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Abstract

There are two prominent notions in mathematics denoted by an ar-
row: one is the idea of a mapping from one sort of thing to another, and
the other is implication. Prima facie, these two notions seem rather unre-
lated, but in fact there is a deep connection between the two which mani-
fests itself in several different ways. The fundamental idea came from the
Brouwerian school of intuitionism and has since been developed from an
informal principle into rigorous equivalences, and remains a topic of re-
search even today.

In the early days of modern algebra at the beginning of the 20th century, ho-
momorphisms were by definition surjective, and inconceivable as it sounds, even
the arrow notation 𝑓 : 𝑋 → 𝑌 was not available; if one had need to state the
codomain of a mapping, one wrote something like 𝑓(𝑋) ⊂ 𝑌 . However, the
study of homology and homotopy in algebraic topology soon forced the con-
sideration of homomorphisms that were not necessarily surjective; according to
Mac Lane [1988], one of the earliest appearances of the arrow notation is in
[Hurewicz and Steenrod, 1941].

Of course, the arrow was not used for implication in the early days of math-
ematical logic either. For instance, Bertrand and Russell used ⊃ in Principia
Mathematica. It was instead Hilbert [1922] who introduced → for implication,
and the notation ⇒ is due to Bourbaki [1954].

As far as history is concerned, the use of the arrow for both mappings and
implications is surely nothing more than a coincidence. We shall see what a
wonderful coincidence it has turned out to be.
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1 Raising the standard of proof

It is probably quite well-known that the law of excluded middle, i.e. the assertion
𝜑 ∨ ¬𝜑, is rejected in certain constructivist schools of thought (such as intuition-
ism). To a classically-trained mathematician this sounds like lunacy: after all, a
proposition 𝜑 is either true or false, so 𝜑 ∨ ¬𝜑 is certainly true! However, the
mathematician who says this has missed the point: intuitionistic logic, as ori-
ginally conceived by Brouwer, Heyting, and Kolmogorov, is not about truth but
rather about proof.

A more sympathetic point of view, therefore, is to say that when intuitionists
write a formula like 𝜑 ∨ ¬𝜑, what they mean is something like “there is a proof
of 𝜑, or there is a proof of ¬𝜑”. In light of Gödel’s incompleteness theorems, it
becomes clear why one has to reject the axiom 𝜑 ∨ ¬𝜑 under this reading: the
Gödel sentence is an example of a proposition which has neither a proof nor a
refutation.

So, what would an intuitionist accept as a valid proof of a proposition? This
is defined by induction on the structure of the formula:

• The notion of proof for atomic formulae (such as 𝑥 + 𝑦 = 𝑦 + 𝑥 or 0 < 1)
is taken for granted.

• There is no proof of ⊥.

• A proof of 𝜑 ∧ 𝜓 is a pair (𝑝, 𝑞), where 𝑝 is a proof of 𝜑 and 𝑞 is a proof
of 𝜓 .

• A proof of 𝜑 ∨ 𝜓 is a pair (𝑛, 𝑝), where 𝑛 is either 0 or 1, and 𝑝 is a proof
of 𝜑 if 𝑛 = 0, or a proof of 𝜓 if 𝑛 = 1.

• A proof of 𝜑 → 𝜓 is a function 𝑞 such that, given a proof 𝑝 of 𝜑, 𝑞(𝑝) is a
proof of 𝜓 .

• A proof of ∀𝑥.𝜑(𝑥) is a function 𝑝 such that, for any value 𝑎 (of the ap-
propriate type for the variable 𝑥), 𝑝(𝑎) is a proof of 𝜑[𝑎].

• A proof of ∃𝑎.𝜑(𝑥) is a pair (𝑎, 𝑝) where 𝑎 is a value (of the appropriate
type for the variable 𝑥) and 𝑝 is a proof of 𝜑[𝑎].

As usual, ¬𝜑 is an abbreviation for 𝜑 → ⊥, so a proof of ¬𝜑 is (by definition) a
function 𝐹 such that 𝐹 (𝑝) is a proof of ⊥ if 𝑝 is a proof of 𝜑. These rules together
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constitute the Brouwer–Heyting–Kolmogorov interpretation of intuitionistic
logic.

Let us put this interpretation to use by computing an example. Consider the
following proposition:

(∗) (𝜑 → (𝜓 → 𝜒)) → ((𝜑 → 𝜓) → (𝜑 → 𝜒))

This is one of Hilbert’s axioms for classical propositional logic, but it turns out
to be intuitionistically valid as well. Indeed, given a proof 𝑓 of 𝜑 → (𝜓 → 𝜒), a
proof 𝑔 of 𝜑 → 𝜓 , and a proof 𝑝 of 𝜑, if we evaluate 𝑓(𝑝), we get a function that
turns proofs of 𝜓 into proofs of 𝜒 , so 𝑓(𝑝)(𝑔(𝑝)) must be a proof of 𝜒 , according
to the rules above. Thus, if we define 𝑆 to be the function

𝑓 ↦ (𝑔 ↦ (𝑝 ↦ 𝑓(𝑝)(𝑔(𝑝))))

then 𝑆 is the required proof of the proposition. In the notation of 𝜆-calculus,

𝑆 = (𝜆𝑓 . 𝜆𝑔. 𝜆𝑝. 𝑓𝑝(𝑔𝑝))

so we see that 𝑆 is none other than the 𝑆-combinator!

2 Propositions as types

At this point some people may expect me to mention the Curry–Howard cor-
respondence. This is the idea that proof systems for fragments of intuitionistic
propositional logic correspond to systems of computation; in seven words, pro-
positions are types, and proofs are programs. For example, the Hilbert system
for implicational logic, which has the axiom schemes

𝜑 → (𝜓 → 𝜑)(𝐾)

(𝜑 → (𝜓 → 𝜒)) → ((𝜑 → 𝜓) → (𝜑 → 𝜒))(𝑆)

and the inference rule ofmodus ponens, corresponds to typed combinatory logic:
the axiom schemes 𝐾 and 𝑆 are interpreted as the 𝐾 and 𝑆 combinators, and
modus ponens becomes function application. In the reverse direction, we could
start with the simply-typed 𝜆-calculus and obtain natural deduction on the logic
side: again, function application is translated to the rule of modus ponens, and
𝜆-abstraction corresponds to the rule of conditional proof.
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In order to handle predicate logic, we must introduce the notion of dependent
types. Roughly speaking, if a type is like a set, then a dependent type is like a
set-valued function. One version of dependent type theory, due to Martin-Löf
[1984], provides a very natural setting for understanding the Brouwer–Heyting–
Kolmogorov interpretation of intuitionistic predicate logic.

It would take too long to give a complete account, but here is the gist of
Martin-Löf’s type theory. First of all, it is a formal system of essentially the same
kind as higher-order logic, meaning that it has its own vocabulary, syntax, rules
of inference, etc. The vocabulary of type theory is (usually) divided into two
sorts: there are terms, which can be thought of as elements, and there are types,
which can be thought of as sets. Every term has a particular type determined by
the rules used to construct that term, and just as in logic, terms can depend on
variables of various types.

Martin-Löf type theory is a dependent type theory, which means that types
can also depend on variables. This makes it necessary to use explicit typing con-
texts, i.e. ordered lists of variables annotated with their types, where the type of
a variable can only depend on the variables appearing earlier in the list. Another
difference from ordinary logic is the essential use of several different kinds of
judgements: whereas logic only has judgements of the form ‘𝜑 is true’ for well-
formed formulae 𝜑, in type theory we must have typing judgements like ‘𝑡 is a
term of type 𝑇 in the context Γ’, usually written as

Γ ⊢ 𝑡 : 𝑇

as well as type-formation judgements such as ‘𝑇 is a type in the context Γ’,

Γ ⊢ 𝑇 type

and judgements of definitional equality for two terms of the same type, or even
of two types:

Γ ⊢ 𝑡 = 𝑡′ : 𝑇
Γ ⊢ 𝑇 = 𝑇 ′ type

Now at last we can look at some examples of rules of inference in type theory.
Here is the type formation rule for dependent products:

Γ, 𝑥 : 𝐴 ⊢ 𝐵(𝑥) type

Γ ⊢ ∏𝑥:𝐴 𝐵(𝑥) type
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This means, given a type 𝐵(𝑥) in the typing context obtained by appending 𝑥 : 𝐴
to Γ, there is a type ∏𝑥:𝐴 𝐵(𝑥) valid in the context Γ. In particular, this type does
not depend on 𝑥; in other words, 𝑥 has become a bound variable. In the special
case where 𝐵(𝑥) does not actually depend on 𝑥, we abbreviate ∏𝑥:𝐴 𝐵(𝑥) as
simply [𝐴 → 𝐵]; we will shortly see that dependent products are very much like
function types.

What good is a type if we do not have a rule telling us how to form terms of
that type, or how to make use of such terms? So here is the introduction rule:

Γ, 𝑥 : 𝐴 ⊢ 𝑓(𝑥) : 𝐵(𝑥)
Γ ⊢ [λ𝑥 : 𝐴. 𝑓(𝑥)] : ∏𝑥:𝐴 𝐵(𝑥)

This is a sophisticated version of the 𝜆-abstraction rule from typed 𝜆-calculus,
but it says something very simple: if we have a term 𝑓(𝑥) of type 𝐵(𝑥) that
depends on 𝑥, we can eliminate 𝑥 to get a function 𝑥 ↦ 𝑓(𝑥). Of course, we
also have an elimination rule corresponding to function application:

Γ ⊢ 𝑎 : 𝐴 Γ ⊢ 𝑓 : ∏𝑥:𝐴 𝐵(𝑥)
Γ ⊢ app(𝑓 , 𝑥) : 𝐵(𝑎)

Finally, there is a computation rule:

Γ, 𝑥 : 𝐴 ⊢ 𝐵(𝑥) type Γ, 𝑥 : 𝐴 ⊢ 𝑓(𝑥) : 𝐵(𝑥) Γ ⊢ 𝑎 : 𝐴
app([λ𝑥 : 𝐴. 𝑓(𝑥)], 𝑎) = 𝑓(𝑎) : 𝐵(𝑎)

This is often called the 𝛽-reduction rule, and it says that applying the function
obtained by 𝜆-abstracting an expression 𝑓(𝑥) to a term 𝑎 is the same thing as
substituting 𝑎 for 𝑥 to obtain 𝑓(𝑎).

So what does any of this have to do with intuitionistic logic? Well, recall
what a proof of 𝜑 → 𝜓 is: it is a function that turns proofs of 𝜑 into proofs of
𝜓 . Realising this concretely in set theory requires quite a bit of effort, but the
purely syntactic formulation of Martin-Löf type theory enables us to implement
the Brouwer–Heyting–Kolmogorov interpretation almost literally. For instance,
if the formulae 𝜑 and 𝜓 are mapped to the types 𝐴 and 𝐵 respectively, then the
formula 𝜑 → 𝜓 is mapped to the type [𝐴 → 𝐵]. The question of whether or
not a formula is provable in intuitionistic logic then reduces to the problem of
writing down a term of the appropriate type in type theory.

The reification of proofs as explicit terms has some perhaps unexpected con-
sequences: most notably, the axiom of choice is a theorem of Martin-Löf type

5



The humble arrow in mathematics

theory. More precisely, there is a uniform term of type

[(∏
𝑥:𝐴

∑
𝑦:𝐵(𝑥)

𝐶(𝑥, 𝑦)
)

→
( ∑

𝑓:∏𝑥:𝐴 𝐵(𝑥)
∏
𝑥:𝐴

𝐶(𝑥, app(𝑓 , 𝑥))
)]

but this should actually be unsurprising: after all, a term of the type of the ante-
cedent is a function ℎ with domain 𝐴 such that app(ℎ, 𝑎) is an ordered pair (𝑏, 𝑐)
where 𝑏 is of type 𝐵(𝑎) and 𝑐 is of type 𝐶(𝑎, 𝑏), while a term of the type of the
consequent is a an ordered pair (𝑓 , 𝑔) where 𝑓 is a function with domain 𝐴 such
that app(𝑓 , 𝑎) is a term 𝑏 of type 𝐵(𝑎), and 𝑔 is a function with domain 𝐴 such
that app(𝑔, 𝑎) is of type 𝐶(𝑎, 𝑏). It is entirely obvious how to get such an 𝑓 and 𝑔
given ℎ: just take 𝑓 = 𝜋1 ∘ ℎ and 𝑔 = 𝜋2 ∘ ℎ, where 𝜋1 and 𝜋2 are the projections
onto the first and second components respectively. There is some subtlety about
equality of dependent types hiding in the background here, but at least the idea
should be clear.

3 Future directions

Finally, to conclude, I should mention what Martin-Löf type theory added to
the Curry–Howard correspondence. Compared to the type theories considered
in, say, [Girard, Taylor and Lafont, 1989], Martin-Löf type theory distinguishes
itself by having so-called ‘identity types’. This arises from a strict application of
the propositions-as-types doctrine: given two terms 𝑥, 𝑦 of type 𝐴, since 𝑥 = 𝑦
is a proposition, it should correspond to a type, namely Id𝐴(𝑥, 𝑦). Of course, the
intended interpretation is that a term of type Id𝐴(𝑥, 𝑦) is a proof that the terms
𝑥 and 𝑦 compute to equal values, but it was realised by Hofmann and Streicher
[1998], Voevodsky [2006], Awodey andWarren [2009], and others that one could
also interpret Id𝐴(𝑥, 𝑦) as the object of “paths” from 𝑥 to 𝑦, if𝐴 itself is interpreted
as some kind of space with “cohesion”. This idea eventually became homotopy
type theory, a subject of much active research.
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