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Let £ be a category and let C be a full subcategory.

» We get a Yoneda representation £, : £ — [C°P, Set].

> In the case where £ is the category of schemes and C is the
category of affine schemes, fiy is called the functor of points of X.

» More generally, we might think of £ as a category of spaces and C
as a subcategory of models or probes.

Three questions:
» When is the Yoneda representation fully faithful?
» Which presheaves on C can be represented by an object in £?

» What additional structure on £ and/or C do we need to answer
these questions?
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The concept

» We focus on manifold-like notions, i.e. spaces obtained by gluing
together model spaces along open subspaces.

» Many examples: locally Hausdorff spaces, schemes, € *°-schemes,
real and complex manifolds, ...

» We need to be able to recognise open embeddings and open
covers: so, prima facie, we need to be given a class B of
monomorphisms in C and a Grothendieck topology T on C.

» In all of the above examples, T can be reconstructed from (the
canonical Grothendieck topology on) C and /5.

> In many of those examples, 1B can be reconstructed from C itself.

» We obtain a uniform procedure for building £ from C.
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In the above cases:

» 3is the class of monomorphisms that occur as
pseudocomplements of regular monomorphisms.

> Tis generated by the universally effective-epimorphic sieves that
admit a generating set consisting of members of /3.

» However, C is not always closed under “open” subobjects in &.
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To get e.g. n-dimensional smooth manifolds:

» C = the category of open subspaces of R" and smooth maps
between them.

» 3 = the class of smooth open embeddings.
» T = open cover topology.

» There are not enough closed embeddings, so the earlier
characterisation of 3 does not work.

» But T is still generated by the universally effective-epimorphic
sieves that admit a generating set consisting of members of /3.

[The manifolds we get this way are possibly non-Hausdorff and non-second-countable.]
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Definition. Letf, : X; — Y andf; : X; — Y be morphismsin C. We
say (fy,f1) is a disjoint pair in C if, for every commutative square in C of
the form below,

T — X,

l 2

Xg—Y
fo

the object T is a strict initial object in C.

Definition. Letf : X — Y be a morphism in C. Define a presheaf D(f)
on C as follows:

D(f)(T) ={y € C(T,Y) | (f,y) is adisjoint pair in C}
A pseudocomplement of f : X — Y'is a representation of D(f ).
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Definition. A Zariski context is a pair (C, P) where:
> Cis alocally small category with a strict initial object 0.
> P isaquadrable class of monomorphismsin C, i.e. every member
of P is a monomorphism in C, members of P can be pulled back

along any morphism in C, and any such pullback is again a
member of P.

» Forevery object Yin C,bothidy : Y - Yand Ly : 0 - Yare
members of P.

» P,y is an essentially small category, where P is the full
subcategory of C,y spanned by those (X, f) suchthatf : X — Y
is a member of P.

> Iff : X — Yisamember of P, then D(f) is a representable
presheaf on C.
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(@) Ciseither Top or Haus and P is the class of closed embeddings.

(b) C°P isthe category of (all / finitely presented / finitely generated)
commutative R-algebras and P °P is the class of surjective
homomorphisms whose kernel is a principal ideal.

(c) C°P isthe category of finitely presented € *-algebras and P °F is
the class of surjective homomorphisms whose kernel is finitely
generated.

Some remarks:

» For (a) and (c), P is closed under composition.

» For all three, P is contained in the class of regular
monomorphisms.

> For (a) in the case C = Haus and (c), P is precisely the class of
regular monomorphisms.
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Definition. A localic context is a pair (C, 3) where:

v

C is a locally small category.
» /3is aquadrable class of monomorphisms in C.

> Foreveryobject YinC,idy : Y — Y isa member of B.
» B3is closed under composition.

» B,y isan essentially small category.

Proposition. Let (C, P) be a Zariski context and let B be the class of
morphisms in C that occur as pseudocomplements of members of P. The
following are equivalent:

(i) (C, B)isalocalic context.

(i) Bis closed under composition, and every member of BB is a quadrable
(mono)morphism in C.
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Henceforth, (C, B) is an arbitrary localic context.

Definition. A basic open cover of an object Y in C is a collection of
objects in I3,y that generates a universally effective-epimorphic sieve
onY.

Proposition. The basic open covers constitute a subcanonical
Grothendieck pretopology on C.

Remark. Clearly, any basic open cover in the sense above is also a
covering family of elements of 13 - considered as a poset. Thus, the
induced Grothendieck topology coincides with the classical open cover
topology in each of our examples.

Definition. A sheaf on C is a presheaf on C that satisfies the sheaf
condition with respect to all basic open covers.
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Definition. Let B be a sheaf on C. An open subsheaf of B is a subsheaf
A C B with the following property: for each object Y in C and each
b € B(Y),if Ay  is the subsheaf of 4, defined as follows,

Ay (T) = {y € C(T,Y) |b-y € A(T)}

then there is some collection of objects in 53,y such that Ay , is the
union of the corresponding representable subsheaves of f..

An open embedding of sheaves on C is a monomorphism whose
image is an open subsheaf.

Lemma. The class of open embeddings of sheaves is closed under
composition.

Theorem. The class of open subsheaves of any sheaf A on C is a (possibly
non-small) subframe of the (possibly non-small) frame of subsheaves of A.
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Definition. Let A be a sheaf on C. An atlas of A is a set ® that satisfies
these axioms:
> Every element of ® is a pair (X, a) where X is an object in C and
a e AX).
» Foreach (X,a) € ®,the morphism fiy - Agivenbyx — a-xis
an open embedding of sheaves on C.
» The induced morphism [ [ ,cq fix — A is an epimorphism of
sheaves on C.
A charted space is a sheaf that admits an atlas.

Example. Any representable sheaf admits an atlas.
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(a) For C = Haus, charted spaces are the same thing as locally
Hausdorff spaces.

(b) For C°P = the category of (all / finitely presented / finitely
generated) commutative R-algebras, charted spaces are the same
thing as schemes (— / locally of finite presentation / locally of finite
type) over Spec R.

(c) ForC®P = Alg.. fpr charted spaces are the same thing as
% > -schemes locally of finite presentation.

(d) For C = the category of open subspaces of R” and ‘ng—maps,
charted spaces are the same thing as n-dimensional &*-manifolds.

(e) For C = the category of open subspaces of C” and holomorphic
maps, charted spaces are the same thing as n-dimensional complex
analytic manifolds.

[As before, manifolds are possibly non-Hausdorff and non-second-countable.]
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(i) Any open subsheaf of a charted space is also a charted space.

(iii) The coproduct (in S) of a small family of charted spaces is also a
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(iv) & with the class of open embeddings together constitute a localic
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(v) &isan infinitary extensive category.
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Definition. A local homeomorphism of sheaves on C is a morphism
h : A — B for which there is a small open cover {A;{ ‘k € K} of A such
that each composite Al’c — A — Bis an open embedding of sheaves.

Proposition.
(i) The class of local homeomorphisms of sheaves on C is a quadrable
class of morphismsin S.

(i) Ifh : A — Bisalocal homeomorphism of sheaves on C and Bis a
charted space, then A is also a charted space.

(iii) Ifh : A — Bisan epimorphic local homeomorphism of sheaves on C
and A is a charted space, then B is also a charted space.

(iv) Given morphismsh : A — Bandk : B — C,assumingk : B — Cis
alocal homeomorphism of sheaveson C,k o h : A — Cisalocal
homeomorphism ifand only ifh : A — B is alocal homeomorphism.
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Espaces étalés

Definition. Let B be a charted space. An espace étalé over B is an
object (A, h) in €, g whereh : A — Bis alocal homeomorphism.

Theorem. Let D,y be the category of espaces étalés over B.

() D,p < S, creates limits for finite diagrams and colimits for small
diagrams.

iy D /B is an infinitary pretopos.

(i) D /B is a localic Grothendieck topos.
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Tractable equivalence relations

Definition. Let A be a sheaf on C. A tractable equivalence relation on
A is an equivalence relation R C A x A with these properties:

> Both projections R — A are local homeomorphisms.
> Thereis a small open cover {A;{ ‘k S K} of A such that, for each
keK, (A, xA,)NRCA,.

Proposition.
(i) The kernel pair of any local homeomorphism of charted spaces is a

tractable equivalence relation.
(i) £ = S creates quotients for tractable equivalence relations.

(iii) & has universally effective quotients for tractable equivalence
relations.
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Inductive characterisation

Theorem. Let F be any full replete subcategory of S that satisfies the
following conditions:

> Every representable sheafon C isin F.

> Fis closed under coproduct in S for small families of objects.

» Fis closed under kernel pairin S for local homeomorphisms.

» Fis closed under quotient for tractable equivalence relations.
Then €& C F. Moreover, £ is the smallest such F.

Corollary. Asheafon Eis a charted space if and only if it is a representable
sheafon €.
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