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Abstract

In [1968] and [1974], Segal introduced special cases of what is now
known as the ‘Segal condition’ for simplicial spaces, which can be in-
terpreted as a theory of weak categories where composition is defined
only up to a system of coherent homotopies, or equivalently, as a theory
of categories weakly enriched over simplicial sets. This idea has now
been studied and elaborated upon by Dwyer, Kan and Smith [1989],
Tamsamani [1996], Hirschowitz and Simpson [1998], Rezk [2001], Pel-
lissier [2002], and others, resulting in a general theory of weakly en-
riched categories.

1 The Segal condition
Given a set 𝐴, there is a simplicial set cosk0(𝐴) whose 𝑛-simplices are the
(𝑛 + 1)-tuples of elements of 𝐴, with face and degeneracy operators induced
by the appropriate projections. We write 𝚫𭐴 for the category of simplices
of cosk0(𝐴), i.e. the comma category (Δ• ↓ cosk0(𝐴)). Of course, if 𝐴 is a
singleton, then 𝚫𭐴 is isomorphic to the usual simplex category 𝚫.

Definition 1.1. Let 𝑛 be a natural number. A principal edge of [𝑛] is an
inclusion of the form {𝑖 − 1, 𝑖} ↪ [𝑛] in 𝚫, where 1 ≤ 𝑖 ≤ 𝑛. More gener-
ally, if (𝑎0, … , 𝑎𭑛) is an object in 𝚫𭐴, then a principal edge of (𝑎0, … , 𝑎𭑛) is a
morphism whose underlying simplicial operator is a principal edge of [𝑛].

Now, let ℳ be a model category such as sSet or Top, let 𝑋 be a functor
𝚫𭐴

op → ℳ, and let (𝑎0, … , 𝑎𭑛) be an object in 𝚫𭐴. The principal edges of
(𝑎0, … , 𝑎𭑛) induce, for 1 < 𝑖 < 𝑛, a commutative diagram of the following
form:

𝑋(𝑎0, … , 𝑎𭑛) 𝑋(𝑎𭑖, 𝑎𭑖+1)

𝑋(𝑎𭑖−1, 𝑎𭑖) 𝑋(𝑎𭑖)
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Definition 1.2. For 𝑛 ≥ 2, if M(𝑋; 𝑎0, … , 𝑎𭑛) is the limit of the diagram below
in ℳ,

𝑋(𝑎0, 𝑎1) ⋯ ⋯ 𝑋(𝑎𭑛−1, 𝑎𭑛)

𝑋(𝑎1) ⋯ 𝑋(𝑎𭑛−1)

then there is an induced morphism 𝑋(𝑎0, … , 𝑎𭑛) → M(𝑋; 𝑎0, … , 𝑎𭑛), called
the Segal map. We say 𝑋 satisfies the Segal condition if the Segal maps
are weak equivalences for all (𝑛 + 1)-tuples (𝑎0, … , 𝑎𭑛) (where 𝑛 ≥ 2) of
elements of 𝐴, and we say 𝑋 is unital if 𝑋(𝑎0) is a terminal object in ℳ for
all elements 𝑎0 of 𝐴.

Remark 1.3. Note that the above definition uses ordinary limits instead of
homotopy limits!

Proposition 1.4 (Grothendieck). Let 𝑋 be a simplicial set. The following are
equivalent:

(i) 𝑋 is isomorphic to the nerve of a (small) category.

(ii) 𝑋 satisfies the Segal conditions as a functor 𝚫op → Set, where Set is given
the minimal model structure.

(iii) The unique morphism 𝑋 → 1 is right orthogonal with respect to all inner
horn inclusions Λ𭑛

𭑘 ↪ Δ𭑛 (𝑛 ≥ 2, 0 < 𝑘 < 𝑛).

2 Bisimplicial sets
Definition 2.1. A bisimplicial set is a functor 𝚫op → sSet, where sSet is the
category of simplicial sets, and a morphism of bisimplicial sets is a natural
transformation of functors. We write ssSet for the category of bisimplicial
sets.

Remark 2.2. There is a full embedding K : sSet → ssSet that sends a simpli-
cial set 𝑋 to the bisimplicial set K(𝑋), where K(𝑋)𭑛 = 𝑋 for all 𝑛, with trivial
face and degeneracy operators. We can make ssSet into an sSet-enriched
category such that the following adjunction formula holds:

[𝑋, ssSet(𝑌, 𝑍)]sSet ≅ ssSet(K(𝑋) × 𝑌, 𝑍)

(The LHS denotes the exponential object in sSet.)
The 𝑛-th space functor (−)𭑛 : ssSet → sSet is then represented by a

bisimplicial set 𝐹𭑛, where 𝐹𭑛
𭑘 is the discrete simplicial set 𝚫([𝑘], [𝑛]). (This

is not isomorphic to K(Δ𭑛)!) We write 𝜕𝐹𭑛 for the largest subobject of 𝐹𭑛 that
does not contain the element id[𭑛].
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Definition 2.3. A morphism 𝑓 : 𝑋 → 𝑌 in ssSet is a Reedy fibration (resp.
trivial Reedy fibration) if and only if, for each natural number 𝑛, the rel-
ative matching map ssSet(𝐹𭑛, 𝑋) → ssSet(𝐹𭑛, 𝑌) ×ssSet(𭜕𭐹𭑛,𭑌) ssSet(𝜕𝐹𭑛, 𝑋)
induced by the commutative diagram in sSet shown below

ssSet(𝐹𭑛, 𝑋) ssSet(𝜕𝐹𭑛, 𝑋)

ssSet(𝐹𭑛, 𝑌) ssSet(𝜕𝐹𭑛, 𝑌)

is a Kan fibration (resp. trivial Kan fibration) in sSet.

Remark 2.4. A Reedy-fibrant bisimplicial set is therefore a bisimplicial set
𝑋 such that the morphism ssSet(𝐹𭑛, 𝑋) → ssSet(𝜕𝐹𭑛, 𝑋) is a Kan fibration
for all natural numbers 𝑛. In particular, 𝑋0 must be a Kan complex.

Proposition 2.5. There is a cofibrantly-generated model structure on ssSet, called
the Reedy model structure, with the following properties:

• The cofibrations and weak equivalences are determined levelwise.

• The fibrations (resp. trivial fibrations) are the Reedy fibrations (resp. trivial
Reedy fibrations).

The Reedy model structure is moreover compatible with the previously-defined sSet-
enrichment of ssSet, i.e. it satisfies axiom SM7.

Proof. See Theorem 15.8.7 in [Hirschhorn, 2003]. □

3 Segal spaces
It is well-known that the functor N : Cat → sSet that sends a (small) cat-
egory ℂ to its nerve N(ℂ) is fully faithful; however, it is not homotopically
well-behaved. For instance, if ℂ has a terminal object, then N(ℂ) is con-
tractible. To remedy this, Rezk [2001] proposed the following notion:

Definition 3.1. The classification diagram of a (small) relative category ℂ
is the bisimplicial set 𝐍(ℂ) defined by 𝐍(ℂ)𭑛 = N(weq [min [𝑛], ℂ]h).

Remark 3.2. More explicitly, if we think of the product category [𝑛] × [𝑘] as
a grid with 𝑛 columns and 𝑘 rows, then the 𝑘-simplices of the 𝑛-th level of
𝐍(ℂ) can be identified with the functors [𝑛] × [𝑘] → ℂ where the vertical
arrows are sent to weak equivalences in ℂ.
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Example 3.3. The discrete nerve of a (small) category ℂ is the bisimplicial
set 𝐍(min ℂ); note that the 𝑛-th level of 𝐍(min ℂ) is the discrete simplicial
set N(ℂ)𭑛. In particular, 𝐍(min [𝑛]) is isomorphic to 𝐹𭑛.

Thus, we obtain a full embedding 𝐍(min −) : Cat → ssSet. Unfortu-
nately, it is also not homotopically well-behaved: equivalent categories can
have discrete nerves that are not weakly equivalent. Instead, we should con-
sider the following:

Definition 3.4. The classifying diagram of a (small) category ℂ is the clas-
sification diagram of the minimal homotopical category min+ ℂ.

Remark 3.5. Writing 𝐈[𝑘] for the groupoid obtained by freely inverting all
morphisms in [𝑘], we see that 𝑘-simplices in the 𝑛-th level of 𝐍(min+ ℂ)
correspond to functors [𝑛] × 𝐈[𝑘] → ℂ. One can also show that 𝐍(min+ ℂ)
satisfies the strict Segal condition, i.e. that all the Segal maps are isomorph-
isms.

Theorem 3.6. The functor 𝐍(min+ −) : Cat → ssSet is fully faithful, preserves
finite products and exponential objects, and moreover sends equivalences in Cat to
weak equivalences in ssSet.

Proof. This is Theorem 3.6 in [Rezk, 2001]. □

Lemma 3.7. For all (small) categories ℂ, 𝐍(min+ ℂ) is a Reedy-fibrant bisimpli-
cial set.

Proof. See Lemma 3.8 in [Rezk, 2001] □

It should therefore be reasonable to say that the following is a candidate
definition for weak categories:

Definition 3.8. A Segal space is a Reedy-fibrant bisimplicial set that satisfies
the Segal condition.

Corollary 3.9. The classifying diagram of a (small) category is a Segal space. ■

Remark 3.10. Let 𝐺𭑛 be the spine of 𝐹𭑛, that is, the smallest subobject of 𝐹𭑛

containing all the principal edges 𝐹1 → 𝐹𭑛. It is not hard to show that 𝐺𭑛 is
the colimit of the evident diagram

𝐹1 ⋯ ⋯ 𝐹1

𝐹0 ⋯ 𝐹0
𭑑0 𭑑1
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and so the Segal maps for a bisimplicial set 𝑋 are (isomorphic to) the morph-
isms ssSet(𝐹𭑛, 𝑋) → ssSet(𝐺𭑛, 𝑋) induced by the inclusions 𝐺𭑛 ↪ 𝐹𭑛. If 𝑋
is Reedy-fibrant, then axiom SM7 implies the Segal maps are Kan fibrations.

Thus, a Reedy-fibrant bisimplicial set 𝑋 satisfies the Segal condition if
and only if all the Segal maps are trivial Kan fibrations. Moreover, the face
operators 𝑑0, 𝑑1 : 𝑋1 → 𝑋0 are both Kan fibrations if 𝑋 is Reedy-fibrant,
so the ordinary limit in the definition of the Segal condition is already a
homotopy limit.

Theorem 3.11 (Rezk). There exists a cartesian simplicial model structure on ssSet,
called the injective model structure for Segal spaces, with the following prop-
erties:

• The cofibrations are the monomorphisms.

• The fibrant objects are the Segal spaces.

• The weak equivalences are the morphisms 𝑓 : 𝑋 → 𝑌 such that the morphism
ssSet(𝑓 , 𝑍) : ssSet(𝑌, 𝑍) → ssSet(𝑋, 𝑍) is a weak homotopy equivalence
in sSet for all Segal spaces 𝑍.

• This model structure is a left Bousfield localisation of the Reedy model struc-
ture on ssSet.

Proof. See Theorem 7.1 in [Rezk, 2001]. □

4 Segal categories
The notion of Segal category was implicitly introduced by Dwyer, Kan and
Smith [1989] and studied by Schwänzl and Vogt [1992] under the name of
‘Δ-category’. In this section, we follow [Simpson, 2012, Ch. 10].

Definition 4.1. Let 𝐴 be a set and let ℳ be a (suitable) model category.[1]

An ℳ-precategory with object-set 𝐴 is a functor 𝑋 : 𝚫𭐴
op → ℳ that is

unital. A weak ℳ-category with object-set 𝐴 is an ℳ-precategory that
additionally satisfies the Segal condition. We write PC(ℳ, 𝐴) for the full
subcategory of [𝚫𭐴

op, ℳ] spanned by the ℳ-precategories. If ℳ = sSet
(with the Kan–Quillen model structure), then we say Segal precategory and
Segal category instead of ‘ℳ-precategory’ and ‘weak ℳ-category’.

Definition 4.2. Let 𝑋 be a Segal precategory with object-set 𝐴. An object
of 𝑋 is an element of 𝐴. Given a pair (𝑎, 𝑏) of objects in 𝑋, an arrow or

[1] Simpson [2012, § 7.3] requires that ℳ be a tractable, left proper, cartesian model cat-
egory.
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morphism 𝑎 → 𝑏 in 𝑋 is a vertex of 𝑋(𝑎, 𝑏). Two arrows 𝑎 → 𝑏 are homotopic
if they are in the same path component of 𝑋(𝑎, 𝑏). Given an element 𝑎 in 𝑋,
the identity on 𝑎 is the vertex 𝑠0(∗) in 𝑋(𝑎, 𝑎), where ∗ is the unique vertex of
𝑋(𝑎). Given arrows 𝑓 : 𝑎 → 𝑏 and 𝑔 : 𝑏 → 𝑐 in 𝑋, a composition is a lift of the
vertex (𝑓 , 𝑔) along the Segal map 𝑋(𝑎, 𝑏, 𝑐) → 𝑋(𝑎, 𝑏) × 𝑋(𝑏, 𝑐); the result of
a composition is its image under the face operator 𝑑1 : 𝑋(𝑎, 𝑏, 𝑐) → 𝑋(𝑎, 𝑐).

Remark 4.3. If 𝑋 is a Segal category, then the result of any two compositions
of (𝑓 , 𝑔) are homotopic. More generally, by applying the connected com-
ponents functor 𝜋0 : sSet → Set to the hom-spaces 𝑋(𝑎, 𝑏), we obtain a
(small) category 𝜏≤1𝑋 with well-defined composition, strict identities, strict
associativity, etc.

Definition 4.4. Let 𝑋 be a Segal category. An internal equivalence in 𝑋 is
an arrow 𝑓 : 𝑎 → 𝑏 in 𝑋 such that (the class of) 𝑓 has a two-sided inverse in
𝜏≤1𝑋.

Proposition 4.5. Let 𝑋 be a Segal space, let 𝐴 be the set of vertices 𝑋0, and define
a Segal precategory 𝑌 with object-set 𝐴 by taking 𝑌(𝑎0, … , 𝑎𭑛) to be the fibre of
𝑋𭑛 → (𝑋0)×(𭑛+1) over (𝑎0, … , 𝑎𭑛):

𝑌(𝑎0, … , 𝑎𭑛) 𝑋𭑛

{(𝑎0, … , 𝑎𭑛)} (𝑋0)×(𭑛+1)

Then 𝑌 is a Segal category with object-set 𝐴.

Proof. In fact, the Segal maps 𝑌(𝑎0, … , 𝑎𭑛) → 𝑌(𝑎0, 𝑎1) × ⋯ × 𝑌(𝑎𭑛−1, 𝑎𭑛) are
trivial Kan fibrations, because the class of trivial Kan fibrations is closed
under pullback. (See paragraph 5.1 in [Rezk, 2001].) ■

Proposition 4.6. Let 𝑌 be a Segal precategory with object-set 𝐴, and define a bisim-
plicial set 𝑋 by taking

𝑋𭑛 = ∐
(𭑎0,…,𭑎𭑛)∈𭐴×(𭑛+1)

𝑌(𝑎0, … , 𝑎𭑛)

with the evident face and degeneracy operators. Then:

(i) 𝑋 satisfies the Segal condition (but need not be Reedy fibrant) if 𝑌 is a Segal
category.

(ii) 𝑋0 is isomorphic to the discrete simplicial set 𝐴.

(iii) 𝑋 ↦ 𝑌 extends to a full embedding PC(sSet, 𝐴) → ssSet∕K(cosk0(𭐴)).
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Proof. (i). The class of trivial cofibrations is closed under coproducts, as is
the class of trivial Kan fibrations; thus, the Segal maps for 𝑋 are weak ho-
motopy equivalences because 𝑌 satisfies the Segal condition.

(ii). Obvious.

(iii). It is clear how to define the functor PC(sSet, 𝐴) → ssSet∕K(𭐴) on morph-
isms; that it is fully faithful amounts to the observation that we can decom-
pose morphisms in ssSet∕K(cosk0(𭐴)) fibrewise. ■

For each map 𝑓 : 𝐴 → 𝐵 in Set, there is a functor 𝑓 : 𝚫𭐴 → 𝚫𭐵 obtained by
postcomposing by cosk0(𝑓 ) : cosk0(𝐴) → cosk0(𝐵) in sSet, and this in turn
defines a functor 𝑓 ∗ : PC(ℳ, 𝐵) → PC(ℳ, 𝐴) by precomposition.

Proposition 4.7.
(i) The assignment 𝑓 ↦ 𝑓 ∗ is a strict contravariant functor from Set to the cat-

egory of locally small categories.

(ii) If 𝑌 is a weak ℳ-category with object set 𝐵, then 𝑓 ∗𝑌 is a weak ℳ-category
with object set 𝐴.

(iii) If ℳ is a locally presentable category, then each 𝑓 ∗ : PC(ℳ, 𝐵) → PC(ℳ, 𝐴)
has a left adjoint, 𝑓! : PC(ℳ, 𝐴) → PC(ℳ, 𝐵).

Proof. (i) and (ii). Obvious.

(iii). See [Simpson, 2012, § 10.3]. □

Thus, by applying the Grothendieck construction to the functor 𝑓 ↦ 𝑓 ∗,
we obtain a split Grothendieck fibration ob : PC(ℳ) → Set, and ob is ad-
ditionally a Grothendieck opfibration. The category PC(ℳ) is the category
of all small ℳ-precategories, without restriction on the object sets.

In the special case ℳ = sSet, the previously-described full embeddings
PC(sSet, 𝐴) → ssSet∕K(𭐴) can be collated to obtain a commutative diagram

PC(sSet) [𝟚, ssSet]

Set ssSet

ob codom

K(cosk0(−))

where the functor PC(sSet) → [𝟚, ssSet] preserves cartesian morphisms.
Thus, by postcomposing with dom : [𝟚, ssSet] → ssSet, we obtain a full
embedding 𝐼 : PC(sSet) → ssSet.
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Definition 4.8. Let 𝑋 and 𝑌 be Segal categories. A functor 𝑋 → 𝑌 is a morph-
ism in PC(sSet). A Dwyer–Kan equivalence 𝑋 → 𝑌 is a functor satisfying
these conditions:

• For every pair (𝑎, 𝑏) of objects in 𝑋, the hom-space morphism 𝑓(𭑎,𭑏) :
𝑋(𝑎, 𝑏) → 𝑌((ob 𝑓 )(𝑎), (ob 𝑓 )(𝑏)) is a weak homotopy equivalence.

• The induced functor 𝜏≤1𝑓 : 𝜏≤1𝑋 → 𝜏≤1𝑌 is (fully faithful and) essen-
tially surjective on objects.

Theorem 4.9 (Hirschowitz and Simpson). There exists a tractable, left proper,
cartesian model structure on PC(sSet), called the injective model structure for
Segal categories, with the following properties:

• The cofibrations are the monomorphisms.

• The fibrant objects are Reedy-fibrant Segal categories (i.e. a Segal category 𝑋
such that 𝐼𝑋 is a Reedy-fibrant bisimplicial set).

• The weak equivalences between fibrant objects are the Dwyer–Kan equival-
ences.

Proof. See Theorem 5.1 and Corollary 5.13 in [Bergner, 2007a] for the main
claims, see Theorem 19.3.2 in [Simpson, 2012] for the cartesian property, and
see Définition 2.1 and Théorème 2.3 in [Hirschowitz and Simpson, 1998] for
the last point. □

5 Complete Segal spaces
We return now to Rezk’s theory.

Definition 5.1. Let 𝑋 be a Segal space. Objects, arrows, internal equival-
ences, etc. in 𝑋 are defined to be the corresponding things in the associated
Segal category. The space of internal equivalences in 𝑋 is the largest sim-
plicial subset 𝑋eq ⊆ 𝑋1 whose vertices are the internal equivalences in 𝑋.

It is clear from the definition that the property of being an internal equi-
valence is an invariant of the path-components of the hom-space 𝑋(𝑎, 𝑏), but
more is true in a Segal space:
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Proposition 5.2. Let 𝑋 be a Segal space.

(i) If 𝑓 and 𝑔 are two vertices of 𝑋1 that are in the same path-component, and 𝑓
is an internal equivalence in 𝑋, then 𝑔 is also an internal equivalence.

(ii) 𝑋eq is a union of path-components of 𝑋1.

(iii) The degeneracy operator 𝑠0 : 𝑋0 → 𝑋1 factors through 𝑋eq ↪ 𝑋1.

Proof. See Lemma 5.8 in [Rezk, 2001]. ■

Definition 5.3. A complete Segal space, or Rezk category, is a Segal space
𝑋 such that the morphism 𝑋0 → 𝑋eq is a weak homotopy equivalence.

Proposition 5.4. The classifying diagram of a (small) category is a complete Segal
space.

Proof. Let 𝑋 = 𝐍(min+ ℂ). We have already seen that 𝑋 is a Segal space.
Clearly, 𝑋eq is the simplicial subset of N(iso [[1], ℂ]) corresponding to the
full subcategory of [[1], ℂ] spanned by the isomorphisms in ℂ, and we
know that the canonical embedding iso ℂ → iso [𝐈[1], ℂ] is an equivalence
of categories; thus the morphism 𝑋0 → 𝑋eq is a weak homotopy equival-
ence. ■

Theorem 5.5 (Rezk). There exists a cartesian simplicial model structure on ssSet,
called the model structure for complete Segal spaces, with the following prop-
erties:

• The cofibrations are the monomorphisms.

• The fibrant objects are the complete Segal spaces.

• The weak equivalences are the morphisms 𝑓 : 𝑋 → 𝑌 such that the morphism
ssSet(𝑓 , 𝑍) : ssSet(𝑌, 𝑍) → ssSet(𝑋, 𝑍) is a weak homotopy equivalence
in sSet for all complete Segal spaces 𝑍.

• This model structure is a left Bousfield localisation of the Reedy model struc-
ture on ssSet.

Proof. See Theorem 7.2 in [Rezk, 2001]. □

Definition 5.6. Let 𝑋 and 𝑌 be Segal spaces. A Dwyer–Kan equivalence
𝑋 → 𝑌 is a morphism in ssSet such that the corresponding functor between
the associated Segal categories is a Dwyer–Kan equivalence.

Theorem 5.7. Let 𝑓 : 𝑋 → 𝑌 be a morphism between Segal spaces. The following
are equivalent:
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(i) 𝑓 is a Dwyer–Kan equivalence.

(ii) 𝑓 is a weak equivalence in the model structure for complete Segal spaces.

Moreover, if 𝑋 and 𝑌 are both complete Segal spaces, then the following statement
is equivalent to the previous ones:

(iii) 𝑓 is a levelwise weak equivalence.

Proof. See Proposition 7.6 and Theorem 7.7 in [Rezk, 2001]. □

Corollary 5.8. The model structure for complete Segal spaces is a localisation of
the injective model structure for Segal spaces. ■

The next result suggests the sense in which the theory of complete Segal
spaces is a “homotopy theory of homotopy theory”.

Theorem 5.9. Let ℳ be a simplicial model category with underlying relative cat-
egory ℳ. Then (after passing to a larger universe), a Reedy fibrant replacement
𝑋 of the classification diagram 𝐍(ℳ) is a complete Segal space, and moreover, for
all pairs (𝑎, 𝑏) of objects in ℳ, the hom-spaces 𝑋(𝑎, 𝑏) and ℳ(𝑎, 𝑏) have the same
homotopy type.

Proof. See Theorem 8.3 in [Rezk, 2001]. □

6 Comparison theorems
Theorem 6.1 (Bergner). Let SeCatinj be the category PC(sSet) equipped with the
injective model structure for Segal categories, and let CSS be the category ssSet
equipped with the model structure for complete Segal spaces.

(i) The embedding 𝐼 : PC(sSet) → ssSet has a right adjoint 𝑅.

(ii) The adjunction 𝐼 ⊣ 𝑅 : CSS → SeCatinj is a Quillen equivalence.

Proof. (i). See Proposition 6.1 in [Bergner, 2007a].

(ii). See Theorem 6.3 in [Bergner, 2007a]. □

Theorem 6.2 (Joyal). There exists a tractable, left proper, cartesian (but not sim-
plicial!) model structure on sSet, called the Joyal model structure or the model
structure for quasicategories, with the following properties:

• The cofibrations are the monomorphisms.

• The fibrant objects are the quasicategories.

• The Kan–Quillen model structure is a left Bousfield localisation of this one.
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Proof. See Theorem 1.9 and Proposition 1.15 in [Joyal and Tierney, 2007] for
the statements, and see Theorem 6.12 and Proposition 6.15 in [Joyal, 2008]
for proofs. ■

Theorem 6.3 (Joyal and Tierney). Let Qcat be the category sSet equipped with
the Joyal model structure, let 𝑝∗

1 : sSet → ssSet be the functor that sends a sim-
plicial set 𝑋 to the bisimplicial set 𝑝∗

1𝑋, where (𝑝∗
1𝑋)𭑛 is the discrete simplicial set

𝑋𭑛, and let 𝑖∗1 : ssSet → sSet be the functor that sends a bisimplicial set 𝑌 to the
simplicial set whose 𝑛-simplices are the vertices of 𝑌𭑛.

(i) There is an adjunction 𝑝∗
1 ⊣ 𝑖∗1 : ssSet → sSet.

(ii) This adjunction is a Quillen equivalence between CSS and Qcat.

Proof. See Theorem 4.11 in [Joyal and Tierney, 2007]. ■

By putting together the two comparison theorems, Qcat and SeCatinj are
Quillen equivalent, but one can also obtain a direct equivalence:

Theorem 6.4 (Toën’s Conjecture b.1). Let 𝑗∗ : PC(sSet) → sSet be the func-
tor that sends a Segal precategory 𝑌 to the simplicial set whose 𝑛-simplices are the
vertices of (𝐼𝑌)𭑛, i.e. let 𝑗∗ = 𝑖∗1𝐼.

(i) The functor 𝑗∗ : PC(sSet) → sSet has a left adjoint 𝑞∗.

(ii) The adjunction 𝑞∗ ⊣ 𝑗∗ : SeCatinj → Qcat is a Quillen equivalence.

Proof. See Conjecture b.1 in [Toën, 2003] and Theorem 5.6 in [Joyal and Tier-
ney, 2007]. □

Theorem 6.5 (Bergner). Let SCat be the category of small sSet-enriched categor-
ies. There exists a cofibrantly-generated, right proper model structure on SCat,
called the Bergner model structure for simplicial categories, with the follow-
ing properties:

• The weak equivalences are the Dwyer–Kan equivalences.

• The fibrations are the simplicial functors 𝑓 : ℂ → 𝔻 such that

– for every pair (𝑎, 𝑏) of objects in ℂ, the hom-space morphism 𝑓(𭑎,𭑏) :
ℂ(𝑎, 𝑏) → 𝔻(𝑓 (𝑎), 𝑓 (𝑏)) is a Kan fibration, and

– for every object 𝑎 in ℂ and any internal equivalence ℎ : 𝑓 (𝑎) → 𝑑 in 𝔻,
there exist an internal equivalence 𝑘 : 𝑎 → 𝑏 in ℂ such that 𝑓 (𝑘) = ℎ.

Proof. See Theorem 1.1 in [Bergner, 2007b]. □

Theorem 6.6 (Bergner). There exists a cofibrantly-generated model structure on
PC(ssSet), denoted by SeCatproj, with the following properties:

11
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• The trivial adjunction id ⊣ id : SeCatinj → SeCatproj is a Quillen equival-
ence.

• The inclusion 𝑅 : SCat ↪ PC(sSet) has a left adjoint 𝐹.

• The adjunction 𝐹 ⊣ 𝑅 : SeCatproj → SCat is a Quillen equivalence.

Proof. (i). See Theorem 7.5 in [Bergner, 2007a].

(ii). Apply Lemma 5.6 in [Bergner, 2006].

(iii). See Theorem 8.6 in [Bergner, 2007a]. □

Theorem 6.7 (Joyal and Lurie). Let S([𝑛]) be the standard resolution (in the sense
of Dwyer and Kan [1980]) of the preorder category [𝑛], and let Nh : SCat → sSet
be the homotopy coherent nerve functor of Cordier [1982, p. 20], i.e. the one sending a
(small) sSet-category ℂ to the simplicial set whose 𝑛-simplices are the sSet-functors
S([𝑛]) → ℂ.

(i) The functor Nh : SCat → sSet has a left adjoint, ℭ.

(ii) The adjunction ℭ ⊣ Nh : SCat → Qcat is a Quillen equivalence.

Proof. (i). SCat is cocomplete, so the left adjoint may be constructed by left
Kan extension.

(ii). See Theorems 2.2.5.1 and 2.4.6.1 in [HTT]. □

Theorem 6.8 (Barwick and Kan). Let RelCat be the category of small relative
categories.

(i) There exists an adjunction 𝐾𭜉 ⊣ 𝑁𭜉 : RelCat → ssSet with the following
property: for every left Bousfield localisation of the Reedy model structure
on ssSet, there exists a cofibrantly-generated left proper model structure on
RelCat making the adjunction a Quillen equivalence.

(ii) Moreover, there exists a natural Reedy weak equivalence 𝐍 ⇒ 𝑁𭜉 , where 𝐍
is the classification diagram functor, so a relative functor 𝑓 : ℂ → 𝔻 is a
weak equivalence in the transferred model structure on RelCat if and only if
the morphism 𝐍(𝑓 ) : 𝐍(ℂ) → 𝐍(𝔻) is a weak equivalence in the localised
model structure on ssSet.

(iii) In particular, there exists a cofibrantly-generated left proper model structure
on RelCat that is Quillen-equivalent via the above adjunction to the model
structure for complete Segal spaces.

12
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Proof. (i). See Theorem 6.1 in [Barwick and Kan, 2012].

(ii). See Lemma 5.4 in [Barwick and Kan, 2012].

(iii). Immediately follows from claim (i), because the model structure for
complete Segal spaces is a left Bousfield localisation of the Reedy model
structure on ssSet. □
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