cofinal functor.

(ii") The commutative diagram of functors shown below satisfies the right Beck—
Chevalley condition:

Set —2 [D, Set]

idJ l

Set T) [C, Set]
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(iii") The commutative diagram of functors shown below satisfies the left Beck—
Chevalley condition:

Set — 4 Set

[D, Set] — [C, Set]

(iv") For all locally small categories € and all diagrams G : D — &, li_r)nc GF
exists if and only if li_r)nD G exists, in which case the canonical comparison
morphism lim_GF — lim_ G is an isomorphism.

—cC —D

Proof. (i) & (ii). Using the colimit formula for Lan, : [C,Set] — [D, Set]
indicated in theorem A.5.15, it is clear that the comma categories (F | D) is
connected if and only if the left Beck—Chevalley transformation A = Ran,(A-)
is a natural isomorphism.

(i1) & (iii). Apply proposition A.1.9.
(ii1) = (iv). We have the following natural bijections:
[C,EI(AE,GF) = h_n)lé'(E, GF)

C
~ lim &(E, G)
—
D
~ [D, £1(AE, G)

Thus, there is a natural bijection between cones from E to GF and cones from
E to G; this implies that limits for G F exist in € if and only if limits for G exist
in £ and that they are canonically isomorphic.

(iv) = (iii). Obvious. |

Ends and coends

Prerequisites. §§ 0.1, A.5
In this section we use the explicit universe convention.
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Definition A.6.1. Let F, G : C®® X C — D be functors. A dinatural transform-
ation a : F 3 G is a family (ac : F(C,C) = G(C,C)| C € 0bC) such that
the diagram

F(C,C) —%* 5 G(C,C)

F(V W)

F(C,C" G(C',C)

F(fm %idc“f)

FC',C") " G/, C")

commutes for all morphisms f : C' — C in C.

Example A.6.2. Let U be a pre-universe, let C be a locally U-small category, and
let Set be the category of U-sets. Consider the functor Hom, : C** X C — Set
that sends a pair of objects in C to their hom-set. For each natural number n, we
have an dinatural transformation Hom,. S Hom,. defined by e — €", where e"
denotes the n-fold iterate of the endomorphism e.

Definition A.6.3. A wedge from an object D in D to a functor G : C** XC — D
is a dinatural transformation AD 3 G, where AD : C°® X C — D is the constant
functor with value D; dually, a cowedge from a functor F : C®®* X C - D to an
object D in D is a dinatural transformation F S AD.

Definition A.6.4. An end for a functor G : C® X C — D is an object E and a
wedge 1: AE S G with the following universal property:

* For each wedge ¢ : AD S G, there is a unique morphism f : D — E in
D such that ¢ = A, o f for all objects C in C.

We write the following formula to mean that E is an end for G:

E=/ G(C,0)
c:C

Dually, a coend for a functor F : C*? XC — D is an object E and a cowedge
A: F 3 AE with the following universal property:

* For each cowedge ¢ : F S AD, there is a unique morphism f : E - D
in D such that ¢ = f o A, for all objects C in C.
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We write the following formula to mean that E is a coend for F':

C:C
E= / F(C,C)

REMARK A.6.5. Let U be a pre-universe, let D be a U-small category, and let C
be a locally U-small category. Then, for all functors F,G : D — C, we have a
bijection
[D,CI(F,G) = / C(Fd,Gd)
d:D
and this is natural in both F and G. (The size restriction ensures that the LHS is
a U-set.) See also lemma A.5.12.

Proposition A.6.6. Let U be a pre-universe and let D be a U-small category. If
C is a U-complete category, then C has ends for all functors A : D®* x D — C.
Dually, if C is a U-cocomplete category, then C has coends for all functors A :
D?xD — C.

Proof. 1t is clear from the definition that an end is a special kind of limit, and a
coend is a special kind of colimit. To make this precise, one can use Mac Lane’s
subdivision category C*: see [CWM, Ch. IX, § 5]. Il

Proposition A.6.7. Let U be a pre-universe, let Set be the category of U-sets, and
let F : C — D be any functor where C and D are locally U-small categories.

(i) For any functor A : J® x J — C, if the ends /J A and fJ FA both
exist, with A being the universal wedge in C, then there is a canonical

F/A—>/FA
J J

induced by the wedge F A.
(i1) For any object C in C, the functor C(C,—) : C — Set preserves all ends.

comparison morphism

(iii) The functors C(C, —) jointly reflect ends.

(iv) If F has a left adjoint, then F preserves ends.
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Dually:

(i") For any functor A : J°° x J — C, if the coends /‘7 A and /J F A both
exist, with A being the universal cowedge in C, then there is a canonical

J J
/FA—)F/ A

induced by the cowedge F A.

comparison morphism

(ii") For any object C in C, the functor C(—,C) : C — Set sends any coend in
C to the corresponding end in Set.

(iii") The functors C(—,C) : C — Set® jointly reflect coends.
(iv") If F has a right adjoint, then F preserves coends.

Proof. All straightforward. ¢

Definition A.6.8. Let U be a pre-universe, let Set be the category of U-sets, and
let 1 be the trivial category with * as its only object. A tensored U-category
is a locally U-small category C such that, for all weights W : 1 — Set and
all diagrams A : T — Set, a W-weighted colimit for A exists in C; if C is a
tensored U-category, then we write X ® C for the weighted colimit W x; A,
where X = W (%) and C = A(x).

Dually, a cotensored U-category is a locally U-small category C such that,
for all weights W : 1 — Set and all diagrams A : T — Set, a W -weighted limit
for A exists in C; if C is a cotensored U-category, then we write X m C for the
weighted limit { W, A}, where X = W (x) and C = A(x).

Proposition A.6.9 (Tensor-hom—cotensor adjunction). Let U be a pre-universe,
let Set be the category of U-sets, let C be a locally U-small category.

(1) If C is a tensored U-category, then the assignment (X,C) = X O C can
be extended to a functor Set X C — C such that, for each object C, we
have the following adjunction:

—OCHCI,-):C — Set
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(i1) If C is a cotensored U-category, then the assignment (X,C) —» X M C can
be extended to a functor Set™ x C — C such that, for each object C, the
functors —t C : Set®® — C and C(—,C) : C® — Set are contravariantly
adjoint on the right.

(i11) If C is a tensored and cotensored U-category, then for each set X, we have
the following adjunction:

XO0-d4Xmh-:C->C

Proof. Claims (i) and (ii) are formally dual and are straightforward applications
of the parametrised adjunction theorem.””) For claim (iii), simply observe that
we have bijections

C(X®A,B)~Set(X,C(A,B)) 2 C(A, X n B)
and these are natural in A, B, and X. [ |

Theorem A.6.10. Let U be a pre-universe, let Set be the category of U-sets, and
let C be a locally U-small category. The following are equivalent:

(1) C is a U-complete category.

(i) C is a cotensored U-category and, for all U-small categories D and all
functors B : D®® X D — C, an end for A exists in C.

(iii) For all weights W : D* — Set and all diagrams A : D — Set, C has a
W -weighted limit for A, provided D is a U-small category.

Dually, the following are equivalent:
(i") C is a U-cocomplete category.

(ii") C is a tensored U-category and, for all U-small categories D and all func-
tors B : D® X D — C, a coend for A exists in C.

(iii") For all weights W : D°°? — Set and all diagrams A : D — Set, C has a
W -weighted colimit for A, provided D is a U-small category.

See Theorem 3 in [CWM, Ch. 1V, § 7].
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Proof. (i) = (ii). It is clear that X M C is nothing more than an X -fold product
of copies of C, so C is certainly U-cotensored if it is U-complete, and proposi-
tion A.6.6 says C also has the required ends in that case.

(i1) = (ii1). We have the following natural bijections:
C(C,{W,A)°) = [D,Set|(W, C(C, A))

~ / Set(Wd,C(C, Ad))
d:D

E/ C(C,WdmAd)
d:D

gC(C,/ deAd)
d:D

Thus, using the Yoneda lemma and assuming C is a cotensored U-category, the
weighted limit {W, A}" exists if and only if the end [, | Wd t Ad exists.

(ii1) = (i). Ordinary limits are a special case of weighted limits, as remarked in
A.5.11. [ |

Proposition A.6.11. Let U be a pre-universe, let Set be the category of U-sets,
let C be a locally U-small category, and let J be any category. If C is a tensored
U-category and has weighted limits for all weights W : J — Set and diagrams
A:J = C, then:

() (W,A) — {W, A} extends to a functor [J,Set]®® x C — C.

(ii) For each diagram A : J — C, the functors {—, A}’ : [J,Set]® — C and
C(—,A): C® — [T,Set] are contravariantly adjoint on the right.

(iii) For each weight W : J — Set, we have the following adjunction:
wo-4{w,-}:[J,C]->C
Here, W © C : J — C is the diagram j — W j © C.

Dually, if C is a cotensored U-category and has weighted colimits for all weights
W . J°° — Set and diagrams A : J — C, then:

(i) (W,A) = W x; A extends to a functor [J*,Set] x C — C.
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(ii") For each diagram A : J — C, we have the following adjunction:

—x; A C(A,—): C = [T, Set]

(iii") For each weight W : J°° — Set, we have the following adjunction:
Wik, —AWmnh-:C- [J,C]
Here, W N C : J — C is the diagram j — W jm C.

Proof. Claim (i) is straightforward, and for claims (ii) and (iii), observe that we
have bijections

C(C.{W,A}) =[J,Setl(W,C(C, A))
~ / Set(W j, C(C, Aj))
J:J
g/ C(WjoC,Aj)
J:J
=~ [J,CI(W 0 C, A)

and these are natural in W, A, and C. [ |

Lemma A.6.12. Let U be a pre-universe, let Set be the category of U-sets, and
let | and J be U-small categories. For all functors A : [P X J? x 1 X J — Set:

(1) The assignment (i',i) — fj:JJ A(i', j, i, j) extends to a functor 1P X[ — Set.

(i1) There is a unique morphism 0 making the diagram below commute for all
iand j,

/ / A(i”j’ai’aj/)—> A(i9j’7i9j,)
i’ rJ

/ AT s AG i)
(i’,j’):ﬂXJ]

where the unlabelled arrows are the components of the respective univer-
sal wedges, and 0 is moreover an isomorphism.
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(i11) There is a unique morphism ¢ making the diagram below commute for all
iand j,

/ / A(i/7j/’i/7.j/)—>/ A(iaj/9i7.j/)
i’ J "l j'Jd \

1
1
1
[

A(, j, 1, J)

/ / A(i,’j,’i,’j,)—>/ A(i9j’9i’j,)/
jraJirl i’

where the unmarked arrows are the components of the respective universal
wedges, and o is moreover an isomorphism.

Proof. See [CWM, Ch. IX, § 8]. ]

Theorem A.6.13 (Interchange law for ends and coends). Let C be any category
andlet A : I®® x J°® X I x J — Set be any functor. If the end /1:1 A, j' 0, ))
exists in C for all j' and j in J, and the end /j:j A(i', j,i,Jj) exists in C for all i’
and i in 1, then the following are equivalent:

(1) The end /(i’j):ZXJ A(i, j,i,Jj) exists in C.
(i1) The iterated end fl.:l /j:J A(i, j,i,J) existsin C.
(iii) The iterated end fj:J fl.:z A(i, j,i,J) existsin C.

In this case, we have a canonical isomorphism in C:

// A(i,j,i,j)g/ /A(i,j,i,j)
i Jjg JJ Jil

Dually, if the coend fi:I A(i, j',i,J) exists in C for all j' and j in J, and the
coend fj:J A(i',j,i,J) exists in C for all i’ and i in I, then the following are
equivalent:

(i") The coend /("’j):ZXJ A, j,i,J) exists in C.
(ii") The iterated coend /i:I /j:J A(i, j,i,j) exists in C.

(iii") The iterated coend /” f":I A(i, j,i,j) exists in C.
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In this case, we have a canonical isomorphism in C:

i:T jJ jJ ii7
// A(i,j,i,j)g/ / A(i, j,1,J)

Proof. Choose a pre-universe U such that 7 and J are U-small categories and C
is a locally U-small category, and use the Yoneda lemma to reduce the claims to
the previous lemma. [ |

Proposition A.6.14. Let U be a pre-universe, let Set be the category of U-sets,
and let C and [J be locally U-small categories.

(1) Forall jin J and all functors A : J — C, the Yoneda bijection
C(C. Aj) = |J.Set] (f.C(C. A)
exhibits Aj as the weighted limit {ﬁj, A}J in C.

(1) If C is a cotensored U-category, then the end /j,:‘7 JG,j )Y mAj" exists in
C and can be canonically identified with Aj.

(ii1) For all functors H : J°® X J — C, the weighted limit {HomJ, H}anx“7
exists in C if and only if the end /j:] H(j,j) exists in C, and there is a
canonical identification of the two.

Dually:
(i") For all j in J and all functors A : J — C, the Yoneda bijection
C(Aj,C) = [T, Set](h;,C(A,C))
exhibits Aj as the weighted colimit ﬁj *; AinC.

(ii") If C is a tensored U-category, then the coend /j,:J JG', ) O Aj' exists in
C and can be canonically identified with Aj.

(iii") Forall functors H : J°xJ — C, the weighted colimit Hom ;o * ;opy 7 H
exists in C if and only if the coend / I H(j, j) exists in C, and there is a
canonical identification of the two.
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Proof. (i). This is an immediate consequence of the Yoneda lemma and the
definition of weighted limit.

(i1). Use the identification constructed in the proof of theorem A.6.10.

(iii). For all objects C in C, using claim (ii) and the interchange law for ends
(theorem A.6.13), there are bijections

[T % J,Set](Hom,, C(C, H)) = / Set(J (', /), C(H(",j))
G j)JeexJ
~ / / Set(J (', /), CCHU, j)))
J:J Jjrger
N / C(C, HG,)))
JjJ

and these are natural in C; now apply propositions A.5.13 and A.6.7. [ |

399






B.1

—_ B—

HIGHER GENERALITIES

Monoidal categories

Standard references for monoidal categories include [CWM, Ch. VII and Ch. XI]
and [Kelly, 2005, Ch. 1]. To fix notation, we will quickly review the main defin-
itions in the theory of monoidal categories.

Definition B.1.1. A strict monoidal category is a category C together with an
object I and a functor ® : C X C — C satistying the following axioms:

o (Leftunit). I @ (—) =1id,.
* (Right unit). (-) ® I =1id,.
* (Associativity). For all objects X, Y, and Z in C,
X®Y)®Z=XQ¥Y ®Z)
and similarly for morphisms in C.
I is called the monoidal unit, and ® is called the monoidal product.

In short, a strict monoidal category is an internal monoid in the metacategory
of all categories.

Example B.1.2. For any category C, the endofunctor category [C, C] is a strict
monoidal category with id,. as the monoidal unit and endofunctor composition
as the monoidal product.
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Despite the above example, strict monoidal categories turn out to be less use-
ful than one might hope: not even Set equipped with the usual cartesian product
is a strict monoidal category.!'l The problem is in the equations we have imposed
in the axioms above: in naturally-occurring examples, we do not get identities
but only natural isomorphisms. This observation led Bénabou [1963] to propose
the following notion instead:

Definition B.1.3. A monoidal category is a category C together with an object
1, a functor (=) ® (—) : C X C — C, and three natural isomorphisms A, p, and
a,”! of type

R

Ay  I®X - X
Py X®I>X

Ay, (XQNQZSXQY ®Z)

such that the following diagrams commute for all choices of objects in C:

WRXQY)®Z
aW W‘
(WRX)RY)® Z WR(XRY)® 2))

aW@X,Y,ZJ/ J/idW®aX,Y,Z

WeX)®1Y ®Z) W RXQRY®Z))

Xy xYQZ

X®D®Y oY XQU®Y)

XQ®Y

The natural isomorphisms A, p, and a are called, respectively, the left unitor,
right unitor, and associator of the monoidal category C.

[1] Infact, even if we identify all isomorphic objects, there is still a problem: see the closing remarks
in [CWM, Ch. VII, § 1].
[2] Beware: Mac Lane [CWM, Ch. VII] uses the opposite convention for «.
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REMARK B.1.4. Since A, p, and a are natural isomorphisms, a monoidal structure
on C induces a monoidal structure on C’. Less obviously, we can define a mon-
oidal category C™ whose underlying category is the same as C, but X @ 'Y =
YRX, AV =p,p =2 and a™ = a” .

1 B.1.5. A fairly non-trivial theorem of Mac Lane [1963] and Kelly [1964]
essentially states that these two axioms are enough to prove that “all diagrams
involving only A, p, and & commute”. For example, using the pentagon axiom
and the triangle axiom, we may derive

XXy

I®X)®Y I QX Q®Y)
XQY

from which the equation (!) below can be obtained:

A =p;

Definition B.1.6. Let C and D be monoidal categories. A lax monoidal functor
C — D consists of a functor F : C — D of the underlying categories, together
with a morphism n : I, - FI.in D and a natural transformation u of type
F(-)Q®p F(-) = F(— Qc —) making these diagrams commute:

I,®, FX "N F1. @ FX  FX®,I, %! Fx®,FI,

AFXl l“lC»X pFXl lﬂxv’c

FX ¢—— F(Ic ®c X) FX ¢ —— F(X & I)

(FX ®, FY) ®, FZ XM FX @, (FY ®p FZ)

Hx y®pidrz idpx®phy z
F(X®.Y)®, FZ FXQ®p F(Y Q. Z)
Hx®cy.z Hxy®cz

F((X®:Y)®c Z) W”X@c (Y ®c Z))

An oplax monoidal functor C — D is a lax monoidal functor C®* — D,
A strong monoidal functor is a lax monoidal functor such that n and y are
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isomorphisms. A strict monoidal functor is a lax monoidal functor such that n
and u are identities.

Definition B.1.7. Let C and D be monoidal categories and let F, F' : C - D be
lax monoidal functors. A monoidal natural transformation ¢ : F = F'isa
natural transformation making the following diagrams commute:

I, —" FI, FX®, FY 24 F(X®.Y)

idl l(Plc (pX®D(pYJ l‘ﬂmcy

Ip —— F'le FX®,FY —— F(X®Y)
Hxy

REMARK B.1.8. Note that if C and D are both strict monoidal categories, then the
diagrams above simplify to more familiar ones:

FX ™M pr @ FX FX “®1 px ®, FI,
m// lmc,x m} lﬂx,zc
FX FX
FX®, FY ®, FZ
My, Y®Dld/ Wﬂyz
F(X®: Y)®,FZ FXQp, F(Y®. Z)

Thus, we see one reason for defining lax monoidal functors as we have done: if
1 is the terminal category, then a lax monoidal functor 1 — D is the same thing
as an internal monoid"! in D, and a monoidal natural transformation of such lax
monoidal functors is the same thing as a homomorphism of internal monoids.

Many natural examples of monoidal categories have a “‘commutative” mon-
oidal product. For example, the cartesian product in any category satisfies X X
Y =2 Y X X. As usual, to do anything useful, we must demand not only the

[3] — in the monoidal category sense, of course.
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existence of such isomorphisms but also that they be natural and coherent in the
following sense:

Definition B.1.9. A braided monoidal category is a monoidal category C to-
gether with a natural isomorphism y of type

Yy X®Y SY®X

such that the following diagrams commute for all choices of objects in C:

XQ¥®Z)

V xy@z
XQY)®Z Ye2H)X
Yx,y®idzl J/aY,Z,X
YR®X)®Z Y ®(Z®X)

m /®Yx,z

Y Xe®2)
X®Y)®Z
XY Q®2) ZR(XQ®Y)
idX®YY$Zl l“y,lz,x
X®(ZQY) (ZRX)QY
m /Mdy
X®Z)®Y

IQ@X — ™™ v xQ1
X

The natural isomorphism vy is called the braiding of C. A symmetric monoidal
category is a braided monoidal category C satisfying the following additional
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axiom:
Yyey =1d,

A braided / symmetric strict monoidal category is a braided / symmetric mon-
oidal category that is strict as a monoidal category.

There is a coherence theorem for braided and symmetric monoidal categories
as well, but in the braided case it is somewhat subtle compared to the coherence
theorem for monoidal categories — we cannot be so cavalier as to say that “all
diagrams commute” in a braided monoidal category. Instead, just as before,
every braided / symmetric monoidal category is equivalent to a strict one via
functors respecting the various structural isomorphisms.

Definition B.1.10. Let C and D be braided monoidal categories. A lax / oplax /
strong / strict braided monoidal functor C — D is a lax / oplax / strong / strict
monoidal functor F : C — D making the diagram below commute:

FX®p FY 5 F(X®.Y)

YFXA,FYJ/ lFYx,y

FY ®p FX —— F(Y ®c X)

REMARK B.1.11. The appropriate notion of natural transformation for lax braided
monoidal functors is precisely that of a monoidal natural transformation: we
need not impose any extra conditions.

Here is an example of an equation that does not necessarily hold in a braided
monoidal category, even though they have the same domain and codomain:

)
I |
Yxy =VYrx

Indeed, if it were true, then every braided monoidal category would be a sym-
metric monoidal category! On the other hand, in a symmetric strict monoidal
category, it is true that any two composites of braiding operations with the same
domain and codomain are equal — provided each object is identified with a dif-
ferent letter, so that we do not get absurdities like this:

? .
Yxx =1dygx
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A similar restriction applies to our claim that “all diagrams commute” in a mon-
oidal category, so it is not unreasonable to say the same is true in a symmetric
monoidal category.

We pause briefly to indicate an important special case of a symmetric mon-
oidal category.

Definition B.1.12. A cartesian monoidal category is a category with products
for all finite families of objects, and a cartesian monoidal functor is a functor
between cartesian monoidal categories that preserves all finite products.

Proposition B.1.13.
(1) A category with all finite products is automatically a symmetric monoidal
category, with the terminal object 1 as its monoidal unit and the cartesian
product X as the monoidal product.

(i1) If C and D are two categories with finite products regarded as symmetric
monoidal categories, then every functor C — D can be equipped with a
canonical oplax braided monoidal functor structure.

(iii) A cartesian monoidal functor is canonically equipped with the structure
of a strong braided monoidal functor.

Proof. (i). The verification of the axioms is straightforward and left to the reader
as an exercise.

(i1). Let F : C — D be a functor. The universal property of the terminal object
gives a unique morphism £ : F1 — 1 in D, and the universal property of binary
products gives a canonical morphism 8y : F(X XY) - FX X FY. It can be
shown that the diagrams below commute,

516,)( 5X,1C
F(leXe X) —=— Flo X, FX F(X Xc1¢) — FX xp, Fl,
F/lxl lsXDidFX prl lidFXXDE
FX «———— Ipxp FX FX «——— FX xp 1
FX
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F((X X Y) Xe Z) —22245 B(X xe (Y %¢ Z))

5X><CY,Z 6X.Y><CZ
F(XX.Y)xp, FZ FX X F(Y X Z)
Sx yXpidrz idpxXpby 7

(FX xp FY) Xp FZ gy FX X5, (FY X3, FZ)

F(X % Y) =225 FX xp FY

F Yx,yl JVFX,FY

F(Y®cX) — FY®p FX
making F into an oplax braided monoidal functor C — D.

(iii). A functor is cartesian monoidal precisely if € and & as defined above are
isomorphisms. O

Definition B.1.14. Let Y and Z be objects in a monoidal category C.

* A right internal hom object for Y and Z is an object Hom(Y, Z) in C
together with a morphism evy , : Hom(Y,Z) ® Y — Z having the
following universal property: for all morphisms f : X ® Y — Z in
C, there is a unique morphism f : X = Hom(Y,Z) in C such that
eVy z° ( f® idy) = f; equivalently, Hom(Y, Z) is an object in C equipped
with bijections

CXQ®Y,Z)=C(X,Hom(Y,Z))

that are natural for each object X in C. We may also write [Y, Z]orY - Z
for a right internal hom object for Y and Z.

* A left internal hom object for Y and Z is a right internal hom object
Y m Z in the reverse monoidal structure on C; equivalently, Y h Z is an
object equipped with bijections

CY®X,Z2)=C(X,YhZ)

that are natural for each object X in C. We may also write Z* or Z o~ Y
for a left internal hom object for Y and Z.
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* A right-closed monoidal category is a monoidal category that has right
internal hom object for all pairs of objects.

* A left-closed monoidal category is a monoidal category that has left in-
ternal hom objects for all pairs of objects.

* A biclosed monoidal category is a monoidal category that is both left-
closed and right-closed.

Note that in a symmetric monoidal category, Y m Z and Hom(Y , Z) are naturally
isomorphic if they exist; a closed symmetric monoidal category is a symmetric
monoidal category that is biclosed.

Proposition B.1.15. Let C be a right-closed monoidal category.

(1) The assignment (Y, Z) — Hom(Y, Z) extends to a functor C°®* x C — C
making the bijection

CXQY,Z)=C(X,Hom((Y, Z))
naturalin X, Y, and Z.
(i1) For each object Y, we have an adjunction
-)®Y dAHom(Y,-):C—C
whose counit is evy _ : Hom(Y,—) ® Y = id,.
(ii1) If I is the monoidal unit of C, then there is a bijection
CY,Z)=CU,Hom(Y,Z))
that is natural in Y and Z.
Proof. (i). This is a straightforward example of an adjunction with a parameter.*

(ii). This is clear from the definition of Hom(Y, Z) and eVy .

(iii). The left unitor A, : Y ot I ® Y induces the required bijection. [ |

REMARK B.I.16. A cartesian monoidal category is a closed symmetric monoidal
category if and only if it is a cartesian closed category (definition A.2.3).

See [CWM, Ch. 1V, § 7].
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B.2 Categories with actions
Prerequisites. § B.1.

Definition B.2.1. Let V be a monoidal category. A left V-action on a category
C is a strong monoidal functor V — [C, C], where [C, C] is regarded as a strict
monoidal category under composition. Similarly, a right V-action on C is a
strong monoidal functor V — [C, C]"™".

REMARK B.2.2. We can unfold the above definition somewhat by taking the left
exponential transpose of the strong monoidal functor ¥V — [C,C]: let @ be the
corresponding functor ¥V X C — C. Since the original functor was strong mon-
oidal, we get a natural isomorphism n : id, = I @(—) and a natural isomorphism
Hxy XX @(-) = (X ®Y) (—) for each pair of objects X and Y in V;
these moreover satisfy the following coherence laws:

XQX o) 2 XY)o(-)

f ®(g®id)l l( f®g)id

XoY' 0() 47 X®Y)2(-)

Hx! y’

ne(X(— (X@(=))n

X Q(-) 'Toxo-) X0 Xxoedo-)

@ yw iﬂ yw

X@(—)W(I®X)®(—) X@(—)W(X®I)®(—)

WoXol o))

Py x*(YO(-)) idy Quyx y
W ®X)2 (Y @ (-) Wo(X®Y)0(-)
”W®X,Yl lﬂw,x@Y
(W®X)®Y)D(-) e WRX®Y)2 )

Conversely, any functor @ : YV X C — C equipped with such a collection of
natural isomorphisms defines a left V-action on C.
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Proposition B.2.3 (Bénabou). For any monoidal category C, there is a faithful
strong monoidal functor F : C — [C, C] defined by the following data:
FX=X®(-)
n=21"
(I-'X,Y)Z = a)_(,lY,Z

In particular, this defines a left C-action on C, called the left regular repres-
entation of C.

Proof. F is clearly a faithful functor. In this case, the strong monoidal functor
axioms become the following diagrams:

XQV 22, I@(X®Y) XY 2% xou oY)
e TR
WeXQX R®Z))
al;/l,X,Y®Z idW®a)_(,lY,Z
WRX)®(Y R®Z) WRIX®Y)R® Z)
“ﬁ/l®x,y,zl l“ljvl,)@rz
(eX)®Y)® ~Z po—. sWQRXQY)® Z

The left square commutes by the coherence theorem, while the right square and
the pentagon are seen to be immediate consequences of the triangle and pentagon
axioms, respectively. |

Proposition B.2.4. Let V be a monoidal category and let C be a category.

* If @ : VX C — Cdefines a left V-action on C such that, for each object
X in VY, the endofunctor X @ (—) has a right adjoint (=) — X, then the
functor o— : C X V° — C defines a right V®-action on C.

e If© : C XV — C defines a right V-action on C such that, for each object
X in YV, the endofunctor (=) © X has a right adjoint X — (—), then the
functor — : YV X C — C defines a left V°®-action on C.
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o [fo— : CXV® — C defines a right V°®-action on C such that, for each
object X in VY, the endofunctor X o (=) has a left adjoint X @ (—), then
the functor @ : V X C — C defines a left V-action on C.

o If o : VP X C — C defines a left V°°-action on C such that, for each
object X in V, the endofunctor X — (=) has a left adjoint (—) © X, then
the functor  : C XV — C defines a right V-action on C.

Proof. The four statements are related by applying (—)°? and (—)"™" at the ap-
propriate points, so it suffices to prove the first claim.

First, note that o— is indeed a functor C X YV — C, by the parameter theorem
for adjunctions.’) Let ev x4 - X @ (Ao X) — A denote the component of
the counit of the adjunction X @ (—) 4 (=) o— X at an object A in C. For each
pair of objects X and Y in V and each object A in C, we define the morphism
(6X’Y)A A= (X®Y) - (Ao X) o~ Y to be the right adjoint transpose of
eVygy.a ® (Mx.y)amx)yy- and for each A, we define €, : A — I — A to be the
composite ev; 4 o n,, ;. These are clearly natural in A, and it is straightforward
to check that 8y  is also natural in X and Y. One may then use the calculus of
mates to show that £ and 6 , are natural isomorphisms and that they satisfy the
axioms for making the right exponential transpose of o— : C X V°* — C into a
strong monoidal functor V* — [C, C]"™®, i.e. a right V°P-action on C. [ |

Example B.2.5. V is a left-closed (resp. right-closed) monoidal category if and
only if the left (resp. right) self-action of V has a parametrised right adjoint as
in the proposition, and the right adjoint right (resp. left) V°P-action so obtained
is precisely a left (resp. right) internal hom functor.

Definition B.2.6. Let V be a monoidal category and let C be a category.

* A right V-hom system for C consists of a left V-action@ : VXC — C, a
functor C : C*?XC — VP, and aright V°P-action - : CX VP — V together
with natural bijections of the types below,

V(X,C(A,B)) = C(A, B X)
C(XQ@A,B)=C(A, B> X)
C(X @ A,B) = V(X,C(A, B))

where X varies over the objects in V, and A and B vary over the objects in
C, such that the cyclic composition of the three bijections is the identity.

See [CWM, Ch. 1V, § 7].
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* A left V-hom system for C consists of a right V-action © : CXV — C, a
functor C : C°? X C — V, and a left V°P-action — : V? X C — V, together
with natural bijections of the types below,

V(X,C(A,B)) =~ C(A, X — B)
CASX,B)=C(A,X - B)
C(AQ X, B) 2 V(X,C(A, B))

where X varies over the objects in V, and A and B vary over the objects in
C, such that the cyclic composition of the three bijections is the identity.

Example B.2.7. If V is a biclosed monoidal category with right internal hom
functor Hom and left internal hom functor M, then (®, M, Hom) is a left V-hom
system for V:

YY,XNZ)=V(X,Hom(Y,Z))
VIXQ®Y,Z)=V(X,Hom(Y,Z))
VXQY,Z)=V(Y,XMhZ)
Example B.2.8. If C is a locally small category that has products and coproducts
for all small families of objects, then C admits a left Set-action and a right Set -
action that are related by the following adjunctions:
Set(X,C(A, B)) = C(A, B X)
C(XQ@A,B)=C(A, B X)
C(X @ A, B) =~ Set(X,C(A, B))

(The adjointness claim was checked in proposition A.6.9, and the coherence laws
are straightforwardly verified.) Thus, (@, C, o) is a right Set-hom system for C.

Theorem B.2.9. Let V be a monoidal category and let C be a category.

(i) If @ is a left V-action on C and C : C** X C — C is a functor with natural
bijections of the form below,

C(X@A,B)=V(X,C(A, B))

then C is the hom functor of a V-enriched category C whose underlying
ordinary category is isomorphic to C.
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(i1) If o is a right V*?-action on C and C : C*® X C — C is a functor with
natural bijections of the form below,

C(A, B - X) = V(X,C(A, B))

then C is the hom functor of a V-enriched category C whose underlying
ordinary category is isomorphic to C.

Proof. (i). The natural isomorphism A = I @ A induces a family of bijections
C(A, B) = V(I,C(A, B))

natural in A and B, so we have a morphisme, : I — C(A, A) in V for every
object A in C corresponding toid, : A - AinC. Letev, 5 : C(A,B)Q A —> B
be the component at B of the counit of the adjunction (-) @ A 4 C(A, —), and
define ¢, p - : C(B,C) ® C(A, B) — C(A, C) to be the right adjoint transpose of
the following morphism in C:

€Vpc© (idg(B,C) %) eVA,B) (IJC(B 0).C(A, B)) :(C(B,C)®C(A,B)©A—C

By definition, the left adjoint transpose of ey is n3', so the left and right unit
axioms are satisfied:

CABB° (eB b idg(A,B)) = AQ(A,B)

Cp.BC° (idg(B,C) ® eB) = Pc.o)

One may similarly verify the associativity axiom:

CA,BD° (cB,C,D ® idg(A,B)) =Cqcpn® (idg(c,D) ® CA,B,C) ° &¢(C.D),C(B.C).C(A.B)

(ii). By duality and symmetry, o— induces a left V*-action on C?, so we may
construct a V'*'-enriched category C°" using claim (i) and thence a V-enriched
category C = (C). |

Definition B.2.10. Let V be a monoidal category, and let C and D be categor-
ies with left V-actions. A V-strength for a functor F : C — D is a natural
transformation ¢ : (—) @ F(—) = F(— @ —) making these diagrams commute:

I@FA—)F(I@A)

414



B.2. Categories with actions

XY @ FA)
idy@oy 4 (Mxy)a
XQFY @A) X®Y)Q FA
F(Xo (Y ©A) ) F(X®Y)2 A)

A V-strong functor is a functor equipped with a V-strength.

Definition B.2.11. Let ¥V be a monoidal category, let C and D be categories with
left V-actions, and let F, F' : C — D be functors with V-strengths ¢ and ¢’
respectively. A V-strong natural transformation ¢ : F = F’ is a natural
transformation making the following diagram commute:

XQFA - F(X Q@A)

id)( ®¢Al J/(P)(@A

XQFA—— F(XQA)
Ox.A
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2-out-of-3 property, 372
2-out-of-6 property, 372

accessible category, 13
classification theorem, 15
accessible extension, 24, 26, 28
accessible functor, 15
action
— on a category, 410
adjoint
densely-defined partial —, 386
adjoint functor theorem
accessible —, 21, 27
adjunction, 335
— of quasicategories, 295
derived —, see derived adjunction
Frobenius —, 344
N-number, 7
anodyne extension
— of simplicial sets, 61
— with respect to an elementary Cis-
inski homotopy structure, 267
inner —, 297
arity class, 8
classification theorem, 8
aspherical
— morphism, 328
— object, 327
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bar complex, 91, 97
— of sets, 90
bar construction
— in simplicial sets, 99
bar resolution, 103
basic localiser, 327
— of a derivator, 327
minimal —, 334
Beck—Chevalley condition, 337
derived —, 160
bisimplicial set, 86

cardinal, 7

classification theorem, 7

regular —, 8

strongly inaccessible —, 9
cartesian closed category, 341
cartesian closed functor, 342
category

finite —, 8

locally small —, 2

small —, 2, 8
category of simplices

— of a category, 224

— of a simplicial set, 332

projection functor, 224, 228, 332
category with weak equivalences, 137
cell complex, 32



INDEX

relative —, 32
Cisinski homotopy structure, 269
elementary —, 267
class, 2
classification theorem
— for accessible categories, 15
— for arity classes, 8
— for cardinalities, 7
— for locally presentable categor-
ies, 17
— for well-ordered sets, 5
classifying diagram
— of a category, 114
cobar complex, 91, 97
— of sets, 90
cobar construction
— in simplicial sets, 99
cobar resolution, 103
cocomplete category, 3
simplicially enriched —, 122
codegeneracy operator, 47
codense functor, 385
coend, 391
coface operator, 47
cofibrant
— object, 180
— replacement, 186
— replacement functor, 186
cofibration, 35, 180
—in the Reedy model structure, 218
— of categories, see also isocofibra-
tion
— of groupoids, see also isocofibra-
tion
— of simplicial sets, 59
cofinal
— functor, 389
— subset of a poset, 8
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homotopy —, see homotopy cofi-
nal
coinitial
— functor, 389
homotopy —, see homotopy coini-
tial
colimit
conical —, see conical colimit
homotopy —, see homotopy colimit
weighted —, see weighted colimit
compact object, 11
compact—open topology, 351
compactly-generated Hausdorff space, 52,
351
complete category, 3
simplicially enriched —, 122
conical colimit
— in a simplicially enriched category,
120
conical limit
—inasimplicially enriched category,
120
conjugate pair, 337
pasting lemma, 339
connected components, 55
contractible simplicial set
weakly —, 76
contracting homotopy, 76
cosimplicial identities, 48
cosimplicial simplicial set, 87
coskeleton
— of a simplicial set, 57
cotensored category, 393
— over simplicial sets, 119
cowedge, 391
cylinder functor
Cisinski —, 264
cylinder object
— in a model category, 194
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deformable adjunction, 157

deformable functor, 147
functorially —, 164

deformation retract
— for a composable pair of func-

tors, 151

— for a functor, 147, 210
2-category of —, 154
functorial — for a functor, 164
Quillen —, 209

degeneracy operator, 49

dense functor, 385

dependent product, 349

dependent sum, 349

derivable category, 180
saturated —, 189

derivator, 313
— of a DHK model category, 318
— of a model category, 318
strong, 313

derivator domain, 303

derived adjunction, 146, 211

derived functor
total —, 171, 210

derived hom-space, 257

dinatural transformation, 391

direct category, 215

directed preorder, 10

Dwyer—Kan equivalence
— of simplicially enriched categor-

ies, 127

edge
— of a simplicial set, 50
end, 391
equivalence
— in a model category, 201
— in a quasicategory, 293
— in a relative category, 139

— of quasicategories, 295
— with respect to a basic localiser,
327
— with respect to a derivator, 327
— with respect to a prederivator,
320
exact square, 309
pasting lemma, 310
exponential ideal, 345
exponential object, see also cartesian closed
category

face operator, 49

factorisation system
algebraic —, 43, 368
cofibrantly-generated —, 38, 360
extension of —, 41, 361
fibrantly-generated —, 360
functorial —, 38, 363
orthogonal —, 354, 363, 364

proper —, 355

weak —, 354, 368
fibrant

— object, 180

— replacement, 186
— replacement functor, 186
fibrant object
— with respect to a Cisinski homo-
topy structure, 269
fibration, 180
— in the Reedy model structure, 218
— of categories, see also isofibra-
tion
— of groupoids, see also isofibra-
tion
— of simplicial sets, see Kan fibra-
tion
— with respect to a Cisinski homo-
topy structure, 270
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inner — of simplicial sets, 297
filtered category, 10
frame, 242, 248
functor
— between quasicategories, 289, 292
monoidal —, 403
fundamental category, 54
— of a Kan complex, 59
fundamental groupoid, 56
— of a Kan complex, 60

geometric realisation
— of a simplicial set, 52

hom system, 412
homotopical approximation
— for a functor, 166, 171
— for a natural transformation, 167
homotopical category, 137
slice —, 138
homotopical equivalence, 141
adjoint —, 141
homotopical functor, 137
homotopical Kan extension, 145
absolute —, 145
homotopically contractible, 142
homotopically initial object
— in a homotopical category, 142
homotopically replete subcategory, 139
homotopically terminal object
— in a homotopical category, 142
homotopy
—in a simplicially enriched category,
123
intrinsic —, 66
left —, 195
left — in a quasicategory, 290
right —, 195
right — in a quasicategory, 290
weak —, 139
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homotopy 2-category
— of quasicategories, 294
homotopy category, 371
— of a cartesian model category,
280
— of a derivable category, 189
— of a model category, 195, 201
— of a quasicategory, 291
— of simplicial sets, 73
— with respect to a Cisinski cylin-
der functor, 265
Quillen —, 189
simplicial —, 126
homotopy cofinal
— morphism, 319, 329
homotopy coinitial
— morphism, 319, 329
homotopy colimit
— in a prederivator, 317
— in simplicial sets, 111
homotopy equivalence
— in a model category, 195, 201
— in a simplicially enriched category,
123
— of simplicial sets, 75
homotopy extension property, 80
homotopy function complex, 255
homotopy inverse
— in a model category, 195, 200
— in simplicial sets, 74
homotopy Kan extension
— in a prederivator, 308
homotopy lifting property, 80
homotopy limit
— in a prederivator, 317
— in simplicial sets, 111
homotopy type
weak —, 70
homotopy-coherent diagram, 132
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homotopy-coherent equivalence
— in a quasicategory, 293
homotopy-coherent natural transforma-
tion, 134
homotopy-coherent nerve, 133
horn, 59
inner —, 289

ind-completion, 14
ind-object, 14
co-category, see quasicategory
injective model structure, 212
— on bisimplicial sets, 86
combinatorial —, 263
Reedy —, 220
injective morphism, 35
internal hom object, 408
inverse category, 215
isocofibration
— of categories or groupoids, 282
isofibration
— of categories or groupoids, 282
— of quasicategories, 301

Kan complex, 59

weak —, see quasicategory
Kan extension, 377

absolute —, 378

homotopical —, see homotopical Kan

extension
homotopy —, see homotopy Kan ex-
tension
pointwise —, 378, 382
Kan fibration, 59, 62
trivial —, 61, 68
Kan—Quillen model structure, 65, 263
— and bisimplicial sets, 87
— and cosimplicial simplicial sets,
89

latching
— category, 216
— morphism, 216
— object, 216
relative — morphism, 217
Lawvere cylinder, 266
lifting property, 352
homotopy —, see homotopy lifting
property
limit
conical —, see conical limit
homotopy —, see homotopy limit
weighted —, see weighted limit
localisation
— of a relative category, 371
— of a simplicially enriched cat-
egory, 123
locally presentable category, 16
classification theorem, 17

matching
— category, 216
— morphism, 216
— object, 216
relative — morphism, 217
mate, see conjugate pair
maximal augmentation
— of a cosimplicial simplicial set,
88
model category, 180
cartesian —, 278
Cisinski —, 263, 270
cofibrantly-generated —, 261
combinatorial —, 263
DHK —, 181
framed —, 243
monoidal —, 277
model structure, 179
canonical — for categories, 283, 302
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canonical — for groupoids, 286
injective —, see injective model struc-
ture
Joyal — for quasicategories, 301
Kan—Quillen —, see Kan—Quillen
model structure
mono—epi —, 181
opposite —, 182
product —, 186
projective —, see projective model
structure
Reedy —, see Reedy model struc-
ture
slice —, 185
trivial —, 181
monoidal category, 402
braided —, 405
cartesian —, 407
closed —, 408
strict —, 401
symmetric —, 405
monoidal functor
braided —, 406
cartesian —, 407
monoidal natural transformation, 404

natural equivalence
— of functors between quasicate-
gories, 204
natural transformation
— of functors between quasicate-
gories, 292
nerve
— functor, 382
— of a category, 54
bisimplicial —, 114
homotopy-coherent —, 133

opposite
— of a quasicategory, 290
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— of a simplicial set, 290
ordinal, 4
orthogonality, 352

path object
— in a model category, 194
pre-universe, I
prederivator, 304
— of a model category, 317
— of a relative category, 304, 307
representable —, 304
projective model structure, 212
cofibrantly-generated —, 263
Reedy —, 220

quasi-inverse, 139
— in a quasicategory, 293
quasicategory, 289
small —, 292
Quillen adjunction, 205, 207, 211
— of two variables, 274
Quillen equivalence, 211
— condition for relative categories,
163
— of derivable categories, 205
— of model categories, 205
Quillen functor, 205

rank
—ofaset, 6
realisation
—in asimplicially enriched category,
127
— of a bisimplicial set, 86
Reedy category, 215
— with cofibrant constants, 220
— with fibrant constants, 220
fibration of —, 223
morphism of —, 223
Reedy model structure, 220
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— on bisimplicial sets, 86
— on cosimplicial simplicial sets,
88
relative category, 370
maximal —, 370
minimal —, 370
opposite —, 370
saturated —, 137, 371
semi-saturated —, 371

relative equivalence, see homotopical equi-

valence
relative functor, 370
resolution, 240, 248

semiderivator, 304
cocomplete —, 312
complete —, 312
strong —, 305
set, 2
2II-category, 349
simplex
— of a simplicial set, 50
degenerate — of a simplicial set, 50
simplex category, 47
simplicial category, 113
locally small —, 114
small —, 114
simplicial functor, 113
simplicial homotopy, 124
simplicial identities, 49
simplicial natural transformation, 113
simplicial object, 47
weakly constant —, 248
simplicial set, 49
discrete —, 55
finite —, 51
simplicially enriched category, 114
— associated with a simplicial set,
134

discrete —, 117
fibrant —, 134
locally small —, 116
small —, 116
simplicially enriched functor, 115, see
also simplicial functor
— category, 117
simplicially enriched natural transform-
ation, 116, see also simplicial
natural transformation
singular set, 52
skeleton
— of a simplicial set, 57
small object argument
admissible for —, 37
Garner’s —, 43
Quillen’s —, 38
stability under universe enlargement
— of cofibrantly-generated factor-
isation systems, 41
— of weak homotopy types, 74
stability under universe enlargment
— of accessible adjunctions, 27
standard resolution
— of a category, 131
standard simplex
— as a simplicial set, 50
— as a topological space, 52
strong functor, 414
strong natural transformation, 415

tautological cocone, 378, 385
tautological cone, 378, 385
tensored category, 393

— over simplicial sets, 119
three-arrow calculus, 171

functorial —, 173

fundamental theorem of —, 176
totalisation
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—in a simplicially enriched category,
127
— of a cosimplicial simplicial set,
88
transitive set, §
trivial cofibration
— of simplicial sets, see anodyne
extension
trivial fibration
— in a Cisinski model category, 265
truncation
— of a simplicial set, 56

uni-fractionable category, 171
universe, I
universe convention

explicit —, 4

one —, 4

two —, 317
vertex

— of a simplicial set, 50
virtually cofibrant diagram, 231
virtually fibrant diagram, 231

weak equivalence, 139, 180
—in the Joyal model structure, 296
— in the Kan—Quillen model struc-
ture, 64
—in the Reedy model structure, 218
— of bisimplicial sets, 86
— of cosimplicial simplicial sets,
88
— of simplicial sets, 69
— with respect to a Cisinski homo-
topy structure, 269
natural —, 141
weak homotopy equivalence
— of categories, 332
— of simplicial sets, 64
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wedge, 391
weighted colimit, 380
—inasimplicially enriched category,
121
weighted limit, 380
— in a simplicially enriched category,
121
well-ordered set
classification theorem, 5
Whitehead property, 140

zigzag, 374
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