


Proposition. Let Jbea small category. For each locally small categoryC, there
is a functorHom : [J,C]op× [J,C]→ [J,Set] such that

[J,Set]
�

1,Hom(A, B )
�∼= [J,C](A, B )

naturally in A and B , and this makes [J,C] into a [J,Set]-enriched category.

Proof. De neHom : [J,C]op× [J,C]→ [J,Set] by the following end formula:

Hom(A, B ) =

∫
k :J

Set(J(−,k ),C(Ak , Bk ))

is is clearly functorial. Concretely, an element ofα in
�
Hom(A, B )
��

j
�
is the

same thing as a
⨿

k∈obJ J
�

j , k
�
-indexed family of morphisms α f : Ak → Bk in

C, such that for any two arrows f : j → k , g : k → l in J, the diagram below
commutes:

..

..Ak ..Bk

..Al ..Bl

.A g .

α f

. B g.

αg ◦ f

Decomposing an element β of
�
Hom(B ,C )
��

j
�
the same way, we obtain a

commutative rectangle

..

..Ak ..Bk ..C k

..Al ..Bl ..C l

.A g .

α f

.B g .

β f

. C g.

αg ◦ f

.

βg ◦ f

and thus we have an element of
�
Hom(A,C )
��

j
�
. is is certainly natural in

j : given h : j → i , h ·α is the element in
�
Hom(A, B )
�
(i ) corresponding to the

family (h ·α)e = αe ◦h . Clearly, this is the required associative composition
with identity.

It remains to be shown that a natural transformation 1⇒Hom(A, B ) is the
same thing as a natural transformation A ⇒ B . Given a natural transforma-
tion α : A ⇒ B , we de ne an element αj of

�
Hom(A, B )
��

j
�
for each object j

in J as follows: given f : j → k , we set�
αj
�

f =αk





and naturality of αk makes the diagram

..

..Ak ..Bk

..Al ..Bl

.A g .

�
αj
�

f

. B g.

�
αj
�

g ◦ f

commute for every arrow g : k → l in J. By construction h ·αj = αi for all
arrows h : j → i in J, so this de nes a natural transformation 1⇒Hom(A, B ).
Conversely, given a family of elements αj such that h ·αj =αi for all h : j → i ,
we discover �

αj
�

f =
�
αj
�

idk ◦ f =
�

f ·αk
�

idk =
�
αk
�

idk

for all arrows f : j → k in J, so we get a natural transformation α : A ⇒ B by
settingαk =
�
αk
�

idk . is establishes the natural bijection in the statement of
the proposition. ■


